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PREFACE TO THE SECOND EDITION 

The second edition of Electronics has been extensively rewritten, although 
the book retains the same philosophy of approach as the first edition. The 
text is intended for a fundamental course in electronics in which physical 
concepts and engineering applications are integrated. It is designed to 
lay the groundwork for specialized courses in communications, electron- 
tube circuits, industrial electronics, etc. The revisions incorporated in this 
edition are the result of the experience gained in the use of the book over 
the many years since its original publication. 

A detailed enumeration of the significant changes and additions is in- 
cluded below* In brief, the changes seek to (a) modernize the notation 
and the system of units (the rationalized mks system is used), (6) expand 
the discussion of a number of topics for added clarity, (c) include some 
information on new subjects which have become important during the 
past decade, (d) rearrange some of the material to make it more adaptable 
to teaching needs, (e) add new illustrative examples and problems, (/) add 
new line drawings and photographs, particularly of modem tubes, and (g) 
summarize important material, often in the form of a table of data. 

The more important revisions are the following: 

а. The material on cathode-ray tubes has been completely modernized. 

б. The material on the electron theory of matter has been rearranged 
into two chapters. Chapter 4 now contains a summary of the subject, and 
Chapter 5 supplies many details and proofs that are omitted from the 
former. Chapter 5 may be omitted in an introductory course in engineering 
electronics without disturbing the continuity of the text. 

c. The material on the kinetic theory of gases has also been rewritten in 
two parts, as outlined under 6. The second half of Chapter 8 may be omit- 
ted without breaking the continuity of the text. 

d. The chapter on electrical discharges in gases has been extensively 
rewritten. 

e. The material on rectifiers has been rearranged. Single-phase rectifiers, 
both full-cycle and controlled, are contained ki Chapter 12. The details of 
polyphase rectifiers are in Chapter 14. This latter chapter may be omitted 
from a first course, and reserved for part of a course in industrial electron- 
ics, if desired. 

/. The chapter on filters for rectifiers has been expanded somewhat. 

g. The material on triodes as circuit elements has been simplified and 
clarified. 


V 
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The most important added material is the following: (a) a detailed study 
of the effects of initial velocity on the motion of ions in crossed electric and 
magnetic fields, (6) the dynamical considerations of electron bunching, as 
in the klystron, (c) synchrotron and f-m cyclotron, (d) betatron, (e) semi- 
conductors, (/) metallic rectifiers, (g) streamer theory of high-pressure 
spark discharges, (h) equipotential plots and potential profiles in triodes, 
tetrodes, and pentodes, (i) triodes at ultrahigh frequencies, (j) excitrons 
and multigrid ignitrons. 

It is with considerable regret that it must be reported that Chapters 19 
and 20 on audio amplifiers, which had been extensively revised and en- 
larged, have fallen the victims of the rising costs of book manufacture. 

It is a pleasure to acknowledge the many helpful suggestions which have 
reached us from many sources. We are particularly indebted to Professors 
A. G. Hill and G. G. Harvey of the Massachusetts Institute of Technology 
for their notes, “An Introduction to Physical Electronics' to Dr. R. A. 
Hutner and the Philips Laboratories, Inc., for Technical Report No. 25, 
“Concerning Some Aspects of Solid State Theory"; to Dr. J. P. Molnar of 
the Bell Telephone Laboratories for his detailed suggestions and comments 
on Chapter 10; and to Dr. E. Blade of the City College for numerous sug- 
gestions and for assistance in reading proof. We also thank E. Brenner at 
The City College and H. Hellerman at Syracuse University for their assist- 
ance in reading proof. 

The continued assistance of Miss S. Silverstein, the secretary of the 
Electrical Engineering Department, and J. B. OTarrell and R. H. Whitford 
of the Technology Library of The City College of New York is gratefully 
acknowledged. 

Jacob Millman 
Samuel Seely 

New York, N.Y. 

Syracuse, N.Y. 

AprU , 1961 



PREFACE TO THE FIRST EDITION 


This book is the outgrowth of a course in electronics that the authors 
have been giving for more than five years to electrical engineering students. 
The scope of the material is so broad as to make the textbook suitable for 
courses in which the emphasis is to be placed on fundamental theory and 
the physics of electronic devices as well as those courses in which the princi- 
pal objective is to study the technical and engineering applications of these 
devices. The authors feel that both aspects of electronics am of utmost 
importance. Hence, either the point of view of the physicist or that of the 
engineer has been adopted, depending upon which is the more appropriate 
for the particular topic under survey. In a great many cases the dividing 
line between these two viewpoints is very indistinct. It is one of the objec- 
tives of the text to bring these two viewpoints even closer together. Thus 
both the theoretical and practical aspects of electronics are included side 
by side, thereby presenting a unified treatment which should be of interest 
to students of either physics or engineering. 

It is realized, however, that because of time limitations it may not be 
possible to cover the entire text in one course. Although the material is 
presented as a coordinated whole, it is possible to omit many sections with- 
out disturbing the continuity of the development. This permits the omis- 
sion of some of either the more theoretical or the more practical details, as 
the case may require, depending upon the emphasis desired. 

Chapter 1 is intended to indicate in a slight measure the general scope 
of the course. It also serves to introduce terms and concepts that may 
arise in the development of certain topics before the complete discussion 
of them. The first chapter is therefore intentionally qualitative in nature. 

The remainder of the text is specific and so, of necessity, is somewhat 
mathematical in character. In all cases, however, it is the physical problem 
that is kept in the foreground, and the mathematical solution is presented 
in such a way as to emphasize the physical aspects of the topic under con- 
sideration. 

Based upon the authors^ classroom experience, there have been included 
unique and original treatments of many of the topics that the students 
frequently find very difficult to grasp when presented in the more con- 
ventional manner. All chapters are profusely illustrated with diagrams to 
aid in an understanding of the concepts involved. Also included are many 
sketches or photographs of actual apparatus, and curves plotted from data 
taken in the laboratory to illustrate certain aspects of the theory. It has 

vii 
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also been found that a better understanding of tube characteristics and of 
the operation of tubes as circuit elements is obtained from a study of the 
many {unretouched) oscillograms included in the text. In addition, numer- 
ous examples are carried out in sufficient detail so that the student can see 
how the theory developed is applied to specific problems. 

The problems (found at the end of each chapter, except the first) have 
been carefully chosen to test the student's grasp of the subject matter. 
Problems that simply require the substitution of numerical values in for- 
mulas have been avoided. Many problems are divided into several parts. 
It may be advisable to assign only parts of these at one time and to con- 
sider the remaining parts as separate problems on the same topic. The 
number of problems is larger than would normally be assigned in any one 
term, in order to provide instructors with a large choice of problems that 
may be assigned during successive terms without repetition. The problems 
are based upon practical data wherever possible in order to familiarize the 
student with the actual orders of magnitude involved. 

It is assumed that the student is familiar with the calculus and with 
elementary differential equations. In order to understand the engineering 
applications, it is necessary that he also have a working knowledge of the 
basic principles of alternating-current theory, including elementary Fourier 
analysis. This makes possible a smooth transition from the study of cir- 
cuits containing only inductances, capacitances, linear resistances, and 
voltage sources to the analyses of networks that contain electron tubes as 
well. 

Because of the lack of space, the important subjects of radio-frequency 
amplifiers, modulators, detectors, and oscillators (except those of the relax- 
ation type) have been omitted from the text. Most electrical engineering 
curricula include, following an electronics course, a course in communi- 
cations, where these topics are treated. 

Jacob Millman 
Samuel Seely 

New York, N.Y. 

August^ 1941 
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CHAPTER 1 


INTRODUCTION 

The purpose of this chapter is to give some indication of the scope of the 
text, to define certain terms and fundwnental processes which will be dis- 
cussed in detail later, and, in general, to arouse the scientific curiosity of 
the reader. The brief and qualitative discussions contained in this intro- 
ductory chapter will bring a number of questions to mind, many of which 
will be answered by the detailed and quantitative analyses contained in 
the following chapters. 

1-1. Physical Electronics. From the purely physical point of view, 
electronics might be defined as the ‘^study of the motion of electrons in, 
or the interaction of electrons with, a field of force. This field of force 
might be a simple static electric field, such as that found in the region be- 
tween two charged parallel plates, or a simple magnetic field, such as that 
produced at the center of a long solenoid which is carrying a d-c cur- 
rent. On the other hand, the fields might be the very complicated ones 
that exist in the interelectrode region of a multielectrode vacuum tube or 
the still more complex ones that exist within an atom. 

Since both static and dynamic electric and magnetic fields produce 
forces on electrons, a large variety of possible field configurations and field 
sources must, theoretically at least, come under survey. Since stationary 
charges produce electrostatic fields and since charges moving with constant 
velocity (a steady current) produce steady magnetic fields, then an electron 
may interact with other free electrons or with the bound electrons of mat- 
ter. The matter may exist in any of its states of aggregation, solid, liquid, 
or gaseous. 

In so far as the dynamic fields are concerned, they may result, among 
other ways, from accelerated charges, from the application of a periodically 
varying potential to a pair of parallel plates, or from the presence of a 
periodically varying current in a solenoid. These might be slowly varying 
fields produced by power circuits (60 cycles per second), or the higher com- 
munication frequencies, such as those in the audio, radio, or television 
range. These dynamic fields mi^t also be the combination of electric and 
magnetic fields that are known as radialion fields, whether the radiation 
fields are of low frequency (power frequencies), intermediate frequencies 
(communication frequencies), or the high frequencies of light, either visible 

1 



2 ELECTRONICS 

or invisible. To summarize briefly, the study of physical electronics in- 
volves considerations of 

1. The behavior of electrons in a space void of matter but permeated 
with electric and magnetic fields of force. 

2. The interaction of electrons with matter, for example, other electrons 
and atoms. 

3. The interaction of electrons with radiation. 

1-2. Engineering Electronics. It is the task of the engineer to develop 
useful devices based on the principles of physical electronics. That he has 
succeeded in this endeavor is evidenced by the wide variety of fields (in 
some cases, industries) that depend upon electronics, viz., communications, 
industrial control, rectification, lighting, instrumentation, etc. 

The widest application of electronic devices is in the field of communica- 
tions. This includes audio, radio, television, and radar engineering. 

The field of industrial electronics, which has expanded very materially 
during the past decade, includes a wide variety of applications. The more 
important ones are rectification, for the conversion of a-c power to d-c 
power; inversion, from d-c power to a-c power; frequency changing, for 
example, from 60 to 25 cps, or vice versa; automatic controllers, for con- 
trolling the speed of motors, automatic voltage control of a-c and d-c gen- 
erators; arcless “on^^ and switching; electric-welding timing and 

control; lighting control; dielectric heating; induction heating; servomech- 
anisms. 

The interaction between radiation and electrons has made possible the 
phototube and also the gaseous luminous-discharge tube, for example, 
neon tubes, sodium-vapor lamps, mercury-vapor tubes, and the fluorescent 
lamps. Electronics has established itself in a firm position in the field of 
illumination engineering both in the types of lighting elements and the 
devices designed for their control. The development of control devices 
has proved of extreme importance in the field of theatrical and industrial 
lighting. 

The fields of physical and electrical measurements have been revolution- 
ized through the development of electronic instruments for use in making 
these measurements. These include devices for the direct measurement of 
electrical quantities, such as current, voltage, charge, frequency, resistance, 
and also the measurement of nonelectrical quantities, such as time, speed, 
distance, light intensity, and color. Electronic computing machines are 
of invaluable aid in solving complex mathematical problems. 

1-8, Sources of Electrms. According to modern theory, all matter is 
electrical in nature. The atom, one of the fundamental units that enters 
into the structum of all matter, consists of a nucleus or central core of 
positive charge which contains nearly all the mass of the atom. Surround- 
ing this nucleus are negatively chaiged electrons. The atom as a whole is 



INTRODUCTION 


3 


electrically neutral, so that the charge on the nucleus must be balanced by 
the charge of the electrons that surround it. Since all chemical substances 
consist of groups of these atoms bound more or less closely to one another, 
then all matter, whether in the solid, the liquid, or the gaseous state, is a 
potential source of electrons. All three states of matter are actually em- 
ployed in commercial devices as the source of electrons. 

The metallic state is an extremely important and common source of 
electrons. Metals are most generally employed in the form of a wire or 
ribbon filament. If such a filament contains electrons and if these electrons 
are relatively *Tree^^ to move about in the metal (this is true, since even a 
very small potential applied to the two ends of the filament will direct a 
stream of these electrons, a current, along the filament), then why should 
not these charges ‘^eak’^ out of the metal of their own accord and so form 
a natural well of electrons? A simple answer to the question raised is pos- 
sible on the basis of elementary electrostatic theory. 

Suppose that an electron does tend to leave the metal. As soon as it 
leaves, the metal must become positively charged, because it was originally 
uncharged. Classically, it is said that a positive charge is induced on the 
metal. Since, however, opposite charges are attracted to each other, the 
electron will be drawn back into the metal by this force of attraction un- 
less some external agent is applied to prevent this. The external agent 
must impart sufficient energy to the electron to overcome the attractive 
effect of the induced charge, if the electron is to be free of the metal. 

Several methods exist by which sufficient energy may be supplied to the 
electrons in a metal in order to produce electron emission. They are as 
follows: 

1. Thermal, The current that results when a difference of potential is 
applied across the ends of the filament will heat it. When the temperature 
of the metal is sufficiently high, some electrons will flow out of the surface 
into the surrounding space. A metal when so used is called a thermionic 
cathodCf the liberation of the electrons being accomplished by the process 
that is known as thermionic emission. The process of thermionic emission 
may be considered to be quite analogous to the process of evaporation of 
molecules from the surface of a liquid. In both instances, work must be 
done. In the case of the liquid, this work is the latent heat of vaporization 
and represents the amount of energy required to change 1 g of the sub- 
stance from the liquid to the gaseous state. In the ofise of thermionic emis- 
sion, the ‘‘work function” represents the minimum amount of energy 
necessary to “evaporate” an electron from the metal. Practically all tubes 
in the communication industry depend upon thermionic emission for the 
liberation of electrons. 

2. Phoioeledric. Subject to certain restrictions discussed later with 

to the nature of the surface and the frequency of the impinging 
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light, illumination of a surface with radiation releases electrons. The 
energy contained in the radiant beam is used to supply the necessary energy 
to the electrons in order to enable them to escape from the surface of the 
metal. A metal when used in this manner is called a photoelectric cathode, 
the process of the liberation of the electrons being known as photoelectric 
emission. 

3. Secondary Emission. When an electron strikes a metallic surface, it 
may transfer all or a part of its kinetic energy to one or more of the internal 
electrons, thus enabling them to escape. This process is called secondary 
emission and frequently plays an important role in electronic devices, some- 
times of a deleterious nature. It is also possible to obtain electron emission 
from a metal by bombarding its surface with positive ions. Although this 
process is much less efficient than that of electron bombardment, never- 
theless it plays an important role in certain gas discharges. 

4. High-field Emission. If a very strong electric field exists at the sur- 
face of a metal, electrons may be pulled out of it. This is called high-field 
or autoelectronic emission. 

Mercury is the only liquid that is extensively used as a source of elec- 
trons. It is used exclusively in pool-cathode rectifiers. Such mercury- 
pool cathodes provide sources of electrons of very high current density 
probably by the method of high-field emission. Rectifier assemblies 
which utilize such pool cathodes have power capacities in excess of 3,000 kw. 

Electrons may be released from a gas in several different ways. The 
process in which an atom loses an electron is called ionization. The atom 
that has lost the electron is called a positive ion. The process of ionization 
may result from the following: 

1. Electron Bombardment. A free electron in a gaseous tube may ac- 
quire enough energy from the applied potential field so that when it col- 
lides with a gas particle it may cause the removal of an electron. This 
process may become cumulative since it is now possible for both the emitted 
electron plus the original electron to collide with other gas particles and so 
release additional electrons. 

Ionization by electron bombardment is responsible for the successful 
operation of gas- and vapor-filled rectifiers and gas-filled phototubes. 

2. Photoelectric Emission. If the gas is exposed to either visible or in- 
visible radiation, then the energy of this incident radiation may be enough, 
if absorbed by the %^m, to dislodge some electrons. Furthermore, a 
photoelectric effect from the radiant energy of an excited gas may exist. 
These mechanisms play important roles in certain discharges. 

3. Positwe4on Bombardment. It is possible for a positive ion to collide 
with a neutral gas molecule and tiiereby release electrons, exactly as oc- 
curred in the case of electron bombardment. However, it is found ex- 
perimentally that such ionisaticm by positive ions m negligibly fflnall. 
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4. Thermal Emimon. If the temperature of the gas is high eiiough, 
some electrons may acquire sufficient energy to enable them to become 
dislodged from their parent atoms. This is analogous to thermionic emis- 
sion from a metal. This t 3 rpe of emission takes place to an appreciable 
extent only in a very high-pressure high-current arc. 

1-4. Utilizing the Electrons. The control of an electron stream is ac- 
complished with either electric fields or magnetic fields, or both. These 
fields perform one or both of the following functions: (1) control of the 
number of electrons that leave the region near the emitter (this is the more 
common method); (2) control of the path of the electrons after they leave 
the emitter. These methods of control and a few typical applications will 
now be discussed qualitatively. 

1-6. Diodes. Consider a heated, isolated thermionic source situated in 
a vacuum. This cathode will emit electrons, most of which have very 
little energy upon emergence from the surface of the metal. Those elec- 
trons which first escape from the cathode will diffuse throughout the space 
within the container. The cathode becomes more positively charged with 
each escaping electron. The attraction between the positively charged 
cathode and the electron, forces back toward the cathode those electrons 
which subsequently attempt to escape. In terms of field theory, this 
^^shutoff” action is explained by saying that, as a consequence of those 
electrons which are first emitted, a field is produced at the cathode in 
such a direction as to repel the other electrons which attempt to enter the 
field. The consequence of this action 
is that an isolated thermionic source 
would not emit a steady stream of 
electrons but would establish instead 
an equilibrium state in which the 
cathode is surrounded by a ^*cloud’^ 
of electrons, this being a ^ ‘space 
charge^' that will limit any further 
emission. A diagram illustrating 
this condition is given in Fig. 1-1. 

This diagram is supposed to show that the electron cloud is most dense in 
the neighborhood of the cathode and falls off rather rapidly with the 
distance from the cathode. 

In order to employ such a thermionic cathode in a useful device, the 
repelling field at the cathode must be counterbalanced. Also, some provi- 
sion must be made for controlling and collecting the electrons. The sim- 
plest way of accomplishing this is to exert an attractive force on those 
electrons which are first emitted from the cathode and so remove them 
from the region near the cathode. In practice, this is accomplished by 
surrounding the catiiode with a second electrode, called an anode or plaiCy 


Envelope 

” Electron 
cloud 



Cathode 


^'Filament supply 
Fig. 1-1. The space-charge cloud sur- 
rounding an isolated thermionic source. 
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to which a potential, positive with respect to the cathode, is applied. Such 
a unit is known as a diode and is illustrated in Fig. 1-2. 

Experiment and theory show that a definite plate current Ih will exist 
between the cathode and the plate for a given value of plate potential Eb, 
This is subject to the condition that the temperature of the cathode is 
sufficiently high so that the cathode may be considered as an unlimited 
source of electrons. Should the value of plate voltage be altered, then a 
new value of plate current will result. Thus the magnitude of the current 
may be varied by varying the plate potential. This is the first illustration 
of the control of electron flow by means of an electric field. 


Envelope 



Suppose now that the polarity of the plate-to-cathode supply shown in 
Fig. 1-2 is reversed. The direction of the field resulting from this applied 
potential will be such as to repel electrons, and so the field prevents the 
electrons from moving to the plate. Consequently, the plate current will 
fall to zero. Physically, of course, this arises from the fact that the elec- 
trons can flow only from the source to the collector within the tube. 

1-6, Diode Rectifiers. If, instead of applying the d-c source between 
the cathode and the plate of the diode of Fig. 1-2 an a-c source is impressed, 
then, in accordance with the foregoing discussion, electrons will flow only 
during those half cycles when the plate is positive with respect to the 
cathode, and the current will be zero for the other, or “inverse,” half 
cycle. This is one of the most important applications of diodes and is 
known as rectification, 

1-7. Phototubes. If the thermionic cathode of the diode of Fig. 1-2 is 
replaced by a photoelectric cathode, i.c., one that depends for the libera- 
tion of electrons on the interaction of light with the material of the cath- 
ode, then the diode becomes a phototul>e. 

In the operation of this device the anode plays the same role that it did 
befme; it again supplies the field that is necessary to direct the electrons 
away from the cathode. However, sinc^e the number of pliotoelectrons 
emitted from the cathode is generally small, a repelling electron cloud of 
the type discussed above will not exist. The sole function of the anode is 
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to collect the electrons that are emitted from the cathode. The magnitude 
of this current is dependent solely upon the intensity of the light falling on 
the cathode and is, in fact, directly proportional to it. This characteristic 
is important in many applications. 

1-8. Triode Amplifiers. The introduction of a third element between 
the cathode and the plate of the diode by DeForest in 1907 opened up a 
wide field of new applications for vacuum tubes. This new electrode, 
called the control gridy consists of a wire mesh or screen which surrounds 
the cathode and is situated close to it. A tube of this type is known as a 
triodcy and is represented schematically in Fig. 1-3. The potential applied 
to the grid in such a tube is usually a few volts negative with respect to 


P/ah __ 
supply T 



P/ah 
Grid 
'Ff/amen/ 


6ric/supp/y 


Fig. 1 - 3 . 


C Fi/amtnf supply 
A triode. 


the cathode, whereas the plate is usually maintained several hundred volts 
positive with respect to the cathode. Hence, the electric- field resulting 
from the potential of the grid is such as to help maintain a large spatte- 
charge cloud, whereas the field of the plate potential acts oppositely. An 
equilibrium condition will exist between the fields of the applied voltages 
and the resultant current. 

Since the grid is a fine wire mesh that completely surrounds the cathode, 
and since it is usually very close to it, it furnishes partial electrostatic 
shielding between the electron source and the field due to the plate poten- 
tial. Hence, a small change in the grid voltage will result in a relatively 
large change in the plate current — certainly a much larger change than 
would result from an equal variation in the plate voltage. Herein lies the 
amplifying feature of the triode. A small voltage is fed to the grid of an 
amplifier, and the resultant amplified variations are produced in the plate 
circuit. 

1-9. Gas Diodes. A diode into which some inert gas (argon, neon, etc.) 
or some mercury vapor has been introduced possesses characteristics that 
are markedly different from those of the vacuum diode. Consider an elec- 
tron that has been released from a thermionic or mercuiy-pool cathode and 
has gained enough energy from the applied anode potential field to ionize 
a gas molecule when it collides with it. As a result of the collision, two 
electrons will now be present, the original one and the electixin that has 
been liberated by the process of ionization, and a positive ion. These two 
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electrons can then move in the applied field and acquire sufficient energy 
to cause additional ionizing collisions. This process is cumulative and will 
continue until “breakdown” occurs. Breakdown becomes manifest by the 
appearance of a luminous discharge in the tube and by the current in the 
external circuit. A discharge of this type, which is characterized by a low 
anode-to-cathode potential and a high plate current, is called an arc. 
This, however, is but one type of gas discharge phenomenon to be con- 
sidered later. 

1-10. Electron-deflecting Devices. Each of the devices already con- 
sidered depends for its utility upon controlling the effective number of elec- 
trons leaving the cathode, by means of electric fields. A second group of 
devices depend for their usefulness upon the ability to control the paths of 
given electron streams by means of carefully selected electric and mag- 
netic fields. Such devices include the cathode-ray tube, the magnetron, 
the cyclotron, the secondary-emission multiplier, the mass spectrograph, 
the betatron, and the klystron. The next two chapters will be devoted to 
a quantitative study of the motion of charged particles in various con- 
figurations of electric and magnetic fields, with particular reference to 
these devices. 
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CHAPTER 2 


MOTION OF CHARGED PARTICLES IN ELECTRIC 
AND MAGNETIC FIELDS 

The motion of a charged particle in electric and magnetic fields will be 
discussed, starting with simple paths and proceeding to more complex 
motions. First a uniform electric field will be considered, and then the 
analysis will be given for motions in a uniform magnetic field. This dis- 
cussion will be followed in turn by the motion in parallel electric and mag- 
netic fields, in perpendicular electric and magnetic fields, and in electric 
and magnetic fields making an arbitrary angle with each other. Some dis- 
cussion is included of nonuniform fields. 

2-1. Charged Particles. The charge or quantity of negative electricity 
of the electron has been found by numerous experiments to be 1.602 
X 10“^® coulomb. The values of many important physical constants are 
given in Appendix I. Some idea of the number of electrons per second 
that represent currents of the usual order of magnitude is readily possible. 
For example, since the charge per electron is 1.602 X 10“^® coulomb, the 
number of electrons per coulomb is the reciprocal of this number, or ap- 
proximately 6 X 10^®. Further, since a current of 1 amp is the flow of 1 
coulomb /sec, then a current of only 1 /Lt^ta (1 micromicroamp or 10“^^ amp) 
represents the motion of approximately 6 million electrons per second. 
Yet a current of 1 is so small that considerable difficulty is experienced 
in attempting to measure it. 

In addition to its charge, the electron possesses a definite mass. A 
direct measurement of the weight of an electron cannot be made, but the 
ratio of the charge to the mass e/w has been determined by a number of 
experimenters using independent methods. The most probable present- 
day (1961) value for this ratio is 1.759 X 10^^ coulombs/kg. From this 
value of e/m and the value of e, the charge on the electron, the mass of the 
electron is calculated to be 9.107 X 10“®^ kg. 

The chaise of a positive ion will be an integral multiple of the charge of 
the electron, although it is of opposite sign. For the case of singly ionized 
particles, the charge is equal to that of the electron. For the case of 
doubly ionized particles, the ionic charge is twice that of the electron. 

The mass of an atom is expressed as a number that is based on the choice 
of the atomic weight of oxygen equal to 16. The mass of a h 3 rpotheticai 
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atom of atomic weight unity is, by this definition, one-sixteenth that of 
the mass of monatomic oxygen. This has been calculated to be 1.660 
X 10 kg. Hence, in order to calculate the mass in kilograms of any atom, 
it is necessary only to multiply the atomic weight of the atom by 1.660 X 
10”“^^ kg. A table of atomic weights is given in Appendix III. 

The radius of the electron has been estimated as 10*^^^ m and that of an 
atom as 10~^® m. These are so small that all charges will be considered as 
mass points in the follov/ing sections. 

2-2. The Force on Charged Particles in an Electric Field. The force on 
a unit positive charge at any point in an electric field is, by definition, the 
electric-field intensity € al that point. Consequently, the force on a positive 
charge q in an electric field of intensity 6 is given by qS, the resulting force 
being in the direction of the electric field. Thus, 

= q£ newtons (2-1) 

where q is in coulombs and € is in volts per meter. Boldface type will be 
employed wherever vector quantities (those having both magnitude and 
direction) are encountered. 

The mks (meter-kilogram-second) rationalized system of units will be 
found most convenient for the subsequent studies. Therefore, unless 
otherwise stated, this system of units will be employed. Appendix IV 
lists the names of the most common quantities in the mks system. Con- 
versions from the electrostatic (esu) and the electromagnetic (emu) sys- 
tems of units to the mks system of units are listed in Appendix II. 

In order to calculate the path of a charged particle in an electric field, 
the force, given by Eq. (2-1), must be related to the mass and the accelera- 
tion of the particle by Newton’s second law of motion. Hence, 

dv 

iq — q€ — m — newtons (2-2) 

dt 

where m is in kilograms and dv/dt is in meters per second^. The solution of 
this equation, subject to appropriate initial conditions, will give the path 
of the particle resulting from the action of the electric forces. If the mag- 
nitude of the charge on the electron is e, then the force on an electron in 
the field is 

f * — efi newtons (2-3) 

The minus sign denotes that the force is in the direction opposite to the 
field. 

In investigating the motion of charged particles which are moving in 
externally applied force fields of electric and magnetic origin, it will be 
implicitly assumed that the number of particles is so small that their 
presence will not alter the field distribution. Furthermore, it will be as- 
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Burned that the vacuum in the region in which the particles move is suffi- 
ciently high so that no collisions occur with gas particles. That is, the 
fields alone will control the motion of the 
electrons. 

For purposes of clarity, problems will be 
considered in order of increasing complexity. 

Where possible, use will be made of known 
behavior in order to simplify the analysis. 

This requires, of course, that the analysis 
of the motions in simple fields be mastered 
before proceeding to more complicated prob- 
lems. 

Since the electronic motion will take place, 
in general, in space, the motion will be specified 
mathematically with respect to the customary three mutually perpendicular 
Cartesian axes, illustrated in Fig. 2-1. The system of notation to be em- 
ployed throughout the text is the following: 

X = position of the particle along the X axis, m 
y * position of the particle along the Y axis, m 
z = position of the particle along the Z axis, m 
V * magnitude of the velocity of the particle, m/sec 

Vx, Vy, Vg — velocity components along the X, F, and Z axes, respectively, m/sec 
a *« magnitude of the acceleration of the particle, m/sec^ 

Ox, Oy, a, components of the acceleration. along the X, F, and Z axes, respectively, 
m/sec^ 

Similar subscript notation will be used for other vector components. 
For example, 

fy ** component of the force along the F direction, newtons 

€s “ component of the electric-field intensity along the Z axis, volts/m 

It should be kept in mind that any or all of the foregoing quantities 
may be functions of time. 

The exact motion of a particle in a given force field cannot be determined 
unless the initial values of velocity and displacement are known. The 
term ‘^initial^^ represents the value of the specified quantity at the time 
< « 0. The subscript 0 will be used to designate such initial values. For 
example, 

a:o initial displacement of the particle along the X axis 

vo« » initial icomponent of velocity in the Z direction 

In every case the path will be determined from an analysis of Eq. (2-2) 
subject to appropriate specified initial conditions. 

This chapter will piesent the fundamental physical and mathematical 
theory of the motion of particles in electric and magnetic fields of force. 


F 



Fig. 2-1. Cartesian coordinate 
axes. 
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The succeeding chapter will give many important applications based upon 
these analyses. 

2-3. Constant Electric Field. Suppose that an electron is situated 



between the two plates of a parallel-plate 
capacitor which are contained in an evacuated 
envelope, as illustrated in Fig. 2-2. A difference 
of potential is applied between the two plates, 
the direction of the electric field in the region 
between the two plates being as shown. If the 
distance between the plates is small compared 
with the dimensions of the plates, the electric 


Fig. 2-2. The one-dimen- field may be considered to be uniform, the lines 
sional electric field between of force pointing along the negative Z direction. 
capacitOT^ ^ parallel-plate ^j^jy jg present is 6 along 

the —X axis. It is desired to investigate the 


characteristics of the motion, subject to the initial conditions 


Vz = *^ 0*1 

when^-0 (2-4) 

X Xq } 

This means that the initial velocity is chosen along fi, the lines of force. 

Since there is no force along the F or Z directions, Newton^s law states 
that the acceleration along these axes must be zero. However, zero ac- 
celeration means constant velocity; and since the velocity is initially zero 
along these axes, the particle will not move along these directions. That 
is, the only possible motion is one-dimensional, and the electron moves 
along the X axis, 

Newton’s law applied to the X direction yields 


or 


eS = max 


eZ 

a* « — « const 
m 


( 2 - 6 ) 


This analysis indicates that the electron will move with a constant accel- 
eration in a uniform electric field. Consequently, the problem is analogous 
to that of a freely falling body in the uniform gravitational field of the 
earth. The solution of this problem is given by the well-known expres- 
sions for the velocity and displacement, viz,. 


Vz^ Vqx + ajt X =* xo + W + (2-6) 


provided that a» » const, independent of Uie time. 

It is to be emphasized that, if the acceleration of the particle is not a 
ocmstant but depends upon the time, then Eqs. (2-6) are no longer valid. 
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Under these circumstances the motion is determined by integrating the 
equations 

dvx dx 

— ^ Oz and — (2-7) 

dt at 


These are simply the definitions of the acceleration and the velocity, re- 
spectively. Equations (2-6) follow directly from Eqs. (2-7) by integrating 
the latter equations subject to the conditions of a constant acceleration. 

Example. A sinusoidal potential having a frequency of 1 million cycles per second 
(1 megacycle) and whose maximum value is 10 volts is applied to the plates of a parallel' 
plate capacitor which are 2 cm apart. If an electron is released from one plate at an 
instant when the applied potential is zero, find the position of the electron at any subse- 
quent time i. Assume that the initial velocity of the electron is 10* m/sec along the 
lines of force. 

. SoltUion. Assume that the plates are oriented with respect to a Cartesian system of 
axes as illustrated in Fig. 2-2. The electric-field intensity is 

10 

8 “ 5^ ^ ^ volts/m 

whence 

Oz - ~ 1.76 X 10“ X 500 Bin (6.28 X 10^) 

at tn m 

- 8.80 X 10^* sin (6.28 X 10*0 m/sec* 


This l)ecomes, upon integration, 

V, = -1.40 X lO"^ cos (6.28 X 10*0 + A 


where A 
Thus, 


constant of integration. A is determined from the initial condition that 
Vx ** 10* m/sec when t ■» 0 

A » 1.50 X 10^ m/sec 


so that the velocity is given by 

Vx - 1.50 X 10^ - 1.40 X 10^ cos (6.28 X lOH) m/sec 
Integration with respect to subject to the condition that x — 0 when i » 0, yields 
X - 1.50 X 10^< - 2.23 sin (6.28 X 10*0 m 

2-4. Potential. The discussion to follow need not be restricted to uni- 
form fields, but may be a function of distance. However, it will be 
assumed that is not a function of time. Then, from Newton^s second law 

eSx dvx 

m dt 

Multiply this equation by dx = t;* df, and integrate. This leads to 
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is an expression for the work done by the field in carrying a unit positive 
charge from the point xq to the point x. 

By definition, the potential V of point x with respect to point Xq is the work 
done against the field in taking a unit positive charge from Xq to x. Thus, * 

F s ~ r ^j.dx volts (2-9) 

Jxa 

By virtue of Eq. (2-9), Eq. (2-8) integrates to 

eV = — Vqj?) joules (2-10) 

This shows that an electron that has ^Tallen^’ through a certain difference 
of potential V in going from point xq to point x has acquired a specific value 
of kinetic energy and velocity, independent of the form of the variation of 
the field distribution between these points and depending only upon the 
magnitude of the potential difference V. 

Although this derivation supposes that the field has only one component, 
namely, 8* along the X axis, the final result given by Eq. (2-10) is simply 
a statement of the law of conservation of energy. This is known to be 
valid even if the field is multidimensional. This result is extremely impor- 
tant in electronic devices. Stated in its most general form, Eq. (2-10) be- 
comes 

qVsA = ^rnvA^ — ^mvB^ joules (2-11) 

where q is the charge in coulombs, Vba i& the potential in volts of any 
point B with respect to any other point A in an arbitrary electrostatic 
field, and va and vb are the corresponding initial and final speeds in meters 
per second at the points A and B, respectively. By definition, the poten- 
tial energy between two points equals the potential multiplied by the charge in 
question. Thus, the left-hand side of Eq. (2-11) is the rise in potential 
energy from A to B. The right-hand side represents the drop in kinetic 
energy from A to B. Thus, Eq. (2-11) states that the rise in potential 
energy equals the drop in kinetic energy, which is equivalent to the state- 
ment that the total energy remains unchanged. 

It must be emphasized that Eq. (2-11) is not valid if the field varies with 
time. 

If the particle is an electron, then — e must be substi toted for q. If the 
electron starts at rest, then its final speed v, as given by Eq. (2-11) with 

* The symbol « is used to designate ^^equal to by definition.’' 



MOTION OF CHARGED PARTICLES 


IS 


va. = 0, vb ®= V, and Vba = F, is 


/2eV\i 

« 1 1 m/sec 

\ m / 

(2-12) 

or 


v - 5.93 X 10*F^ m/sec 

(2-13) 


Thus if an electron through a difference of only 1 volt, its final 

speed is 5.93 X 10* m/sec, or approximately 370 miles/sec. Despite this 
tremendous speed, the electron possesses very little kinetic energy because 
of its minute mass. 

It must be emphasized that Eq, (2-13) is valid only for an electron starting 
at rest. If the electron does not have zero initial velocity or if the particle 
involved is not an electron, then the more general formula [Eq. (2-11)] 
must be used. 

2-6. The ev Unit of Energy. The joule is the unit of energy in the mks 
system. In some engineering power problems this unit is very small, and 
a factor of 10* or 10® is introduced to convert from watts (joules per sec- 
ond) to kilowatts or megawatts, respectively. However, in other prob- 
lems, the joule is too large a unit, and a factor of 10”^ is introduced to 
convert from joules to ergs. For a discussion of the energies involved in 
electronic devices even the erg is much too large a unit. This is not to be 
construed to mean that only minute amounts of energy can be obtained 
from electron tubes. It is true that each electron possesses a tiny amount 
erf energy, but as previously pointed out (see Sec. 2-1), an enormous num- 
ber of electrons is involved even in a small current so that considerable 
power may be represented. 

The new unit of work or energy, called the electron volt (ev), is defined 
as follows: 

1 ev s 1.60 X 10“^® joule 

Of course, any type of energy, whether it be electrical, mechanical, ther- 
mal, etc., may be expressed in electron volts. 

The name ^^electron volt” arises from the fact that if an electron falls 
through a potential of one volt its kinetic energy will increase by the de- 
crease in potential energy or by 

eV « (1.60 X 10“^® coulomb)(l volt) « 1.60 X 10“”^® joule » 1 ev 

However, as mentioned above, the electron-volt unit may be used for any 
type of energy and is not restricted to problems involving electrons. 

The abbreviations Mev and Bev are used to designate 1 million and 
1 billion electron volts, respectively. 

It is common practice to designate energies in terms of ‘Volts” although 
it must be clearly understood that the terms “volt” and “electron volt” 
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are being used s 3 ^onymou 8 ly. For example, the phrase “a 5-valt mercury 
ion^^ means simply that the ion has a kinetic energy of 5 X 1.60 X 10 ““^® 
joule. Similarly, the phrase *‘0.1-ev thermal energy^^ means an amount of 
thermal energy of 0.1 X 1.60 X 10"^® joule. 

2 - 6 . Relationship between Field Intensity and Potential. The defini- 
tion of potential is expressed mathematically by E<x, (2-9), If the electric 
field is uniform, the integral may be evaluated to the form 

— f S^,dx = —SxCx — xo) V volts 

which shows that the electric-field intensity resulting from an applied po- 
tential difference V between the two plates of the capacitor illustrated in 
Fig. 2-2 is given by 

-V V 

8 * = == 7 volts/m (2-14) 

x — xq a 

where d is the distance between plates, in meters. 

In the general case where the field may vary with the distance, this equa- 
tion is no longer true and the correct result is obtained by differentiating 
Eq. (2-9). It is 

dV 

6 , * - — (2-15) 


The minus sign shows that the electric Held is directed from the region of 
higher potential to the region of lower potential. 

2-7. Two-dimensional Motion. Suppose that an electron enters the 
region between the two parallel plates of a parallel-plate capacitor which 


Y 



Fig. 2-3. Two-dimensional motion in 
a uniform electric field. 

investigated, subject to the initial 


are oriented as shown in Fig. 2-3, with 
an initial velocity in the‘+X direc- 
tion. It will again be assumed that 
the electric field between the plates 
is uniform. Then, as chosen, the elec- 
tric field € is in the direction of the 
— F axis, no other fields existing in 
this region. 

The motion of the particle is to be 
conditions 


Vx ^ Vqx X ** O' 

as 0 p « 0 

Vg ^ 0 * -* 0 . 


when / * 0 


(2-16) 


Since there is no force in the Z direeti<m, the acceleration in that direction 
is aero. Hence, the component velocity in the 2 direction remains con- 
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Btant. Since the initial velocity in this direction is assumed to be zero, the 
motion must take place entirely in one plane, the plane of the paper. 

For a similar reason, the velocity along the X axis remains constant and 
equal to vq^. That is, 

Vx * Vox 

from which it follows that (2-17) 

X = Voxt 


On the other hand, a constant acceleration exists along the Y direction, 
and the motion is given by Eqs. (2-6), with the variable x replaced by y. 


where 


Vy = ayt y — 

eSy eEfi 
Uy^ = - — 

m md 


(2-18) 

(2-19) 


and where the potential across the plates is F = Ed. These equations 
indicate that in the region between the plates the electron is accelerated 
upward, the velocity component Vy varying from point to point, whereas 
the velocity component Vx remains unchanged in the passage of the elec- 
tron between the plates. 

The path of the particle with respect to the point 0 is readily deter- 
mined by combining Eqs. (2-17) and (2-18), the variable t being eliminated. 


This leads to the expression 



(2-20) 


which shows that the particle moves in a parabolic path in the region be- 
tween the plates. 


Example. A source introduces 500-volt 
region between two parallel plates oriented 
A at an angle of 30 deg with the horizontal, 
and the top plate is positive. Discuss the 
resultant motion. In particular, answer 
the following: 

a. How long will it take an ion to reach 
point B on the negative plate at a distance 
of 10 cm away from A? 


potassium ions (atomic weight 40) into the 
as shown in Fig. 2-4. The ions leave point 
There is a fixed voltage Ed across the plates, 





k -JOcm *4 


6. What must be the value of Edf if the Fig. 2-4. The path of a chaiged particle 
ion is to pass through B? in a uniform electric field is a parabola, 

c. What is the highest point of ascent provided that there exists a component of 
of the ion? velocity normal to the field. 

SohUim. From the above theory, it 

follows that the path is a parabola as shown by the dashed curve in Fig. 2-4. This 
problem is analogous to the firing of a gun in the earth ^s gravitational field. The bullet 
will travel in a parabolic path, first rising because of the muzsle velocity of the gun and 
then falling because of the downward attractive force of the earth. Because of this 
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analogy, the study of the motion of charged particles in a field of force is called electron 
haUietics, The source of the charged particles is called an ‘‘electron gun*' or an “ion 
gun.” 

The initial components of velocity will now be found. The mass of the potassium ion 
is 40 X 1.66 X ■■ 6.64 X 10“*® kg (see Sec. 2-1). The initial energy of the ion 
is 500 X 1.60 X 10“^* * 8.00 X 10“^^ joule. Hence the initial velocity is given by 




' O.UU A 


■ ‘6.64*xio^^' ■ ^ ^ 


Vo « 4.91 X 10® m/sec 


vtte « Vo cos 30° * 4.91 X 10® X 0.866 - 4.26 X 10® m/sec 

voy » Vo sin 30° » 4.91 X 10® X 0.500 ■* 2.46 X 10® m/sec 

a. Since the horizontal velocity is constant, the time h to travel a distance x 
* 0.10 m is 


X 0.1 

Vo* * 4.26 X 10® 


2.35 X 10“® sec 


10 cm 


b. If the ion passes through point B, then its vertical displacement is zero. The 
vertical motion is one of constant acceleration of magnitude Oy downward with an initial 
velocity voy upward. Hence 


and 

If 

then 

or 

But 


% *“ t>0y — Oy^ 
y - Voy^ - Joy/* 


y ^ 0 for ( * 
VOytl — 


2voy ^ 2 X 2.46 X 10® 
“ 2.35 X 10“® 


2.09 X 10*® m/sec* 


gSy ^ 
m md 


where q is the charge on the ion (which is equal to the electronic charge for a singly 
ionized atom) and d is the separation of the plates. 

Hence 

mdoy 6.64 X lO”"*® X 0.02 X 2.09 X 10*® 

- 173.5 volts 


c. At the highest point of ascent, the ion is traveling neither up nor down, whence 
<■ 0. The time 1 % at which this takes place is given by 


— 0 — «fly — Oy^ 


k - 


VQy 2,46 X 10® 
Oy “ 2.09 X 10*® 


1.18 X 10~®8ec 
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Note that it » ti/2. This means that the time of ascent is half the total time, or that 
the ion takes the same time traveling upward as it does traveling downward. 

The maximum vertical displacement ym is given by 

Vm - 

- (2.46 X 10^)(1.18 X 10“«) - I X 2.09 X 10‘® X (1.18 X lO-^* 

- 2.90 X 10“* - 1.45 X 10-2 - 1.46 X lO"* m - 1.45 cm 


The same result may be obtained by using the theorem of the conservation of energy. 
If the potential energy is taken as zero at point A, it is ymS^q at the highest point, or 


Ed 173.5 X 1.60 X 10-i» 
d 0.02 


1.39 X 10-1 V 


This must equal the change in kinetic energy. Since the horizontal component of 
velocity is unchanged and since there is no vertical component of velocity at the highest 
point, then the change in kinetic energy just equals 

04 X 10-2«)(2.46 X 10^)* - 2.02 X lO-^^ 


as above. 


ym 


2.02 X 10-1’ 
1.39 X 10-*» 


1.45 X 10-2 m 


1.45 cm 


X. 2-8. Relativistic Variation of Mass with Velocity. The theory of rela- 
tivity postulates an equivalence of mass and energy according to the rela- 
tionship 

TV = (2-21) 

where TV is the energy in joules, m is the mass in kilograms, and c is the 
velocity of light in vacuum, in meters per second. According to this 
theory, the mass of a particle will increase with its energy and hence with 
its speed. This relationship between mass and speed is now to be derived. 

If an electron starts at the point A with zero velocity and reaches the 
point B with a velocity v, then the increase in energy of the particle must 
be given by the expression eV joules, where V is the difference of potential 
between the points A and B. Its total energy must then be, according to 
Eq. (2-21), 

nu? = + eV joules (2-22) 

where moc^ is the energy possessed at the point A. The quantity mo is 
known as the rest mass or the electroatcUic mass of the particle and is a con- 
stant independent of the velocity; m is the total mass of the particle, which 
will be shown to be a function of the velocity. 

By differentiating this expression, 

o dV 

crdm^edV = c —eSdx 

dx 


or 


<?dm ^ fdx 


(2-23) 
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according to Eqs. (2-J6) and (2-3). Newton second law in its most gen- 
eral form states that the force is the rate of change of momentum, and not 
simply the product of the mass and the acceleration. That is, 

d 

/ = - (rrw) 
dt 

But remembering that v « dx/dt^ Eq. (2-23) now becomes 

d 

(T dm = — {nw) dx ^ V d{mv) 
dt 


Upon performing the indicated differentiation, there results 

dm mvdv + dm 
or 

(c^ — v^) dm = mv dv 
Upon separating variables, it follows that 

dm V dv 
m 


(2-24) 


By integrating this expression, subject to the condition that m 
v — 0, there results finally 

Wo 

m = — 7======= 

Vl — v^/(? 


Wo when 
(2-25) 


This result, which was originally derived by Lorentz and then by Ein- 
stein as a consequence of the theory of special relativity, predicts an in- 
creasing mass with an increasing velocity, the mass approaching an infinite 
value as the velocity of the particle approaches the velocity of light. The 
variation of mass with velocity predicted by this expression has been veri- 
fied experimentally by several independent methods.^ From Eqs. (2-22) 
and (2-25), the decrease in potential energy, or, equivalently, the increase 
in kinetic energy, is 


eV * - 

- moc* 

(2-26) 

eV « 1 

f 1 \ 

vVl — t^/c^ / 

(2-27) 


This expression enables one to find the velocity of an electron after it 
has fallen through any potential difference V, By defining the quantity 
Vs as the velocity that would result if the relativistic variation in mass were 
neglected, f.e., 

Vs s 
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then E(i, (2-27) can be solved for the true velocity of the particle. The 
result is 

This expression looks imposing at first glance. It should, of course, 
reduce to t; = vat for small velocities. That it does so is seen by applying 
the binomial expansion to Eq. (2-29). The result becomes 

= -j (2-30) 

From this expression, it is seen that, if the speed of the particle is much 
less than the speed of light, the second and all subsequent terms in the ex- 
pansion can be neglected, and then «; = f;Ar, as it should. This equation 
also serves as a criterion to determine whether the simple classical expres- 
sion or the more formidable relativistic one must be used in any particular 
case. For example, if the speed of the electron is one-tenth of the speed of 
light, Eq. (2-30) shows that an error of only three-eighths of 1 per cent will 
result if the speed is taken as vat instead of v. Consequently, the relativ- 
istic expression will be used only for speeds exceeding one-tenth that of 
light. 

Since the voltage is usually known, and it is the velocity that is to be 
deduced therefrom, the foregoing criterion may be expressed in terms of 
potential. For an electron, the potential difference through which the 
particle must fall in order to attain a velocity of 0.1c is readily found to be 
2,560 volts. Thus, if an electron falls through a potential in excess of 
about 3 kv, the relativistic corrections must be applied. If the particle 
under question is not an electron, the value of the nonrelativistic velocity 
is first calculated. If this is greater than 0.1c, then the calculated value of 
Vat must be substituted in Eq. (2-29) and the true value of v then calculated. 
In cases where the speed is not too great, the simplified expression (2-30) 
may be used. 

The accelerating potential in high-voltage cathode-ray tubes is suffi- 
ciently high to require that relativistic corrections be made in order to 
calculate the velocity and mass of the particle. Other devices employing 
potentials that are high enough to require these corrections are X-ray 
tubes, the cyclotron, the betatron, and other particle-accelerating machines. 
Unless specifically stated otherwise, nonrelativistic conditions will be as- 
sumed in what follows. 

2-9* Force in a Magnetic Field. To investigate the force on a moving 
cfaaige in a magnetic field, the well-known ^^motor law” is recalled. It has 
be^ verified by experiment that, if a ccmductor of length L meters, carry- 
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ing a current of I amperes, is situated in a magnetic field of intensity B 
webers per square meter,* the force acting on this conductor is BIL newtons. 
This assumes that the directions of I and B are perpendicular to each other. 
The direction of this force is perpendicular to the plane of I and B and has 

the direction of advance of a right-handed screw 
which is placed at O and is rotated from I to B 
through 90 deg, as illustrated in Fig. 2-5. If I 
and B are not perpendicular to ecLch other ^ then 
only the component of I perpendicular to B con- 
tributes to the force. This is a simple way of find- 
ing the direction of the force, which is equivalent 
to the well-known left-hand rule of Fleming. 

Some caution must be exercised with regard 
to the meaning of Fig. 2-6. If the particle 
under consideration is a positive ion, then I is 
to be taken along the direction of its motion. 
This is so because the conventional direction 
of the current is taken in the direction of flow 
of positive charge. Since the current is generally due to the flow of elec- 
trons, the direction of I is to be taken as opposite to the direction of the 
motion of the electrons. If, therefore, a nega- 
tive charge moving with a velocity v“ is under 
consideration, one must first draw I antiparallel 
to v” as shown and then apply the ^‘direction 
rule.'' 

If N electrons are contained in a length L 
of conductor (see Fig. 2-6) and if it takes an 
electron a time T seconds to travel a distance of 
L meters in the conductor, then the total number 
of electrons passing through any cross section of wire in unit time is N/T. 
Thus the total charge per second passing any point, which is the current, 
by definition, is 

Ne 

/ = — amp (2-31) 


Fig. 2-5. Pertaining to the 
determination of the direc- 
tion of the force fm on a 
charged particle in a magnetic 
field. 


.^Ne/ecfrons 

) 

ll.. j 

Fig. 2-6. Pertaining to the 
determination of the mag- 
nitude of the force on a 
charged particle in a mag- 
netic field. 


The force on a length L meters (or the force on the N conduction charges 
contained therein) is 


BIL 


BNeL 


newtons 


(2-32) 


* One weber per square met^ equals 10^ gauss. A unit of more practical size in most 
applications is the milUweber square metar, which equals 10 gauss. Other conver- 
sion factors sie given in Appendix II. 
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Furthermore, since L/T is the average, or drift, speed v meters per sec- 
ond of the electrons, then the force per etectron is 

f„, = evB newtons (2-33) 

The subscript m indicates that the force is of magnetic origin. To sum- 
marize: The force on a negative charge e (coulombs) moving with a component 
of velocity v“^ (meters per second) normal to a field B (wehers per square meter) 
is given by ev^B (newtons) and is in a direction perpendicular to the plane of 
v"" and B, as noted in Fig. 2-5. 

2-10. Current Density. Before proceeding with the discussion of pos- 
sible motions of charged particles in a magnetic field, it is convenient to 
introduce the concept of current density. This concept will be very useful 
in many later applications. By definition, the current density, denoted by 
the symbol J, is the current per unit area of the conducting medium. 
That is, assuming a uniform current distribution, 

J s — amp/m^ (2-34) 

A 


where A is the cross-sectional area of the conductor. 


Eq. (2-31), 



This becomes by 


But it has already been pointed out that T = L/v. Then 

Nev 

* TT (2-35) 

LA 


From Fig. 2-6 it is evident that LA is simply the volume containing the N 
electrons, and so the total charge Ne. Hence Ne/LA is the electron charge 
per unit volume, which is denoted by the symbol p. Thus 


Ne 

p s — coulombs/m® 

LA 

(2-36) 

and Eq. (2-35) reduces to 


J — pv amp/m^ 

(2-37) 


where p is in coulombs per cubic meter and v is in meters per second. 

This derivation is independent of the form of the conducting medium. 
Consequently, Fig. 2-6 does not necessarily represent a wire conductor. 
It may represent equally well a portion of a gaseous-discharge tube or a 
volume element in the space-charge cloud of a vacuum tube. Furthermore, 
neither p nor v need be constant but naay vary from point to point in space 
or may vary with time. Numerous occasions will arise later in the text 
when reference will be made to Eq, (2-37). 
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2-11. Motion in a Ma|;netic Field. The path of a charged particle that 
is moving in a magnetic field will be investigated. Consider an electron to 
be placed in the region of the magnetic field. If the particle is at rest, 
= 0 and the particle remains at rest. If the initial velocity of the par- 
ticle is along the line of the magnetic flux, then there is no force acting on 
the particle, in accordance with the rule associated with Eq. (2-33). Hence, 
a particle whose initial velocity has no componerU normal to a uniform mag- 
netic field will continue to move with constant speed along the lines of flux. 
Now consider an electron moving with a speed Vq to enter a constant 
uniform magnetic field normally as shown in Fig. 2-7. Since the force fm is 

perpendicular to v and so to the motion at 
every instant, then no work is done on the 
electron. This means that its kinetic energy 
is not increased, and so its speed remains 
unchanged. Further, since v and B are 
each constant in magnitude, then is con- 
stant in magnitude and perpendicular to the 
direction of motion of the particle. This 
type of force results in motion in a circular 
path with constant speed. It is analogous 
to the problem of a mass tied to a rope and 
twirled around with constant speed. The 
force (which is the tension in the rope) remains constant in magnitude and 
is always directed toward the center of the circle, and so is normal to the 
motion. 

To find the radius of the circle, it is recalled that a particle moving in a 
circular path with a constant speed v has an acceleration toward the center 
of the circle of magnitude v^/R^ where R is the radius of the path. Then 



Magnef/e 

ftefd 

' info paper 


Fia. 2-7. Circular motion of elec- 
tron in transverse magnetic field. 


from which 


= evB 

R 


mv 

eB 


m 


The corresponding angular velocity is given by 


(2-38) 


V eB 

^ » — rad/sec 
R m 


(2-39) 


Hie time for one complete revolution, called the ^^period/’ is 
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For an electron, this reduces to 


T 


3.57 X 10“" 

i 




(JMl) 


In these equations, elm is in coulombs per kilogram and B in webers per 
square meter. 

It is noticed that the radius of the path is directly proportional to the 
speed of the particle. Further, the period and the angular velocity are inde- 
pendent of speed or radius. This means, of course, that faster moving 
particles will traverse larger circles in the same time that a slower particle 
moves in its smaller circle. This very important result is the basis of op- 
eration of numerous devices, for example, the cyclotron and magnetic 
focusing apparatus. 

Example. Calculate the deflection of a cathode-ray beam caused by the earth’s 
magnetic field. Assume that the tube axis is so oriented that it is normal to the field, 



Fio. 2-8. The circular path of an electron in a cathode-ray tube resulting from the 
earth’s transverse suagnetic field. This figure is not drawn to scale. 

the strength of which is 0.6 gauss. The anode potential is 400 volts; the anode-screen 
distance is 20 cm (see Fig. 2-8). 

Solution, According to Eq. (2-13), the velocity of the electrons will be 
Vo. - 5.93 X 10‘V^ - 1.19 X 10' m/sec 

Since 1 weber/m* «• 10* gauss, then iJ »■ 6 X 10""* weber/m*. From Eq. (2-38) the 
radius of the circular path is 

vox 1.19 X 10^ 

(«/m)B "" 1.76 X 10» X 6 X 10-^ 


R 


1.12 m 112 cm 
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Furthermore, it is evident from the geometry of Fig. 2-S that (in centimeters) 

112* - (112 - Z))* + 20* 

from which it follows that 

/>* - 224Z> -1-400 -0 

The evaluation of D from this expression yields the value D - 1.8 cm. 

This example indicates that the earth’s magnetic field can have a large effect on the 
position of the cathode-beam spot in a low-voltage cathode-ray tube. If the anode 
voltage is higher than the value used in this example or if the tube is not oriented normal 
to the field, the deflection will be less than that calculated. In any event, this calcula- 
tion indicates the advisability of carefully shielding a cathode-ray tube from stray 
magnetic fields. 

2-12. Magnetic Focusing. As another application of the theory devel- 
oped in the previous section, one method of measuring e/m will be dis- 
cussed. The essentials of a cathode-ray tube needed for this purpose are 
shown in Fig. 2-9. The hot cathode K emits electrons which are accelerated 



Fig. 2-9. The cathode, anode, 
and fluorescent screen of a cath- 
ode-ray tube. The unfocused 
electron beam is shown. 


Y 



Fig. 2-10. The helical path of an elec- 
tron introduced at an angle (not 90 
deg) with a constant magnetic field. 


toward the anode by the potential Ea- Those electrons which are not col- 
lected by the anode pass through the tiny anode hole and strike the end 
of the glass envelope. This has been coated with a material that fluoresces 
when bombarded by electrons. Thus the position where the electrons 
strike the screen are made visible to the eye. A more detailed discusmon 
of the cathode-ray tube will be given in the next chapter. 

Imagine that tiie cathode-ray tube is placed in a constant longitudinal 
magnetic held, the axis of the tube coinciding with the direction of the 
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magnetic field. A magnetic field of the type here considered is obtained 
through the use of a long solenoid, the tube being placed within the coil. 
An inspection of Fig. 2-10 reveals the motion. The V axis represents the 
axis of the cathode-ray tube. The origin 0 is the point at which the elec- 
trons emerge from the anode. The velocity at the origin is Vq, the initial 
transverse velocity due to the mutual repulsion of the electrons being Vo*. 
It will now be shown that the resulting motion is a helix, as illustrated. 

The electronic motion can most easily be analyzed by resolving the 
velocity into two components Vy and ve along and transverse to the mag- 
netic field, respectively. Since the force is perpendicular to B, then there 
is no acceleration in the Y direction. Hence Vy is constant and equal to v^y. 
A force eveB normal to the path will exist, resulting from the transverse 
velocity. This force gives rise to circular motion^ the radius of the circle 
being mvsIeB, with ve a constant, and equal to t^ox- The resultant path is 
a helix whose axis is parallel to the Y axis and displaced from it by a dis- 
tance R along the Z axis, as illustrated. 

The pitch of the helix, which is defined as the distance traveled along 
the direction of the magnetic field in one revolution, is given by 

P = VoyT 

where T is the period, or the time for one revolution. It follows from 
Eq. (2-40) that 

27rw 

p = e^ov ^ (2-42) 

eB 

If the electron beam is defocused, then a smudge is seen on the screen 
when the applied magnetic field is zero. This means that the various elec- 
trons in the beam pass through the anode hole with different transverse 
velocities Vqx and so strike the screen at different points (see Fig. 2-9). This 
accounts for the appearance of a broad, faintly illuminated area instead 
of a bright point on the screen. As the magnetic field is increased from 
zero, the electrons will move in helixes of different radii, since the velocity 
Vqx that controls the radius of the path will be different for different elec- 
trons. However, the period or the time to trace out the path is independ- 
ent of Voxf and so the period will be the same for all electrons. If, then, the 
distance from the anode to the screen is made equal to one pitch, all of the 
electrons will be brought back to the Y axis (the point O' in Fig. 2-10) 
since they all will have made just one revolution. Under these conditions 
an image of the anode hole will be observed on the screen. 

As the field is increased from zero, the smudge on the screen resulting 
from the defocused beam will contract and will become a tiny sharp spot 
(the image of the anode hole) when a critical value of the field is reached. 
This critical field is that whidfi makes the pitch of the helical path just 
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equal to the anode-screen distance, as discussed above. By continuing to 
increase the strength of the field beyond this critical value, the pitch of the 
helix decreases, and the electrons travel through more than one complete 
revolution. The electrons then strike the screen at various points so that 
a defocused spot is again visible. A magnetic-field strength will ultimately 
be reached at which the electrons make two complete revolutions in their 
path from the anode to the screen, and once again the spot will be focused 
on the screen. This process may be continued, numerous foci being ob- 
tainable. In fact, the current rating of the solenoid is the factor that 
generally furnishes a practical limitation to the order of the focus. 

The foregoing considerations may be generalized in the following way: 
If the screen is perpendicular to the V axis at a distance L from the point 
of emergence of the electron beam from the anode, then, for an anode- 
cathode potential equal to Ea, the electron beam will come to a focus at 
the center of the screen provided that L is an integral multiple of p. Under 
these conditions, Eq. (2-42) may be rearranged to read 


e Sv^EaTl^ 
m “ 


coulombs/kg 


(2-43) 


where n is an integer representing the order of the focus. It is assumed, 
in this development, that eEa = or that the only effect of the anode 

potential is to accelerate the electron along the tube axis. This implies 
that the transverse velocity Vqx, which is variable and unknown, is negligible 
in comparison with vop. This is a justifiable assumption. 

This arrangement was suggested by Busch * and has been used * to meas- 
ure the ratio e/m for electrons very accurately. 

2-13. Parallel Electric and Magnetic Fields. Consider the case where 
both electric and magnetic fields exist simultaneously, the fields being in 
the same or in opposite directions. If the initial velocity of the electron 
either is zero or is directed along the fields, then the magnetic field exerts 
no force on the electron and the resultant motion depends solely upon the 
electric-field intensity €. If € is constant, the electron will move in a direc- 
tion parallel to the fields with a constant acceleration. If the fields are 
chosen as in Fig. 2-11, the complete motion is specified by 

Vy ^ Voy - Oyt y = Voyt - ^Oyt^ (2-44) 

where Uy e 8/m is the magnitude of the acceleration. The negative sign 
results from the fact that the direction of the acceleration of an electron is 
opposite to the direction of the electric-field intensity £. 

If, initially, a component of velocity perpendicular to the magnetic 
field exists, this component, together with the magnetic fidd, will give rise 
to circular motimi, the radius of the circular path being independent of 6. 
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However, because of the electric field the velocity along the field changes 
with time. Consequently, the resulting path is helical with a pitch that 
changes with the time. That is, the distance traveled along the Y axis per 
revolution increases with each revolution. 


Y 



Fig. 2-11. Parallel electric 
and magnetic fields. 


Y 



Fig. 2-12. A problem illustrating helical 
electronic motion. 


Example, Given a uniform electric field of 10^ volts/m parallel to and opposite in 
direction to a magnetic field of 5 milliwebers/m^. An electron gun, directed at an angle 
of 30 deg with the direction of the electric field, introduces 400-volt electrons into the 
region of the fields (see Fig. 2-12). Give a quantitative description of the electronic 
motion. 

Solution. As discussed above, the path is a helix of variable pitch. The plane deter- 
mined by € and Vq is chosen as the XY plane. From Eq. (2-13), 

OO - 6.93 X 10‘VSo - 1.19 X 10' m/sec 
vox » Vo sin 30® — 5.93 X 10® m/sec 
-« Vo cos 30® — 1.03 X 10^ m/sec 

a ~ » 1.76 X 10^® m/sec* 
m 


along the — Y direction. Hence, from Eq. (2-38), 

^ ^ ^-93 X 10® 

** eB " 1.76 X 10“ X 6 X 10“* 


6.76 X lO--* m 


Thus, the projection of the path on the XZ plane is a circle of radius 0.675 cm. An 
application of the direction rule shows that the circle is being traversed in the counter- 
clockwise direction (when looking along the F direction). The path is essentially 
that illustrated in Fig. 2-10 except that the velocity along the fields is not constant but 
is given by Kqs. (2-44), v»s., 


Also 


IV - 1.03 X 10’ - 1.76 X 10^ 
y - 1.08 X lOH - 0.88 X lO^V 


Under the conditions chosen, the particle starts to move in the -b Y direction; but 
since the acceleration is along the — Y direction, the velocity will shortly be reduced to 
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aero, and the particle will then reverse its K-directed motion. This reversal will occur 
at the time i* for which 0, namely. 




1.03 X 10^ 
1.76 X 10^* 


6.86 X 10“® sec 


The distance traveled in the + Y direction to the position at which the reversal occurs is 
y' « 1.03 X 10’’ X 5.86 X 10“® - 0.88 X 10^®(6.86 X 10-®)^ 

* (6.04 - 3.04) X lO-^ m - 3.00 cm 

It should be kept in mind that the term “reversal’^ refers only to the F-directed motion, 
not to the direction in which the electron traverses the circular component of its path. 



Fig. 2-13. The projection of the path in the XZ plane is a circle. 

The rotation in this circular component is determined entirely by the quantities B 
and vo«. Furthermore, only one reversal is made, the F-directed motion continuing 
in the — F direction with an ever-increasing linear velocity, even though the angular 
velocity remains constant and equal to 

w - — - 1.76 X 10“ X 6 X 10-* - 8.80 X 10* rad/sec 
m 

By using either the relationship T * 2ir/(tf or Eq. (2-41), there is obtained T ■■ 7.14 
X 10“® sec for the period. 

Since V < T, then less than one revolution is made before the reversal. 

The point in space at which the reversal takes place is obtained by considering the 
projection of the path in the XZ plane (since the F coordinate is already known). 
Refer to Fig. 2-13. The angle B through which the electron has rotated about the 
Faxisis 

» - orf' - 8.80 X 10* X 6.86 X lO"* - 6.17 rad - 296* 

From the figure it is dear that 

- -0fi76dn64» - -0.608 cm 
and 


z' « 0.676 - 0.676 ooe 64° > 0.817 em 
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The time C' that it takes the electron to return to the XZ plane is obtained by setting 
y equal to zero. Thus, 


1.03 X 10^ 
0.88 X 10^® 


1.17 X 10~®sec 


Since V* «■ 21', it takes the electron just as long to travel from the XZ plane to the 
point of reversal as it does to return to this plane. The point to which the electron 
returns in the XZ plane may be obtained by using for 9 the value wl" « »» 592° 

in Fig. 2-13. The result is 

a;" « —0.532 cm and « 1.09 cm 


It should be noted that the electron does not return to the origin. 


2-14. Perpendicular Electric and Magnetic Fields. The directions of 
the fields are shown in Fig, 2-14. The magnetic field is directed along the 
— Y axis, and the electric field is directed along 
the — X axis. The force on an electron due to the 
electric field is directed along the +X axis. Any 
force due to the magnetic field is always normal to 
B and hence lies in a plane parallel to the XZ 
plane. Thus there is no component of force along 
the Y direction, and the Y component of accelera- 
tion is zero. Hence the motion along F is given by 

/v = 0 



Vy = VQy and y = VqJ, (2-45) Fig. 2-14. Perpendicular 

, 1 - electric and magnetic fields, 

assuming that the electron starts at the origin. 

If the initial velocity component parallel to B is zero, then the path lies 
entirely in a plane perpendicular to B. 

It is desired to investigate the path of an electron starting at rest at the 
origin. The initial magnetic force is zero, since the velocity is zero. The 
electric force is directed along the +X axis, and the electron will be ac- 
celerated in this direction. As soon as the electron is in motion, the mag- 
netic force will no longer be zero. There will then be a component of this 
force which will be proportional to the X component of velocity and will 
be directed along the +Z axis. The path will thus bend away from the 
+X direction toward the +Z direction. Clearly, the electric and mag- 
netic forces interact with one another. In fact, the analysis cannot be 
carried along further profitably in this qualitative fashion. The arguments 
given above do, however, indicate the manner in which the electron starts 
on its path. This path will be shown to be a cycloid. 

To determine the path of the electron quantitatively, the force equa- 
tions must be set up. The force due to the electric field £ is eS along the 
4-X direction. The force due to the magnetic field is found as follows: At 
any instant, the velocity is determined by thie three components tiy, and 
Vg along the tiuee coor^nate axes. Since B is in the Y direction, no force 
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will be exerted on the electron due to Vy, Because of Vxj the force is ev^B in 
the +Z direction, as can be verified by the direction rule of Sec. 2-9. 
Similarly, the force due to Vg is eVgB in the —X direction. Hence Newton's 
law, when expressed in terms of the three components, yields 

dvx dvg 


/x * w- 


cS — evgB 


By writing for convenience 


— = eVxB 
dt 


6 

W s — 

B 


then the foregoing equations may be written in the form 
dvx dVg 

— = (i)U — iaVg — *= 4-wVx (2-48) 

di dt 

A straightforward procedure is involved in the solution of these equa- 
tions. In order to evaluate the velocity components, the first equation of 
(2-48) is differentiated and combined with the second, viz.. 


The solution of this differential equation is 

Vx — A cos (tit + C sin oit (2-50) 

where A and C are arbitrary constants. In order to evaluate these con- 
stants, the initial conditions, Vqx = *^ 0 * = 0 when t = 0, are imposed on 
this equation. Thus, 

_ «^x = 0 1 


and from Eq. (2-48) 


when t 


From these, it is found that 
A =0 


so that 


Vx ~ u sin (tit 


The first equation of (2-48) and the solution for v* give 

1 dVx 

Vg ** u ^ u — u cos (d 


Thus, the solutions of Eqs. (2-48) are 


usinctf^ 


u cos col 


In order to find the coordinates x and z from these expressions, each 
equation must be integrated* Thus 
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‘J*VxcU^ Ju sin (at dt 


or 


~ cos Q)t + D 


Since a; = 0 when < = 0, then 

u 

D = - 

(j) 

In a similar way, from Eq. (2-52) 




,,dt^ut sin (Jit 

(j) 

the constant of integration being zero since 2 = 0 at / = 0. 
The complete solution of this problem is, therefore, 


u 

a; as - (1 — cos (Jit) 

u 

z =s ut sin (/it 

(2-53) 

(Ji 

0) 


If, for convenience. 

B ^ (Jit and 

u 

Q^- 

CO 

(2-54) 

then 

X Q(1 — cos B) 

z = Q(e — sin B) 

(2-55) 


where u and w are as defined in Eq. (2-47). 

It will now be shown that these are the parametric equations of a com- 
mon cycloid, defined as the path generated 
by a point on the circumference of a circle 
of radius Q which rolls along a straight 
line, the Z axis. This is illustrated in Fig. 

2-15, The point P whose coordinates are 
X and z(y = 0) represents the position of 
the electron at any time. The dark curve 
is the locus of the point P. The reference 
line CC" is drawn through the center of 
the generating circle parallel to the X 
axis. Since the circle rolls on the Z axis, 
then OC' represents the length of the cir- 
cumference that has already come in con- 
tact with the Z axis. This length is evi- 
dently equal to the arc PC' (and equals 
Q9), The angle ^ gives the number of 
i*adians through which the circle has ro- 
tated. Frmn the diagram, it readily follows that 

a;sQ — Qcos^ z Q$ -- QsmB 



Fig. 2-16. The cycloidal path of an 
electron in perpendicular electric and 
magnetic fields when the initial veloc- 
ity is zero. 


(2-56) 
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which are identical with Eq. (2-55), thus proving that the path is cycloidal 
as predicted. 

The physical interpretation of the symbols introduced above merely as 
abbreviations is as follows: 

u) represents the angular velocity of rotation of the rolling circle. 

d represents the number of radians through which the circle has rotated. 

Q represents the radius of the rolling circle. 

Since u = a>Q, then u represents the velocity of translation of the center of 
the rolling circle. 

From these interpretations and from Fig. 2-15 it is clear that the max- 
imum displacement of the electron along the X axis is equal to the diameter 
of the rolling circle, or 2Q. Also, the distance along the Z axis between 
cusps is equal to the circumference of the rolling circle, or 2TrQ. At each 
cusp the speed of the electron is zero, since at this point the velocity is 
reversing its direction (see Fig. 2-15). This is also seen from the fact that 
each cusp is along the Z axis and hence at the same potential. Therefore 
the electron has gained no energy from the electric field, and its speed 
must again be zero. 

If an initial velocity exists that is directed parallel to the magnetic field, 
then the projection of the path on the XZ plane will still be a cycloid but 
the particle will now have a constant velocity normal to the plane. This 
might be called a “cycloidal helical motion.^’ The motion is described by 
Eqs. (2-55) with the addition of Eq. (2-45). 

There is one other special case of importance. Suppose that the electron 
is released perpendicular to both the electric and magnetic fields so that 
Vox = voy = 0 and vq^ ^ 0. The electric force is e8 along the +X direc- 
tion (see Fig. 2-14), and the magnetic force is ev^^B along the —X direc- 
tion. If the net force on the electron is zero, then it will continue to move 
along the Z axis with the constant speed vq*. This condition is realized 
when 

eS =s eBv^t 
or 

6 

Vo* “ ^ * w (2-57) 

from Eq. (2-47). 

This gives another interpretation to u. It represents that velocity with 
which an electron may be injected into perpendicular electric and mag- 
netic fields and suffer no deflection, the net force being zero. Note that this 
velocity u is independent of the charge or mass of the ions. Such a system 
of perpendicular fields will act as a velocity filter and allow only those parti- 
cles whose velocity is given by the ratio 8/B to be selected. 

Example. A magnetic field of 0.01 weber/m^ is applied along the axis of a cathode- 
ray tube* A field of 10^ volts/m is applied to the deflecting plates* If an electron 
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leaves the anode with a velocity of 10^ m/sec along the axis, how far from the axis will 
it be when it emerges from the region between the plates? The length I of the deflecting 
plates along the tube axis is 2.0 cm. 

Solution. Choose the system of coordinate axes illustrated in Fig. 2-14. Then, 

Vo* ** Vo* — 0; voy » 10* m/sec 

As shown above, the projection of the path is a cycloid in the XZ plane, and the electron 
travels with constant velocity along the Y axis. The electron is in the region between 
the plates for the time 

— - 2 X 10~* sec 

VOy 

Then, from Eqs. (2-47) and (2-54), it is found that 

eB 

w — — - 1.76 X 10® rad/sec 
m 

g 

u » — — 10* m/sec 


0 - - - 5.68 X 10-* m 

W 

« 0.0568 cm 

(1.76 X 10®)(2 X 10-*) - 35.2 rad 

Since there are 2r rad/revolution, the electron goes through five complete cycles and 
enters upon the sixth before it emerges from the plates. Thus 

35.2 rad * lOv 3.8 rad 

Since 3.8 rad equals 218 deg, then Eqs. (2^5) 3deld 

X - Q(1 - cos e) - 0.0568(1 - cos 218®) - 0.103 cm 

f — Q{9 — sin (?) — 0.0568(35.2 -- sin 218®) » 2.03 cm 

so that the distance from the tube axis is 

r — Vx® -f s® — 2.03 cm 

2-16. Perpendicular Electric and Magnetic Fields (Arbitrary Initial 
Velocities). It was shown in the preceding section that the motion along 
the direction of the magnetic field (the Y axis) was one of constant speed 
as given by Eq.^(2-45). It will now be assumed that v^y = 0, and the 
path in the XZ plane for arbitrary initial velocity components t»ox and 
wof will be investigated. 

In the foregoing section it was demonstrated that u reacting with B 
gives a force just equal in magnitude and opposite in direction to 8. Hence, 
if a new system of coordinates (X', Z*) is introduced which moves with a 
speed u along the +Z axis, then this primed system may be considered as 
having only a magnetic field but no electric field. A further justification 
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of this procedure is found in Eq. (2-48). Thus, if 


z ^ z' + lU 

so that 

Vz — v/ + u 

and 

and 

X = x' 

«x = f*' 

(2-58) 

(2-59) 

then Eqs. (2-58) become 




dvx' , 

= — 

dt 

and 

(1 

(2-60) 

which are identical with Eqs. (2-48) with u = 0. However, u vanishes 
only if 6 = 0, and in this case Eqs. (2-60) represent the equation of mo- 
tion of an electron in only a uniform 



magnetic field. Hence, the path in 
the primed system is a circle with 
constant angular velocity w, constant 
peripheral speed Vo\ and a radius 
Q' = Vo' /to. These relationships are 
shown in Fig. 2-16. The center of 
the circle C' is along the normal to 
the initial velocity vector Vo', which 
is obtained by subtracting u from Vq. 
In other words, Vq' is a vector whose 
X component is vox and whose Z 
component is vq* — u. The point 
P'(x', z') is the position of the elec- 
tron in the primed system at a time 
t = ^/w. The position of the point 
P(x, z) in space is obtained from Eqs. 
(2-58), which state that every point in the primed plane must be translated 
along the Z axis an amount ut = Q(at — Q$. Note that, in general, Q' is 
not equal to Q. 

Example. Consider perpendicular fields oriented as in Fig. 2-14, with 8 - 10^ volts/m 
and B >■ 1 milliweber/m*. Assume that the initial velocity of the electron has com- 
ponents vax • 1.55 X 10^ m/sec, woy » 0, and vqm » 1.78 X 10^ m/sec. Plot the path. 
SoltUum. The important constants of the motion are calculated as follows: 

« - — - (1.76 X 10»)(10-’) - 1.76 X 10* Md)^eo 
m 

6 10 * , 

“ B “ iF* “ 


Fig. 2-16. The path of an electron in per- 
pendicular electric and magnetic fields is 
a circle in a coordinate system which 
moves with a speed u » g/B along the 
axis normal to both € and B. 


o-“- 


10 » 


; m «• 5.68 cm 


» 1.76 X 10* 

-■ L56 X 10^ m/«ec 
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Vo,' -Vo. -U- 1.78 X 10' - 10' - 0,78 X 10' m/sec 
vo’ - + (ko,')*)* - 1(1.55)' + (0.78)'l‘ X 10' 

- 1.73 X 10' m/sec 


Q' 



CO 


1.73 X 10' 
1.76 X 10»“ 


9.83 cm 
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The circular path in the primed system is shown in Fig. 2-1 7a. The circle is divided 
into eight 45-deg segments labeled 0 through 7, respectively. Each point in the primed 



Fig. 2-17. A problem illustrating the prolate cycloidal path <rf an electron in perpen- 
dicular electric and magnetic fields. 
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system must be displaced an amount QB « 5.680 along the Z axis to find its correspond 
ing Z coordinate. These are calculated in the accompanying table. 


Point 

0 

1 

2 

3 

4 

5 

6 

7 

0 rad 

0 

0.784 

1.57 

2.35 

3.14 

3.92 

4.71 

5.48 

QB cm 

0 

4.46 

8.92 

13.4 

17.8 

22.3 

26.8 

31.2 


The path is indicated in Fig. 2-176, which is obtained from Fig. 2-17o by using a pair 
of dividers to displace corresponding points by the amount indicated in the table. 
For example, point 5, which is at some distance, say A, from the X' axis, is put at a 
distance A 22.3 from the X axis. 

Two complete cycles are indicated. Points in the second cycle are obtained from 
corresponding points in the first cycle by the displacement 2TrQ « 35.7 cm. Thus, 


point 9 is 35.7 cm below point 1, etc. 

The above theory illustrates that the 
primed system moves with a speed u in the 
+Z direction relative to the unprimed 
system. One method of obtaining this trans- 
lation is illustrated in the graphical construc- 
tion of Fig. 2-17. Another method is to make 
C' the center of a circle (of radius Q) which 
rolls along a line parallel to the Z axis. Then 
the linear velocity of (7' will be Qw == u. 
This is illustrated in Fig. 2-18. The path, 
called a trochoid* is the locus of a point on a 
‘ ‘spoke’ ^ of a wheel rolling on a straight line. 
If the length Q' of the spoke is greater than 


Angular 

ve tocif^ d) 



Fio. 2-18. The locus of the point P at the end of 
a “iqwke'’ of a wheel rolling on a straight line is a 
trochoid. 



Fio. 2-19. A curtate cycldd. 




( 
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the radius Q of the rolling circle, the trochoid is called a prolate cycloid * 
(illustrated in Fig. 2-17). If Q' = Q, the path is called a common cycloid 
(this was the case considered in Sec. 2-14). If Q' is less than Q, the path 
is called a curtate cycloid.^ This is illustrated in Fig. 2-19, and it should 
be noted that the “loops” of Fig. 2-17 are missing. 

In addition to the geometrical methods just described, the path can also 
be obtained analytically by integrating Eq. (2-48) directly for the case 
where the initial velocities differ from zero. The resulting equations are 
given in Prob. 2-37. The trochoidal nature of the path is, however, com- 
pletely hidden in these equations. 

2-16. Constant Electric and Magnetic Fields Making an Arbitrary 
Angle with Each Other. Analyses of the motion of an electron in a simple 
electric field that is constant both in mag- 
nitude and in direction, in a constant mag- 
netic field, in combined parallel constant 
electric and magnetic fields, and in com- 
bined perpendicular constant electric and 
magnetic fields have been given. The 
only remaining possible combination of 
constant electric and magnetic fields is 
that illustrated in Fig. 2-20. The fields 
make an angle (p with each other. For 
purposes of analysis, the plane determined 
by B and € is chosen as the XY plane, 
and B is taken along the — Y direction. This orientation of axes permits 
the application of the results of Sec. 2-14. 

The electric field may be expressed with respect to the chosen frame of 
reference by two components 

6a; = “h 6 sin <p fiy ~ cos ip (2-61) 


Y 



Fig. 2-20. Constant electric and 
magnetic fields at an angle ^ with 
each other. 


Careful thought will show that the equations of motion are those given by 
Eqs. (2-46) in which S is replaced by — 8 sin ip and in which the force in the 
Y direction is no longer zero but is e( 8 cos ip). The solution of the motion 
is then given by Eqs. (2-55) with 8 replaced by — 8 sin ip and with the 
expression for y being. 


Here, the quantity 


y 

Oy 


e(8 cos ip) 
tn 


(2-62) 


is the constant acceleration along the Y axis. That is, the motion is identi- 
cal with that for the pexx)endicularly directed fields except for the added 
acceleration component along the Y direction. For example, if the electron 
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starts at rest, the projection of the path in the XZ plane will still be a 
cycloid. 

Example. The fields in Fig. 2-20 have the following values: 

£ « 5 kv/m, B * 1 milliweber/m^, and angle ^ « 20® 

If an electron is released with aero velocity at the origin, where will it expose a photo- 
graphic plate which is perpendicular to the Z axis at a distance of 8.00 cm from the 
origin? 

Soliition. The projection of the path in the XZ plane is a common cycloid, as dis- 
cussed above. The orientation of this cycloid is found by considering the initial effects 



Pig. 2-21. A problem illustrating cycloidal motion. 

of the field on the electron. Thus, first the electric field accelerates it in the minus 
X direction. Applying the direction rule of Sec. 2-9 for an electronic velocity along —X 
and a magnetic field along — Y gives a magnetic force along — Z. Hence, the projection 
of the path is as shown in Fig. 2-21. 

It is now seen that the photographic plate will not be exposed unless it is loe^ited along 
the — Z axis as shown. The equation of the cycloid is 


— a; -« 0(1 - cos 9) 


— * *« Q(9 — sin 
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The radius of the rolling circle is calculated as follows: 


u 


6 sin ^ 6 X 10* sin 20® 

B IF* 


1.71 X 10* m/sec 


0 , - — - (1.76 X 10“)(10~*) - 1.76 X 10* rad/sec 
m 

u 1 71 V 10* 


The distance traveled along the — Z direction between cusps is 2vQ ■■ 6.10 cm. Thus, 
the plate is located beyond the first cycle, as indicated. The angle O' in the eecond cycle 
is given by the equation 

8.00 - 6.10 - (0.971)(^' - sin O') cm or O' - 1.95 ^ mnO' 



This transcendental equation is solved graphically by plotting 0' — 1.95 versus O' 
and sin 0' versus 0' and finding the point of intersection. The result, as given in Fig. 
2-22, is O' * 2.53 rad, or 145 deg. Hence 

S - -h 2r - 2.53 -f 6.28 * 8.81 rad 


As a check on the graphical solution, note that 

z - -(0.971)(8.81 - sin 145®) - -8.00 cm 
as it should. The X coordinate of the exposed point is 

X - -(0.971)(1 - cos 145®) - -1.76 cm 
The time h it takes the electron to reach the plate is 

8.81 




0) 1.76 X 10* 


5.01 X lO"^ sec 


The Y component of acceleration is 

a, - ^ - (1.76 X 10‘*)(6 X 10»)(oo6!»°) 
m 

• 8.28 X 10** m/sec* 
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The plate is exposed at 

y » - i(8.28 X 10^<)(5.01 X 10““®)* 

» 1.04 m 

2-17. Nontmiform Fields. If the fields are not constant, it is still pos- 
sible to write down the differential equations of motion but it is seldom 
possible to obtain an exact solution. The particular case in which the tube 
possesses cylindrical S 3 unmetry is amenable to analysis. However, in 
most practical tubes the fields themselves are seldom known exactly, but 
only the voltages applied to a certain electrode configuration are given. 
Because of the importance of this type of problem approximate graphical, 
numerical, and experimental methods of solution have been devised.® 

One direct experimental method for finding the path of an electron in a 
given two-dimensional electrode configuration (without first finding the 
field) is called the “rubber-moder^ method. In this method, a large-scale 
model is made of the electrode assembly, the height of the various elec- 
trodes being adjusted to be in proper proportion to the negative potential 
of the electrodes. A rubber membrane is pressed down over this configura- 
tion in such a way that it makes contact with the top of every electrode. 
The surface of the diaphragm is then no longer flat but has an elevation 
that is proportional to the potential at each point in space. A small ball 
is projected onto this model with an initial speed and direction appro- 
priate to the original electronic problem, and the subsequent path of the 
rolling ball is photographed with a motion-picture camera. It can be 
shown that the motion of the ball rolling on the stretched diaphragm under 
the action of the earth's gravitational field (subject to certain conditions 
usually approximated in practice) is identical with that of the electron in 
the original electrode configuration.® 

2-18. Electron Optics. Because of the close analogy that exists between 
the paths of charged particles in electric and magnetic fields and the path 
of light rays in passing through lenses or through media of varying index of 
refraction, the foregoing analyses may be called ‘^electron optics" or, more 
accurately, “geometrical electron optics." To note this close analogy,^ 
consider the regions on both sides of an equipotential surface 5, as shown 
in Fig. 2-23. Suppose that the electric potential to the left of the surface 
is and that to the right of S is Suppose that an electron is mov- 
ing in the direction PQ with a velocity vi. At the surface S a force exists 
in the direction normal to the equipotential. Because of this force, the 
velocity of the electron increases to after it has passed S, Only the nor- 
mal component of velocity t>n changes, since no work is done by moving 
the particle along an equipotential. That is, the tangential component of 
the velocity Vt on both sides of the equipotential remains unchanged. It 
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follows from Fig. 2-23 that 


vi = Vi sin i = V 2 sin r 


where i and r may be considered as the angles of incidence and refraction 
of the electron ray, respectively. Then 


sin i V 2 
sin r Vi 


(2-63) 


In geometrical light optics the ratio of the velocities of propagation in 
two media is called the index of refraction fx. This resultant equation is 
then recognized as SnelFs law of refraction, sin i/sin r = fx. It therefore 



Fig. 2-23. To demonstrate the similarity between ^^geometrical electron optics'* and 
‘^geometrical light optics." 

follows that the refraction of an electronic beam at an equipotential sur- 
face obeys the same law as the bending of a light beam at a refracting 
surface. Because of this, the electron-lens system and an optical-lens sys- 
tem may be considered to be roughly analogous. It must be kept in mind, 
however, that electron lenses cannot be sharply defined, the region actually 
being one of continuously vaiying index of refraction. Furthermore, the 
index of refraction of the electron lens can readily be varied by changing 
the potentials applied to the electrodes that constitute the lens. This is 
the electron-lens arrangement for focusing the electron beam in a cathode- 
ray tube and will be further discussed in Sec. 3-6. 


PROBLEMS 

2 - 1 . a. An electron is emitted from a thermionic cathode with a negligible initial 
velocity and is accelerated by a potential of 1,000 volts. Calculate the final velocity 
of the particle. 

6. Repeat the foregoing for the case of a deuterium ion (heavy hydrogen ion atomic 
weight 2.01) that has been introduced into the electric field with an initial velocity of 
10* m/sec. 
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8-2. An electron starts at rest at the negative plate of a plane-parallel capacitor 
across which is 2,000 volts. The distance between the plates is 3 cm. 

o. How long has the electron been traveling when it acquires a speed of 10’ m/sec? 

6. How far has the electron traveled before it acquires this speed? 

c. What potential has the electron fallen through when it acquires this speed? 

8-8. a. The distance between the plates of a plane-parallel capacitor is 1 cm. An 
electron starts at rest at the negative plate. If a direct voltage of 1,000 volts is applied, 
how long will it take the electron to reach the positive plate? 

6. If a 60-cycle sinusoidal voltage of peak value 1,000 volts is applied, how long will 
the time of transit be? Assume that the electron is released with zero velocity at the 
instant of time when the applied voltage is passing through zero. (Hint: Expand the 

sine function into a power series. Thus, sin^*^ — — + ~ .) 

2-4. An electron starts at rest at the bottom of a plane-parallel capacitor whose 
plates are 5 cm apart. The applied voltage is zero at the instant the electron is relesised, 
and it increases linearly from zero to 10 volts in 10“^ sec. 

a. If the upper plate is pK>sitive, what speed will the electron attain in 0.5 X 10 
sec? 

b. Where will it be at the end of this time? 

c. With what speed will the electron strike the positive plate? 

8-6. An electron having an initial kinetic energy of 10“^® joule at the surface of one 
of two parallel-plane electrodes and moving normal to the surface is slowed down by the 
retarding field caused by a 400-volt potential applied between the electrodes. 

a. Will the electron reach the second electrode? 

b. What retarding potential would be required for the electron to reach the second 
electrode with zero velocity? 

8-6. An electron is released with zero initial velocity from the lower of a pair of hori- 
zontal plates which are 3 cm apart. The accelerating potential between these plates 
increases from zero linearly with time at the rate of 10 volts/^sec. When the electron 
is 2.8 cm from the top plate, a reverse voltage of 50 volts is applied. 

a. What is the instantaneous potential between the plates at the time of the potential 
reversal? 

b. With which electrode does the electron collide? 

c. What is the time of flight? 

d. What is the impact velocity of the electron? 


8-7. A 100-ev hydrogen ion is released in the center of 
f the plates, as shown in the figure. The voltage between 
ifo ► the plates varies linearly from 0 to 50 volts in 10”"^ sec 

• and then drops immediately to zero and remains at zero. 

< Scm ► The separation between the plates is 2 cm. If the ion 
Prob. 2-7. enters the region between the plates at time t — 0, how 

far will it be displaced from the X axis upon emergence 


from between the plates? 

8-8. Consider a plane-parallel diode across which there is an impressed voltage 
4* sin o)t. If an electron leaves the cathode with a perpendicular velocity vq at 
time iot derive the expression for the position of the electron at any subsequent time t. 

8-8. A plane triode consists of a cathode and an anode 4 cm apart, and an open grid 
midway l^tween them. The grid is maintained at a potential of 5 volts almve the 
cathode, and the plate is at 20 volts above the cathode. How long will it take an elec- 
tron starting at rest at the cathode to reach the anode? Assume that the potential 
vanes linearly from the cathode to the grid Mid also linearly from the grid to the anode. 
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2-10. 100-volt electrons are introduced at A into a uniform electric field of 10^ voltB/m. 
The electrons are to emerge at the point B in time 4.77 X 10“* sec. 
o. What is the distance AB1 

b. What angle does the electron gun make with the horizontal? 



pROB. 2 - 10 . Prob. 2 - 11 . 


2-11. Electrons are projected into the region of constant electric-field intensity of 
magnitude 5 X 10* volts/m that exists vertically. The electron gun makes an angle 
of 30 deg with the horizontal. It ejects the electrons with an energy of 100 ev. 

a. How long does it take an electron leaving the gun to pass through a hole H at a 
horizontal distance of 3 cm from the position of the gun? Refer to the figure. Assume 
that the field is downward. 

b. What must be the distiince d in order that the particles emerge through the hole? 

c. Repeat the foregoina for the case where the field is upward. 

2-12. In a certain plane-parallel diode the potential V is given as a function of the 
distance x between electrodes by the equation 

V - kx^ 

where A: is a constant. Find an expression for the time that it will take an electron that 
leaves the cathode with zero initial velocity to reach the anode, a distance d away. 

2-18, a. Through what potential must ain electron fall, if relativistic corrections are 
not made, in order that it acquire a speed equal to that of light? 

b. What speed does the electron actually acquire in falling through this potential? 

2-14. Calculate the ratio m/mo for 2-Mev electrons and also for 2-Mev deuterons 
(atomic weight 2.01). 

2-15. An electron starts at rest in a constant electric field. Using the relativistic ex- 
pression for the mass, find the velocity and the displacement of the particle at any time t. 

2-16. A current of 30 amp is passing through a No. 8 (AWG) copper wire (diameter 
128.5 mils). If there are 5 X 10^ free electrons per cubic meter in copper, with what 
average drift speed does an electron move in the wire? 

2-17. What transverse magnetic field acting over the entire length of a cathode-ray 
tube must be applied to cause a deflection of 3 cm on a screen that is 15 cm away from 
the anode, if the accelerating voltage is 2,000 volts? 



Prob. 2-18. 


2-18. A 100-volt electron is introduced Into the region of uniform magnetic-field 
intensity of 5 milliwebets/m*, as shown, 
a. At what point does the electron strike the XZ plane? 

5. What are the velocity components which the electron strikes the XZ plane? 
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2-19. Two 50-ev electrons enter a magnetic field of 2.0 milliwebers/m* as shown, one at 
10 deg, the other at 20 deg. How far apart are these electrons when they have traversed 

a. One revolution of their helical paths? 

b. Two revolutions of their helical paths? 



Prob. 2-19. Prob. 2-20. 


2-20. An electron is injected into a magnetic field with a velocity of 10^ m/sec in a 
direction lying in the plane of the paper and making an angle of 30 deg with B, as shown 
in the figure. If the length L is 0.1 m, what must be the value of B in order that the 
electron pass through the point Q? 

2-21. Deuterons (ionized heavy hydrogen atoms — atomic weight 2.01) that are pro- 
duced in an arc chamber are accelerated by falling through a potential of 100 kv. 

o. Through what angle is the direction of the beam deflected if the ions pass through a 
magnetic field of 800 gauss that is confined to a region 7 cm long? 

6. If the particles pass between a pair of plates 7 cm long and 2 cm apart between 
which a potential of 800 volts is maintained, what is the angle of deflection of the beam? 

2-22. Electrons emerge from a hole in an anode of a cathode-ray tube in a diverging 
cone of small angle. With 900 volts between the cathode and the anode, the minimum 
longitudinal magnetic field that is required to cause the electron beam to come to a 
focus on the screen is 2.6 milliwebers/m^. If the anode voltage is decreased to 400 volts, 
what minimum magnetic field will now be necessary to focus the beam? What is the 
next higher value of magnetic field at which a focus will be obtained? 

2-28. Electrons emerge from the hole in the anode of a cathode-ray tube in all direc- 
tions within a cone of small angle. The accelerating voltage is 300 volts. The dis- 
tance from the anode to the screen is 22.5 cm. 

The tube is placed in a 40-cm-long solenoid having a diameter of 12 cm and wound 
with 24 turns of wire per inch. The tube and solenoid axes coincide. The maximum 
current rating of the solenoid is 5 amp. For what values of current in the solenoid will 
the beam of electrons come to a focus as a spot on the screen? 

2-2i. Refer to Sec. 2-12 on Magnetic Focusing. Show that the coordinates of the 
electron on the screen are 

X « sin a and z * (1 — coea) 

\ VOifO/ \ VovOf/ 

where a ^ eBLImvoy and the other symbols have the meanings given in the text. 

T^et j' {woy/Lvox)x and z' (7rvoy/Lvox)z, and plot z' versus x' for intervals of a 

equal to ir/4. This will give the path that the elec- 
trons will trace out on the screen as the magnetic-field 
intensity is increased from zero. Plot enough points 
so that the path corresponding to two complete spirals 
will be obtained. 

2«*88. Lenard’s apparatus for measuring e/m for 
photoeiectrons is shown in the sketch. Electrons are 
released from the cathode K under the influence of the 
incident illumination. The electrons are accelerated 
pe^endfcahr by the potentiid i&a volts to the anode 4. They pass 

PnoB. 2-25. through the hole in the anode and are deflected by a 


E/ecfronic 

path 

Jtfdoknf \ c 1 
it/uminaiion 


kJa\ 


if 

A 


^ MagneftcfmldA 
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transverse magnetic field so that they are collected at C. Show that 

® 2Ea K /Ir 

- - ^ coulombs/kg 

where R -» + L'^)f2D meters is the radius of the path. 

(See G. P. Hamwell and J. J. Livingood, **Experi mental Atomic Physics/’ p. 117, 
McGraw-Hill Book Company, Inc., New York, 1923.) 

2-26. Show that it is justifiable to neglect the earth’s gravitational field in considering 
the motion of an ion in electric- and magnetic-field configurations. Tp do this, calculate 
the electric-field intensity that will exert a force on a singly ionized molecule (say, Hg) 
equal to the force of gravitation on this ion. Also, calculate the maximum speed 
with which this ion can travel perpendicular to the earth’s magnetic field (assume a field 
intensity of 0.6 gauss) if the gravitational force is to be at least 1 per cent of the magnetic 
force. 

2-27. Given a uniform electric field of 5 X 10® volts/m parallel to and in the same 
direction as a uniform magnetic field of 1.2 milliwe- 
bers/m®. 300-ev electrons enter the region where these 
fields exist, at an angle of 30 deg with the direction of the 
fields. A photographic plate is placed normal to the direc- 
tion of the fields at a distance of 1.6 cm from the electron 
gun as shown in the figure. 

a. At what point do the electrons strike the plate? 

b. With what velocity components do they strike the 
plate? 

c. Repeat parts a and b for the case where the direction 
of the electric field is reversed. 

2-28. A positive hydrogen ion enters a region containing parallel electric and magnetic 
fields in a direction perpendicular to the lines of force. The electric-field strength is 
10^ volts/m, and the magnetic-field strength is 0.1 weber/m^. How far along the direc- 
tion of the fields will the ion travel during the second revolution of its helical path? 

2-29. Given a uniform electric field of 10^ volts/m parallel to and in the same direc- 
tion as a uniform magnetic field of B webers per square meter. 300- volt electrons enter 
the region where these fields exist at an angle of 60 deg with the direction of the fields. 
If the electron reverses its direction of travel along the lines of force at the end of the 
first revolution of its helical path, what must be the strength of the magnetic field? 

2-80. In Fig. 2-12 what must be the relationship between 8, J5, 6, vo if the electron is 
to return to the origin? The 30-deg angle in the figure is B. 

2-81. Given a uniform electric field of 2 X 10^ volts/m 
and a uniform magnetic field of 0.03 weber/m^ parallel to 
each other and in the same direction. Into this region are 
released 150-ev hydrogen ions in a direction normal to the 
fields. A photographic plate is placed normal to the initial 
direction of the ions at a distance of 5.0 cm from the gun, 
as shown in the figure. 

a. How long after leaving the gun will the ions hit the 
plate? 

6. What are the coordinates of the point at which the photographic plate is exposed? 

c. Repeat for the case where the photographic plate is perpendicular to the Y axis 
and 5.0 cm from the origin (instead of perpendicular to the X axis). 

d. Repeat for the case where the photographic plate is perpendicular to the Z axis 
and 5.0 cm from the origin. 




Phofographt'c 

p/crh 
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Prob. 2-31. 
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2-82. An electron starts from rest at the center of the negative plate of a parallel- 
plate capacitor across which is a voltage of 100 volts. Parallel to the plates is a con- 
stant magnetic field of 1.68 milliwebers/m*. 

a. If the distance between the plates is 1 cm, how far from the center does the electron 
strike the positive plate? 

b. How long will it take the electron to reach the positive plate? 

2-88. An electron is released at the point 0 with a velocity t>o parallel to the plates of a 
parallel-plate capacitor. The distance between the plates is 1 cm, and the applied 
potential is 100 volts. 

a. What magnitude and direction of magnetic field will cause the electron to move in 
the cycloidal path indicated? Note that O is midway between the plates and that the 
cusps are on the negative plate. 

h. What must be the value of vo in order that this path be followed? 



2-84. Consider the configuration of perpendicular electric and magnetic fields shown 
in the figure. An ion gun fires 100-ev hydrogen ions along the Y axis as shown. 
B *» 0,05 weber/m^, and 6 « 5 X 10^ volts/m. 
o. What are the coordinates of the point at which the photographic plate is exposed? 

b. Repeat for the case where the photographic plate is perpendicular to the X axis 
(and at a distance of 14 cm from the origin) instead of perpendicular to the Y axis. 

c. Repeat for the case where the photographic plate is perpendicular to the negative 
Z axis and at a distance of 14 cm from the origin. 

2-86. An apparatus for verifying the relativistic variation 
of mass with velocity [Eq. (2-25)] is shown in the sketch. 
The electronic source S of high-velocity electrons is situated 
between the two very closely spaced capacitor plates CC'. 
The entire apparatus (the source, the capacitor plates, and 
the photographic plate PP') is subjected to a transverse 
magnetic field of intensity B webers per square meter. Show 
that if the electric-field intensity between the plates is 6 
volts/m only those electrons having a speed v «• S/B meters 
per seennd will leave the region between the plates. Show 
that for the electrons with this particular speed the ratio of charge to mass is 

where the radius of the circular path R te given by R » {L^ + tP)/2D meters. 

By changing either B or & h new value of v and the corresponding value of e/m is 
obtained, etc. (See Hamwell and Livingood, '^Experimental Atomic Physics,^’ p. 120.) 
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M6. An electron starts at rest in perpendicular electric and magnetic fields. Show 
that the speed at any instant is given by 

« . e 

V « 2wsin— 

and that the distance d traveled along the cycloidal path is 

d ** 4Q ^1 — cos 

The symbols have the meaning given in Sec. 2-14. 

2-87. In Sec. 2-14 the equations of motion in perpendicular electric and magnetic 
fields are considered, the initial velocities vox and vo* being taken as zero. Show, by 
direct integration of Eq. (2-48), that if arbitrary initial velocities are assumed the posi- 
tion of the electron at any time i is given by the equations 

t^Ox . , , fu vo»\ 

X « sin -f ( ) (1 — cos uit) 

0} \u CO / 

y VOyt 

z * — 0 — cos tot) — sin (ot 

Show that these equations represent a trochoidal path. 

2-38. Using the method of construction explained in Sec. 2-15, obtain the path of an 
electron starling at rest in perpendicular electric and magnetic fields. Show that this 
is the common cycloid. 

2-39. From the geometry of Fig. 2-17 show that the coordinates x' and z' are given by 
x' * Q' cos {6 — do) — Q' cos do 

and 

z' Q' sin (d — do) + Q' sin do 

where d© is the angle that line C'O' makes with the X' axis. 

Show that these equations are equivalent to those found by direct integration in 
Prob. 2-37. 

2-40. Consider perpendicular fields oriented as in Fig. 2-14, with e » 10® volts/m 
and B ■■ 2 milliwebers/m*'^. Assume that the initial velocity components are vox ** 
10^ m/sec, voy * 0, and ro. * 2 X 10^ m/sec. Plot 
the path. 

2-41. The fields are as in Prob. 2-40. Plot the path if 
a. vox *• 10^ m/sec and voy »■ vo# “ 0. 
h. Vox * voy « 0 and vo* ** 10^ m/sec. 
c. Vox ■* voy — 0 and vo* »■ 5 X 10^ m/sec. 

2-42. A uniform magnetic field of B webers per square 
meter exists in the Y direction, and a uniform electric 
field of 10^ volte/m makes an angle of 60 deg with B 
and lies in the XY plane as indicated. A 400-ev 
electron starts at the origin, moving up to the Y axis. 

a. Describe clearly the exact motion of the electron, Prob. 2-42. 

including a sketch of the path. 

b. Calculate the value (or values) of B which will cause the electron to return to the 
XZ plane at some point along the Z axis. 
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2-48. An electron which was at rest at the origin at time ( 0 strikes the photographic 

plate at time i » 0.5 X sec. Find the x, and z coordinates of the point where it 
hits the plate. (In the figure, € is parallel to the YZ plane, B is parallel to the negative 
Y axis, and the plate is perpendicular to the X axis.) 

2-44. Uniform electric and magnetic fields of 
10® volts/m and 10 milliwebers/m*, respectively, 
are inclined at an angle of 30 deg with respect to 
each other. If an electron is released with zero 
initial velocity, how far from its initial position 
will it be at the end of 10~® sec? 

2-46. Show by integrating Poisson’s equation 
in cylindrical coordinates (see Appendix VI) that 
the potential at any point r from the axis of a 
space-charge-free cylindrical capacitor is 

y « 

In (ro/rjfc) r* 



where Eb is the potential difference between the 
cathode and the anode, is the anode radius, and rk is the cathode radius. 

2-46. o. If the potential at any point in space is V{x, y, z) write down the differential 
equations of motion of an electron in this field. 

h. If the magnetic-field components Bx(x, y, z), By(Xf y, z), and Bg(Xf y, z) are added 
to the electric field in part a, write down the modified equations^ 
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CHAPTER 3 


APPLICATIONS OF THE MOTION OF PARTICLES 
IN APPLIED FIELDS 


This chapter will present a discussion of a number of the more important 
electronic devices that depend for their operation on the theory developed 
in the preceding chapter. 

3-1. Electrostatic Deflection in Cathode-ray Tubes. The essentials of 
a cathode-ray tube for electrostatic deflection are illustrated in Fig. 3-1. 



Fig. 3-1. Electrostatic deflection in a cathode-ray tube. 


A more detailed discussion of the elements of the tube will follow later. It 
will be assumed that a constant voltage Ed is applied between the deflect- 
ing plates as shown. The initial velocity of the electrons Vqx results from 
the application of an accelerating potential Ea> The magnitude of this 
velocity is given by Eq. (2-12), viz.^ 


Vqz = 



m/sec 


(3-1) 


on the assumption that the initial velocities of emission of the electrons 
from the cathode are negligible. 

Since no field is supposed to exist in the region from the anode to the 
point 0, the electrons Ivill move with a constant velocity vqx in a straight- 
line path. In the region between the plates the electrons will move in the 
parabolic path given by y = \{ay/vQg?)7? according to Eq. (2-20). The 
path is a straight line from the point of emergence M at the edge of the 
plates to the point P* on the screen, since this region is field-free. 

The straight-line path in the region from the deflecting plates to the 
screen is, of course, tangent to the parabola at the point M. The slope of 
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the line at this point, and so at eveiy point between M and P', is [from 
Eq. (2-20)] 


= ^1 
dxlx^i 


From the geometry of the figure, the equation of the straight line MP' is 
found to be 


t-o/v 2/ 


since x = I and y = at the point Af . 

When y = 0, X = 3/2, which indicates that when the straight line MP’ is 
extended backward it will intersect the tube axis at the point O', the center 
point of the plates. This is a remarkable result since it means that O' is, 
in effect, a virtual cathode; and, regardless of the applied potentials Ea and 
Pd, the electrons appear to emerge from this “cathode" and move in a 
straight line to the point P'. 

At the point P', y = D, and x = L + Equation (3-2) reduces to 


By inserting the known values of ay{ = eEaldm) and vqx, this becomes 


This result shows that the deflection on the screen of a cathode-ray tube is 
directly proportional to the deflecting voltage Ed applied between the 
plates. Consequently, a cathode-ray tube may be used as a linear-voltage 
indicating device. 

The electrostatic-deflection sensitivity of a cathode-ray tube is defined as 
the deflection (in meters) on the screen per volt of deflecting voltage. Thus 


D ^ IL 

Ed 2dEa 


m/volt 


(3-4) 


This expression shows that, the higher the sensitivity, the greater will'i^e 
the deflection of the cathode-ray beam per unit applied potential. The 
deflection factor of the tube is, by definition, the reciprocal of the sensitivity 
and is, therefore, 

1 2dEa 

(3? « ? 

S IL 


volts/m 


(8-6) 
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This expression gives a measure of the potential that must be ap{)lied to 
the deflecting plates in order to give unit deflection on the screen. 

An inspection of Eq. (3-4) shows that the sensitivity is independent of 
both the deflecting voltage Ed and the ratio e/m. Furthermore, the sensi- 
tivity varies inversely with the accelerating potential 

The idealization made in connection with the foregoing development, 
viz., that the electric field between the deflecting plates is uniform and does 
not extend beyond the edges of the plates, is never met in practice. Con- 
sequently, the effect of fringing of the electric field may be enough to 
necessitate corrections amounting to as much as 40 per cent ^ in the re- 
sults obtained from an application of Eqs. (3-4) and (3-5). 

Typical values of deflection factors range from approximately 50 to 
250 volts/in. corresponding to sensitivities of 0.5 to 0.1 mm/volt. 

3-2. Experimental Determination of Sensitivity. The simplest proce- 
dure for determining the sensitivity of a cathode-ray tube experimentally 
is to apply an a-c (60-cycle) voltage to the deflecting plates. As far as an 
individual electron is concerned, this is equivalent to a constant potential 
since, during the time interval during which it is in the region between the 
plates, the potential I'emains substantially constant. To verify this, one 
need only recall that, if the electron were accelerated even by an anode 
potential of only 100 volts, its speed would be 5.93 X 10® m/sec. The 
length of time it would be in the region between plates 1 cm long would be 
l/v = 0.01/(5.93 X 10®), or less than 10~® sec. Certainly the 60-cycle 
voltage may be considered to remain unchanged for such a short time 
interval. 

This analysis furnishes the justification for determining the electrostatic 
sensitivity by means of an alternating instead of a static field between the 
plates. It must be noted that the expression for the deflection sensitivity 
must be modified when the time of passage of an electron between the 
plates is comparable with the period of the a-c deflecting voltage. How- 
ever, since the time of passage of the electron between the plates is of the 
order of 10~® sec, the deflection sensitivity is independent of frequency for 
frequencies less than about 10 megacycles/sec. 

However, what will be seen on the screen when the deflecting voltage is 
sinusoidal? Since each succeeding electron in the cathode-ray stream 
arrives between the plates at a different phase of the applied voltage, 
then the deflecting voltage will be different in magnitude for the different 
electrons. This circumstance results in different deflections so that the 
electrons, instead of striking one spot on the screen, will be spread out, the 
image on the screen being a line. The eye cannot, of course, detect the 
individual rain of electrons on the screen but owing to the persistence of 
vision sees only the integrated result, a line. Since the applied a-c poten- 
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tial rev^erses twice each cycle, the electron beam will be deflected upward 
during one half period and downward during the other half period. The 
total length of the line will correspond to that resulting from the applica- 
tion of a d-c voltage equal to where Rn,. is the maximum value of the 
applied a-c potential. 

It is a very simple matter to measure the length of the resulting line with 
a transparent scale, particularly since the end points appear brighter than 
the rest of the line. The bright end points result from the fact that more 
electrons are deflected toward these points than to any other point in the 
line. This is so because, within one cycle of an a-c wave, the voltage is in 
the neighborhood of its maximum or its minimum value for a large portion 
of its period. 

If the applied deflecting potential is not a pure sinusoidal wave but con- 

_ tains harmonics, the resulting line on the 

screen will possess, in accordance with the 
foregoing discussion, gradations in intensity. 
The brightest portions of the line will corre- 
spond to regions where the magnitude of the 
applied potential wave is changing least 
with respect to the time, and more electrons 
are acted upon by this field strength than 
by any other. This condition is illustrated 
in Fig. 3-2, which shows an oscillogram of 
Fig. ^2. The cause of varia- ^ nonsinusoidal wave, both as a function of 

time and with the time axis compressed. 

3-3. The Use of Inclined Deflecting Plates.^ If one gradually increases 
the alternating potential applied to the deflecting plates of a cathode-ray 
tube, the length of the line on the screen will continue to increase within 
certain limits and then remain constant, although the bright end points, 
of which mention was previously made, will disappear. This is on the 
assumption that the screen is sufficiently large so that the line has not 
already spread out over the entire screen before this effect is noted. Tlie 
explanation of this effect is evident. The condition arises 

when the deflecting field is so large that the electrons - 

strike the deflecting plates and so never reach the screen. — i 

To remedy this and so make larger deflections possible, U— 
the plates of the deflecting system are inclined with respect _ „ „ , v j 

to each other, as illustrated in Fig. 3-3. The photograph ^ 

of the modem cathode-ray tube, shown in Fig. 3-8, clearly ode-ray tube, 
shows the inclined deflecting plates. Evidently, the in- 
creased distance between the inclined portion of the plates will cause a 
weidcened field for a given deflecting potential, thereby resulting in a 
smaller deflection and so in a decreased sensitivity. This weakened field is 


^ 

Fig. 3-3- Inclined 
plates in a cath- 
ode-ray tube. 
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counteracted either by decreasing the separation of the plates (thereby in- 
creasing the field) or by increasing I (thereby subjecting the electron to a 
deflecting force for a longer interval of time). In this way the sensitivity 
of the tube may actually be increased by 20 to 30 per cent, and at the same 
time deflections over the full screen are possible. 

3-4. The Intensifler Tube. It is shown in Sec. 3-1 that the sensitivity 
varies inversely with the accelerating potential Ea> Consequently, greater 
sensitivity prevails for smaller values of Ea^ However, smaller values of 
Ea cause a decrease of the luminosity of the spot on the screen, since the 
luminosity depends upon the energy carried by the beam of electrons (see 
Sec. 3-10). It is therefore necessary to reach a compromise between lumi- 
nosity and sensitivity in the design of a cathode-ray tube. 



It is however possible to obtain high sensitivity and at the same tim^ 
high luminosity by the use of an additional electrode called the intermfierj^ 
postaccelerating electrode^ or third anode which is placed close to the screen. 
The general appearance of such a tube is shown in Fig. 3-4. This extra 
electrode I is usually in the form of a conducting ring on the inner surface 
of the glass near the screen. It serves to give the electrons an added ac- 
celeration toward the screen subsequent to their deflection by the deflect- 
ing plates. That is, the sensitivity is increased through the use of a lower 
accelerating potential Ea\ prior to the deflection of the beam, and the in- 
tensity of the spot on the screen is increased through the use of the in- 
tensifier voltage Ea 2 f which speeds them up subsequent to the deflection. 
As usually operated, the potential between the intensifler electrode and 
the accelerating anode is approximately equal to that between the anode 
and the cathode. This provides full brilliance with a sensitivity approxi- 
mately twice that of a tube not provided with the intensifler electrode. 
In order to avoid a loss in sensitivity resulting from an axial acceleration 
in the region of the deflecting plates caused by the field of the intensifler 
electrode, the anode is connected to a conducting ring R painted on the 
inner surface of the glass beyond the deflecting plates (see Fig. 3-4). This 
ring may take the form of an aquadag coating extending over quite a re- 
gion on both sides of the deflecting plates. This renders the deflecting 
plate space free from an axial component of force. Such an axial force 



56 


ELECTRONICS 


would, of course, shorten the time the electron would be under the influ- 
ence of the deflecting voltage, which, in turn, would give a decreased 
deflection. 

If tlie ratio of intensifier to anode potential is much gi*eater than 2:1, 
then it is found that distortions are introduced.^ These are due in a large 
measure to the nonaxial components of electric field caused by the in- 
tensifier. The distortions are minimized by changing the shape of the 
envelope from a tapered to a cylindrical form and by applying the intensi- 



Fig. 3-5. Type 5RP multi band intensifier tube. {Courtesy of A. B. DuMont Labora- 
tories ^ Inc.) 


fier voltage in several equal steps. Figure 3-5 shows such a tube operating 
satisfactorily at an intensifier-to-anode voltage of 10:1. The electrons 
are accelerated through a potential of 20 kv before striking the screen and 
yet the sensitivity is as high as 0.15 mm/volt. This tube has sufficient 
intensity to photograph very rapid transients, writing speeds (see Sec. 
3-40) as high as 400 in./zisec having been recorded. Before the advent of 
the intensifier-type tube this could be done only with a demountable-type 
tube in which the photographic plate was placed inside of the tube en- 
velope so that the electron beam exposed it directly.® This required that 
the system be connected continually to vacuum pumps, a distinct disad- 
vantage over the sealed-off intensifier-tjrpe tube. 

A second application of the intensifier tube is as a projection oscillo- 
graph. 

3-5. Magnetic Deflection in Cathode-ray Tubes. The illustrative ex- 
ample in Sec. 2-11 immediately suggests that a cathode-ray tube may 
employ ma^etic as well as electric fields in order to accomplish the de- 
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flection of the electron beam. However, as it is not feasible to use a field 
extending over the entire length of the tube, a short coil furnishing a trans- 
verse field in a limited region is employed, as shown in Fig. 3-6. The mag- 
netic field is taken as pointing out of the paper, and the beam is deflected 


upward. It is assumed that the mag- 
netic-field intensity B is uniform in 
the restricted region shown and is 
zero outside of this area. Hence, the 
electron moves in a straight line from 
the cathode to the boundary 0 of 
the magnetic field. In the region of 
the uniform magnetic field the elec- 
tron experiences a force of magnitude 
evB, where v is the speed. 

The path OM will be the arc of a 
circle whose center is at Q. The speed 
and equal to 



Fig. 3-6. Magnetic deflection in a cath- 
ode-ray tube. 

of the particles will remain constant 


t; = Vox = 



m/sec 


(3-6) 


The angle <p is, by definition of radian measure, equal to the length of the 
arc OM divided by R, the radius of the circle, or approximately * 


where, by Eq. (2-38), 


I 


w 

R 

(3-7) 

mv 

II 

5 

(3-8) 


In most practical cases, L is very much larger than Z, so that little error 
will be made in assuming that the straight line MP', if projected back- 
ward, will pass through the center O' of the region of the magnetic field. 
Then 


O « L tan fp 


(3-9) 


These assumed conditions presuppose that the angle ^ is a small quantity, 
thereby permitting the approximation tan tp ^ tp. By Eqs. (3-6), (3-7), 
and (3-8), Eq. (3-9) now becomes 

^ IL ILeB ILB [7 

D L<p ^ — *= = — 7 == ^ / — 

R mv y/Ea \ 2m 

•Either the symbol « or a is used to designate ‘‘approximately equal to.‘‘ 
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The deflection per unit magnetic-field intensity, DjB, given by 

(3-10) 

is called the magnetic-reflection sensitivity of the tube. It is observed that 
this quantity is independent of B, This condition is analogous to the 
electric case for which the electrostatic sensitivity is independent of the 
deflecting potential. However, in the electric case the sensitivity varies 
inversely with the anode voltage, whereas it here varies inversely with the 
square root of the anode voltage. Another important difference is in the 
appearance of e/m in the expression for the magnetic sensitivity, whereas 
this ratio did not enter into the final expression for the electric case. Be- 
cause the sensitivity increases with L, the deflecting coils are placed as far 
down the neck of the tube as possible, usually directly after the accelerat- 
ing anode. 

3-6. Focusing the Beam. The essentials of a high-vacuum tube are 
illustrated in Fig. 3-7. (The pressure is about 10 ”® mm Hg.) The elec- 



Fig. 3-7. The elementiS of a high-vacuum cathode-ray tube. {Courtesy of A. B. Du 
Mont Laboratories, Inc.) 

trons are emitted from the indirectly heated oxide-coated cathode K, the 
filament power being supplied to the heater H. The heater is generally 
noninductively wound. The intensity of the beam is controlled by vary- 
ing the negative bias on the grid G, which is usually a nickel cylinder pro- 
vided with a small, centrally located hole coaxial with the tube axis. 

Because of the mutual repulsion of the electrons a method for focusing 
the beam into a small spot must be provided. The electrostatic method of 
doing this is indicated in Fig. 3-7. The electrode A 3 is a metal cylinder 
that contains several baffles in order to collimate the beam and accelerate 
it to its final velocity. The electrodes Ai and A 2 are cylinders coaxial 
with As- The cylinder As is electrically connected to As, but Ai is at a 
lower voltage. Focusing of the electron beam is accomplished by varying 
the potential between Ai and As, thereby changing the index of refraction 
of the electron rays (see Sec. 2-18). Because of this, Ai is referred to as 
the '^focusing electrode’^ or the ^^first anode/’ As is called the “second 
anode,” and A 3 is known as the “preaccelerating electrode.” Hie com- 
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Fig. 3-8. Ckmiplete modem electrostatic cathode-ray tube. {Courtesy of A. B. Du Mont Laboratories, Inc.) 
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bination of F, jfiT, (?, Ai, A 2 , and A 3 is called an ^^electron gun/' • an ap- 
propriate name because of the analogy with ordinary ballistics. A com- 
plete picture of an electrostatic cathode-ray tube is given in Fig. 3-8. The 
lens action of the electron gun on the electron beam is clearly indicated in 
the diagram. 

In addition to the electrostatic method of focusing, just described, it is 
possible to focus the beam magnetically. The method of Sec. 2-12 employ- 
ing a longitudinal magnetic field over the entire length of the tube is not 
too practical. Hence, a short coil is placed over the neck of the tube. One 
type of coil and the corresponding magnetic lines are shown in Fig. 3-9. 



Fig. 3-9. Magnetic focusing coil. 

There are two components of force on the electron, one due to the axial 
component of velocity and the radial component of field and the second 
due to the radial component of the velocity and the axial component of 
field. Because the axial component of velocity is so much greater than the 
transverse component, then, to a good approximation, only the former 
force need be taken into account. The analysis is complicated,'^ but it 
can be seen qualitatively that the motion will be a rotation about the axis 
of the tube and, if conditions are correct, the electron on leaving the re- 
gion of the coil may be turned sufficiently so as to move in a line toward 
the center of the screen. A rough adjustment of the focus is obtained by 
positioning the coil properly along the neck of the tube. The fine adjust- 
ment of focus is made by controlling the coil current. 

A picture of a tube with magnetic deflection and focus is shown in 
Fig. 3-10. Note that the preaccelerating electrode and the focusing elec- 
trode of the electrostatic tube are missing and instead an electrode called 
the ^'screen grid" is used. This is held at a fixed positive voltage, usually 
2S0 volts, with respect to the cathode and allows the tube to be operated 
over a wide range of accelerating voltages without appreciably changing 
Hie ccmtrol-grid characteristics of the tube. 

8-t. Charges in a Cathode-ray Tube. There is the likelihood of the 
accumulation ctf electrons on the surface of the glass in a vacuum tube. If 
these charges are not eymmetrically distributed, they may cause qpurious 
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1. Haae 

2. Control electrode (Grid No. 1) (Gi) 

3. Screen grid (Grid No. 2) (Gj) 

4. Accelerating electrode (anode) (A) 

5. Focusing coil 

6. Deflection yoke 


7. Anode conductive coating 

8. Anode terminal 

9. Fluorescent screen 

10. Ceramic gun support 

11. Mount support spider 

12. Getter 


Fig. 3-10. Typical cathode-ray tube with magnetic focusing and deflection. {Courtesy 
of A. B. Du Mont Laboratories, Inc.) 


deflections of the electron beam. This effect can sometimes be observed 
by touching the glass envelope of the tube of an oscilloscope with one^s 
fingers. This disturbs the charge distribution on the glass, resulting in a 
deflection of the spot. 

In order to assist in the removal of undesirable stray charges, the inside 
surface of the glass envelope of most tubes is given a coating of a conduct- 
ing material, which is then electrically connected to the secotid anode 
(see Figs. 3-8 and 3-10), Usually an aqueous solution of graphite, known 
as aquadag or dixonac^ is used. In some magnetic tubes the anode is dis- 
pensed with entirely, the conducting coating on the glass walls being used 
as the final accelerating electrode. 

Since both the screen material and the uncoated portion of the glass 
envelope are good electrical insulators, what happens when the electron 
beam strikes the screen? The answer is found in the secondary-emission 
properties of the screen material and the glass on which it is deposited. 
For the materials usually employed, between one and two secondary elec- 
trons are emitted for each incident electron. However, in the equilibrium 
state as many electrons must leave the screen as reach it. Experimentally, 
it is foimd that the screen acquires a potential of 1 or 2 volts positive with 
respect to the second anode. Thus, although more secondary electrons 
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are emitted than the number contained in the primary beam, not all of 
these can surmount the retarding field between the screen and the second 
anode and some will return to the screen. Thus, the equilibrium condi- 
tion of zero net current to the screen is attained. 

In addition to electrons, many types of negative ions (oxygen, carbon, 
chlorine, etc.) have been discovered ® in the cathode-ray tube. The chief 
source of these ions is the oxide-coated cathode. In Sec. 3-5 it is shown 
that the deflection due to a magnetic field varies as (e/m)*, where m is the 
mass of the particle. Since these ions are thousands of times heavier than 
the electron, they are deflected very little and hence they continually 
strike a small area at the center of the screen. This soon results in the 
appearance of a dark stain or blemish. This ‘‘ion burn” is found princi- 
pally in tubes with electrostatic focusing and magnetic deflection. If 
magnetic focusing is used, then the coil current for proper focusing de- 
pends upon the mass of the particle. If the electron beam is focused, then 
the ions are not in focus and they spread out over a considerable portion 
of the screen. Hence, the concentration is usually not great enough to 
cause a severe ion bum. 

It is shown in Sec. 3-1 that the electrostatic deflection of a particle is 
independent of c/m. Hence, in a tube with electrostatic focusing and 
electrostatic deflection the ions travel with the electrons. They are not 
concentrated and do not produce an ion bum. 

In order to avoid this ion difficulty, several forms of “ion trap” have 
been invented.® The simplest of these uses an electron gun inclined at an 
angle of about 30 deg with respect to the tube axis. A magnetic field 
transverse to the gun bends the electrons back to the axis but (because of 
their much greater mass) has very little effect on the ions so that they 
strike the ion trap and do not get to the screen. 

3-8. Comparison of Electric and Magnetic Tubes. Electrostatic tubes 
are used in all oscilloscope applications where operation over a wide range 
of frequency is desired. The upper frequency limit (about 10 megacycles) 
is determined by the capacitance between the deflecting plates (a few 
micromicrofarads) and the capacitance of the associated amplifier and 
leads. Higher frequencies can be observed by using tubes specially de- 
signed for the purpose and having very small plates brought out directly 
through the glass neck to coaxial connectors. 

Magnetic deflection has a much smaller band pass (about 10 kc) because 
of the inductance of the coils. Thus, the same input voltage at different 
frequencies will result in different coil currents and hence different deflec- 
tions. For this reason magnetic deflection is limited essentially to tubes 
involving a constant sweep frequency, such as television or radar. (In 
these applications the high-frequency signals are applied to the grid or to 
the cathode to give intensity variations of the picture.) 
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Magnetic focusing is almost always used with magnetic deflection. 
This combination has the following advantages: A high-intensity beam 
can be produced with a minimum tube length and a minimum distortion 
of the spot as a result of deflection. As explained in Sec. 3-7, ion burn is 
not severe although sometimes an ion trap is used. The magnetic system 
is structurally simpler than the electrostatic, and hence production costs 
are lower. The magnetic tube is also more rugged, which is an advantage 
in mobile equipment. It is seen from Eq. (3-10) that the sensitivity varies 
inversely as the square root of the accelerating voltage, and hence for the 
high anode voltages needed to give a bright picture the deflecting field 
need not be increased proportionately. Thus, to obtain the same deflec- 
tion at 16 kv as at 1 kv, the deflecting field need be increased only four 
times. 

Electrostatic tubes require very little power, and the auxiliary circuits 
are somewhat simpler. Another advantage is that the focus depends 
much less upon power-supply variations than in a magnetic tube. This is 
due to the fact that the focusing-electrode voltage is obtained from a 
bleeder across the accelerating-voltage power supply (see Fig. 3-12), and 
hence these two voltages will vary in proportion and the spot will stay 
focused for small variations in d-c supply. 

For some applications (for example, one type of radar indicator) it is 
necessary to have a rotating radial deflection. This is easily obtained with 
magnetic deflection since the sweep coil can be rotated mechanically 
around the neck of the tube. 

3-9. Sweep Action in a Cathode-ray Tube. An electrostatic tube has 
two sets of deflecting plates which are at right angles to each other in 
space (as indicated in Figs. 3-7 and 3-8). These plates are referred to as 
the vertical and horizontal plates because 
the tube is oriented in space so that the 
potentials applied to these plates result 
in vertical and horizontal deflections, 
respectively. The reason for having two 
sets of plates will now be discussed. 

Suppose that a sinusoidal voltage is 
impressed across the vertical plates. 

This will result in a straight vertical 
line being traced on the fluorescent 
screen. Suppose now that the sinusoidal wave is removed and that a 
^‘saw-tooth^^ wave is impressed across the horizontal plates. A saw-tooth 
wave of the type here considered is shown in Fig. 3-11. This voltage in- 
creases linearly for a time T and then suddenly drops to zero. It then re- 
peats its linear rise for the next cycle and again falls to zero, etc. This is 
called a smep vdUxge, and the horizontal plates to which this potential is 
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applied are often referred to as the s^veep-circiiit plates. The application of 
such a potential to the horizontal plates will cause a sidewise force to act 
on the cathode-ray beam. As a result of this force, the beam will be de- 
flected across the screen in the time T as the voltage increases linearly 
but will return to its starting point very quickly as the saw-tooth wave 
rapidly falls to zero at the end of each period. 

If the sinusoidal voltage is impressed across the vertical plates when, 
simultaneously, the sweep voltage is impressed across the horizontal 
plates, the sinusoidal voltage, which of itself gives rise to a vertical line, 
will now be spread out and will appear as a sinusoidal trace on the screen. 
The pattern will appear stationary only if the time T is equal to or is some 
multiple of the time for one cycle of the wave on the vertical plates. It is 
then necessary that the frequency of the sweep circuit be adjusted to 
synchronize with the frequency of the applied wave. 

This discussion is readily understood in the light of the theory of motion 
of an electron in a uniform electric field. When passing between the verti- 
cal plates, the electrons receive a deflection that is proportional to the 
voltage on this set of plates at this instant. The electron now reaches the 
region of the horizontal plates where it receives an additional sidewise de- 
flection that is proportional to the potential on these plates. Since, for a 
linear sweep, this sweep voltage is proportional to the time, the horizontal 
deflection is proportional to the time. Hence, a graph of voltage vs. time 
appears on the screen. 

Actually, of course, the voltage impressed on the vertical plates may 
have any wave form. Consequently, a system of this type provides an 
almost inertialess oscilloscope for viewing arbitrary wave shapes. This is 
one of the most common uses for cathode-ray tubes. If a nonrepeating 
sweep voltage is applied to the horizontal plates, it is possible to study 
tranr j^nts on the screen. This requires a system for synchronizing the 
sweep with the start of the transient. 

A magnetic tube has two coils oriented at right angles to perform the 
same functions as the two sets of plates in an electrostatic tube. 

3-10. Screens for Cathode-ray Tubes. Luminescence is the produc- 
tion of light by means other than heating (for example, by the bombard- 
ment of a screen by electrons). Fluorescence is luminescence during excita- 
tion, and phosphorescence is luminescence after the excitation has stopped 
(when the electron beam has been turned off). The phosphorescence, or 
persistence, of a screen material may be classified generally as short (mi- 
croseconds), medium (milliseconds), or long (seconds) 

Standard cathode-ray tubes are classified with a phosphor code designar 
tion such as PI, P2, etc. The type PI produces a green trace of medium 
persistence and is well suited for general-purpose oscilloscope work. The 
type P2 produces a bluidi-green trace with a long-persistent yellow phos- 
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phorescence and is useful for visual observations of transient signals, low- 
frequency recurrent signals, and radar pulses. The type P4 produces a 
medium persistence white phosphorescence. This is the screen used in 
television tubes. The type P7 produces a blue fluorescence and a long- 
persistent yellow phosphorescence. It is excellent for radar work and for 
transient oscillography. The type Pll produces a very short blue per- 
sistence and is used for photographic work, particularly of high-speed 
phenomena. Complete characteristics of these and other types of screens 
are available from the manufacturers. 

The luminous-output characteristics of the screen will depend upon a 
number of factors, such as the beam current, the accelerating voltage (the 
product of these two gives the beam power), the size of the spot, the chem- 
ical and physical make-up of the screen, the side from which the screen is 
viewed, and the length of time a given area on the screen is bombarded 
by the electrons. In a given cathode-ray tube the luminescence can be 
altered by varying the energy with which the impinging electrons bombard 
a given spot on the screen or by controlling the number of electrons that 
get to the given area in a given time, i.e.y the electron current. To increase 
the energy of the impinging electrons, one must increase the accelerating 
potential. The beam current is most easily varied by means of variations 
of the grid-to-cathode potential. 

Strictly speaking, this discussion applies to a stationary beam. If a 
pattern exists on the screen, local variations in intensity may result from 
variations in the rate of arrival of the electrons at various points on the 
screen (see Fig. 3-2). This rate is controlled by the wave shape of the po- 
tential applied to the deflecting plates. It is because of this that one talks 
about a ^Vriting^^ or *‘tracing^^ speed. That is, if the writing rate is too 
great over a portion of a curve, this part may not be at all visible on the 
screen. For example, with a well-designed sweep circuit, the sharp verti- 
cal trace at the end of each period should not be visible (see Fig. 3M1). 

3-11. Cathode-ray-tube Connections. The connections for a typical 
electrostatic cathode-ray tube are shown in Fig. 3-12. The d-c supply for 
the accelerating and focusing system is obtained from a thermionic-tube 
rectifier. The resistors Ri, R 2 y and Rz represent a voltage divider provid- 
ing the correct voltages for operation. Focusing of the beam is accom- 
plidied by adjusting the ratio between the voltages on anodes 2 and 1. 
The magnitude of the voltage on the first focusing electrode is usually 
about one-fourth to one-fifth that of the accelerating anode A 2 . By vary- 
ing the voltage on anode 2, regulation of the spot size and intensity may 
be accomplished. If the voltage of anode 2 is increased, the electron speed 
is increased, thereby decreasing the spot size and increasing the intensity. 
The current, or tuunber of electrons per second, to anode 2 may be in- 
creased by decreasing the bias voltage applied to the control grid. Thus, 
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in an oscilloscope operating at a fixed accelerating voltage the intensity of 
the beam is controlled by adjusting the grid voltage. 

It is noted that in Fig. 3-12 the final anode and one plate of each set are 
grounded. This means that the cathode is below ground by an amount 
equal to the accelerating voltage. The chief reason for this arrangement 
is that the wave form to be observed is applied to the plates. Hence, to 
protect the operator from high-voltage shock when making this connec- 
tion, the plates should be near ground potential. Also, the deflecting 
voltages are measured with respect to ground and hence high-voltage 



Fig. 3-12. Connections for a typical electrostatic high-vacuum cathode-ray tube. 

blocking capacitors and additional shunt capacitances with respect to 
ground are avoided by this connection. 

In applications, such as television or radar, where the signal is used to 
control the intensity of the picture the operator must have access to the 
cathode-grid region of the tube. For reasons of safety in these cases, it is 
customary to ground this portion of the circuit. The anodes are then at 
high voltages (suitably insulated) with respect to ground. 

In tubes using the intensifier principle a separate high-voltage supply is 
ordinarily used for the intensifier electrodes. 

In Fig. 3-12 one plate of each set is shown internally connected to the 
second anode. This reduces by two the relatively large number of external 
connections that must be made to the tube. However, this simplified de- 
sign results in the two sets of plates not being independent of one another. 
Consequently defocusing of the spot and distortion of the sweep may re- 
sult. These diflficulties are avoided by bringing out each plate lead 
separately and appl 3 dng the deflecting voltages in a balanced manner, i.e., 
one plate is driven positively while the other is driven negatively the same 
amount with respect to ground, 

3-12. The Magnetic and Maas Spectrographs. The charge, mass, and 
velocity of electrons and ions emitted from various sources under different 
t 3 rpes of excitation have been determined experimentally by applying 
known electric and magnetic fields to regions through which these particles 
are directed and studying the subsequent motions. Several applications 
of the theory of Sec. 2-11 to these problems will now be given. 
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Suppose that PP' (Fig. 2-7), which is reproduced in Fig. 3-13, is a 
photographic plate with a small opening at 0 through which charged 
particles may be introduced into the magnetic field. If the particle is an 
electron, it will be deflected to the right as shown (the reader should verify 
this by means of the direction rule) and will expose the plate at O', The 
distance 00' equals the diameter of the circular path and if e/m is known, 
V can be calculated with the aid of Eq. (2-38). It is in this way that the 
velocity of the electrons emitted from radioactive matter (the /3-rays) is 
measured. 

If, instead of the radioactive substance at 0, there is a metal surface 
being bombarded by electrons, the velocity of the secondary electrons 
emitted can be measured in the manner indicated above. Similarly, 
if the surface at 0 has radiation, either visible or invisible, falling on it, 
then the velocity of the emitted photoelectrons can be studied. An ap- 
paratus of the type here considered is known as a magnetic spectrograph. 

If the particles entering the field at 0 have a 
known energy, for example, if the potential through 
which they have fallen is known, it is then possible 
from the setup of Fig. 3-13 to determine the mass 
of the particle, provided that the charge of the par- 
ticle is known. If, therefore, particles possessing 
the same charge but differing slightly in mass are 
accelerated through the same potential, the photo- 
graphic plate would reveal several different spots. 

It was shown in essentially this way that most 
chemical elements consist, not entirely of particles of one mass, but rather 
of a mixture of atoms of slightly different mass. Atoms of the same element 
that possess the same electronic charge and differ but slightly in mass are 
known as isotopes. For example, it has been found that oxygen (atomic 
weight 16.000) has three stable isotopes. The instruments used to measure 
the masses of the isotopes that are based upon these considerations, although 
they may differ widely in detail, are known as mass spectrographs.^'^ 

Commercial application has been made of mass spectrographs for the 
quantitative and qualitative measurement of the components of gaseous 
mixtures and for the detection of leaks in large vacuum systems. In 
the latter application the mass spectrograph is connected to the vacuum 
chamber, and a stream of helium is played over the surface of the system 
where a leak is suspected. If there actually is a leak at this point, a read- 
ing is obtained on an output meter. The mass spectrograph contains an 
electron gun for ionizing the helium atoms and a voltage supply for accel- 
erating the ions before they enter the magnetic field. The sensitivity of 
such a system is claimed to be one part helium to a few hundred thousand 
parts of air. 



0 

Fig. 3-13. The principle 
of the magnetic or the 
mass spectrograph. 
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If ions of a known mass and velocity are under consideration, then this 
magnetic analysis can be used to determine the charge on the ions. This 
has been used to study the various stages of ionization in a discharge tube. 

3-13. The Cyclotron. The principles of Sec. 2-11 were first employed 
by Lawrence and Livingston to develop an apparatus called a magnetic 
resonator or cyclotron. This device imparts very high energies (tens of 
millions of electron volts) to positive ions. These high-energy positive 
ions are then allowed to bombard some substances which then become 
radioactive and generally disintegrate. Because of this, the cyclotron has 
popularly become known as an atom smasher. 

The basic principles upon which the cyclotron operates are best under- 
stood with the aid of Figs. 3-14 and 3-15. The essential elements are the 
^‘dees,’’ the two halves of a shallow, hollow, metallic ^‘pillbox^^ which has 
been split along a diameter as shown; a strong magnetic field which is 

normal to the plane of the paper; and a 
high-frequency a-c potential applied to the 
dees. 

A moving positive ion released near the 
center of the dees will be accelerated in a 
semicircle by the action of the magnetic 
field and will reappear at point 1 at the edge 
of dee I. Assume that dee II is negative at 
this instant with respect to dee 1. Then the 
ion will be accelerated from the point 1 to 
point 2 across the gap and will gain an 
amount of energy corresponding to the 
potential difference between these two 
points. Once the ion passes inside the metal 
dee II, the electric field no longer acts on 
the ion, while the magnetic field causes it 
to move in the semicircle from point 2 
to point 3. If the frequency of the applied a-c potential is such that the 
potential has reversed in the time necessary for the ion to go from point 2 
to point 3, then dee I is now negative with respect to dee II and the ion will 
be accelerated across the gap from point 3 to point 4. With the frequency 
of the accelerating voltage properly adjusted to this “resonance’^ value, 
the ion continues to receive pulses of energy corresponding to this differ- 
ence of potential again and again. 

Thus, after each half revolution the ion gains energy from the electric 
field, resulting, of course, in an increased velocity. The radius of each semi- 
circle is then larger than the preceding one, in accordance with Eq. (2-38), 
so that the path described by the whirling ion will approximate a planar 
spiral. 



Fig. 3-14. The cyclotron prin- 
ciple. 
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Fig. 3-15. The component parts of a cyclotron. {J. J. Livingood.) 


Example. Suppose that the oscillator that supplies the p>ower to the dees of a given 
cyclotron imparts 50,000 volts to heavy . hydrogen atoms (deuterons) each of atomic 
number 1 and atomic weight 2.0147, at each passage of the ions across the accelerating 
gap. Calculate the magnetic-field intensity, the frequency of the oscillator, and the 
time that it will take for an ion introduced at the center of the chamber to emerge at the 
rim of the dee with an energy of 5 million electron volts (5 Mev). Assume that the 
radius of the last semicircle is 15 in. 

Solviion. The mass of the deuteron is 


m - 2.01 X 1.66 X 10-27 . 3 34 ^ 10-27 


The velocity of the 6-Mev ions is given by the energy equation 


or 


imtf « (5 X 10«)(1.60 X 10“^®) - 8.00 X 10-^3 joule 


/2 X 8.00 X 10-^3y 

V 3.34X10-27 / 


2.20 X 107 m/sec 


The magnetic field, given by Eq. (2-38), 


mv (3.34 X 10-27)(2.20 X lO^) 
eR ^ (1.60 X 10-'®)(16 X 2.54 X 0.01) 


1.20 webers/m® 


is needed in order to bring these ions to the edge of the dees. 
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The frequency of the oscillator must be equal to the reciprocal of the time of revolution 
of the ion. This is, from Eq. (2-40), 

1 eB 1.60 X 10“i* X 1.20 
“ T ~ 27rm “ 2ir X 3.34 X 10“27 


■* 9.16 X 10® cps * 9.15 megacycles/sec 


Since the ions receive 5 Mev energy from the oscillator in 50-kv steps, they must 
pass across the accelerating gap 100 times. That is, the ion must make 50 complete 
revolutions in order to gain the full energy. Thus, from Eq. (2-40), the time of flight is 


t - 5or 


50 X 1 
9.15 X 10® 


5.47 X 10~® sec 


In order to produce a uniform magnetic field of 1.2 webers/m® over a circular area 
whose radius is at least 15 in., with an air gap approximately 6 in. wide, an enormous 
magnet is required, the weight of such a magnet being of the order of 60 tons. Also, the 
design of a 50-kv oscillator for these high frequencies and the method of coupling it to 
the dees present some difficulties, since the dees are in a vacuum-tight chamber. Further, 
means must be provided for introducing the ions into the region at the center of the dees 
and also for removing the high-energy particles from the chamber, if desired, or of direct- 
ing them against a target. 

The bombardment of the elements with the high-energy protons, deu- 
terons, or helium nuclei which are normally used in the cyclotrons renders 
the bombarded elements radioactive. These radioactive elements are of 
the utmost importance to physicists, since they permit a glimpse into the 
constitution of nuclei. They are likewise of extreme importance in medi- 
cal research, since they offer a substitute for radium. Radioactive sub- 
stances can be followed through any physical or chemical changes by 
observing their emitted radiations. This ^^tracer^' or tagged-atom^' 
technique is used in industry, medicine, physiology, and biology. 

It is shown in Sec. 2-8 that if an electron falls through a potential of 
more than 3 kv a relativistic mass correction must be made, indicating 
that its mass increases with its energy. Thus, if electrons were used in a 
cyclotron, their angular velocity would decrease as their energy increased 
and they would soon fall out of step with the high-frequency field. For 
this reason electrons are not introduced into the cyclotron. 

For positive ions whose mass is several thousand times that of the elec- 
tron the relativistic correction becomes appreciable when energies of a few 
tens of millions of electron volts are reached. For greater energies than 
these the ions will start to make their trip through the dees at a slower 
rate and slip behind in phase with respect to the electric field. This dif- 
ficulty is overcome in the fsymhro^ydotron or /-w cyckiron by decreasing 
the frequency of the oscillator (frequency modulation) in accordance with 
the decrease in the angular velocity of the ion. In 1^46 the 184-in. f-m 
cyclotron at the University of California accelerated deuterons to 200 Mev 



APPLICATIONS OF MOTION OF PARTICLES 


71 


and a-particles to 400 Mev.“ The frequency is varied between 12*6 and 
9.0 megacycles/sec at a modulation rate of 120 cps. In 1951 the Columbia 
University f-m cyclotron accelerated protons to 385 Mev. 

It is possible to give particles energies in excess of those for which the 
relativistic correction is important by keeping the oscillator frequency 
fixed provided that the magnetic field is slowly increased in step with the 
increase in the mass of the ions so as to maintain a constant angular veloc- 
ity. Such an instrument is called a synchrotron. In 1947, electrons were 
accelerated to 70 Mev in a synchrotron at the research laboratory of the 
General Electric Co.^^ The electrons are injected from a gun, which gives 
them a velocity approaching that of light. Since the radius of the orbit is 
given by jR = mv/ Be and since the ratio m/ B is kept constant and v changes 
very little, there is not much of an increase in the orbit as the energy of the 
electron increases. The vacuum chamber is built in the form of a ^'dough- 
nut^^ instead of the cyclotron ^ ^pillbox.'' The magnet has the form of a 
hollow cylinder since there is need for a magnetic field only transverse to 
the path. This results in a great saving in weight and expense. The dees 
of the cyclotron are replaced by a single-cavity resonator. 

In 1960 two proton synchrotrons were under construction, one at the 
Brookhaven National Laboratories and the other at the University of 
California. Proton energies in the 1 to 10 Bev range are expected. 

3-14. The Betatron.^* In Sec. 2-11 it is shown that no energy can be 
gained by a particle in a magnetic field that is constant in time. However 
the situation is completely different if the field changes with time. Con- 
sider an electron moving with a speed v in a magnetic field whose instan- 
taneous value is Bq. If the rate of change of the magnetic field is small 
compared with the time required for the electron to traverse its path, this 
path will be almost circular, with a radius ro, where 


mv 



(3-11) 


However, the tangential velocity v is not a constant, because a tangential 
force is acting on the electron. This follows from the fact that an amount 
of flux ^ (webers) is enclosed by the electron in traversing this path, and 
as this flux is changing with time, an emf equal to d^/dt is induced, in 
accordance with Faraday^s law of induction. Thus work is done on the 
electron over the distance of the circumference of the circle of radius ro. 
Consequently, there is an effective tangential electric field acting on the 
electron given by 

1 d^ 


8 


2Tro dt 


(3-12) 


Since the energy of the particle increases as it traverses its orbit, the 
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tangential velocity will change and as a result the radius will change. A 
particle in such a field will spiral outward as the magnetic field increases, 
picking up energy as it continues in its path. However, if the radial varia- 
tion of the magnetic field is properly chosen, the radius tq of the electron 
orbit can be made to remain unchanged. This equilibrium condition will 
now be investigated. 

Since the force in the tangential direction equals the rate of change of 
momentum in the tangential direction, 


or 



= 


€ 

2irro dt 



(3-13) 


Integrate this equation subject to the initial conditions that the electron 
is injected into the field when the flux is zero and with a velocity small 
compared with its final velocity. There results 


= mv (3-14) 

2irro 

where ^ is the final flux and v is the final speed. Using Eq. (3-11), this is 
equivalent to 

4> = 2WBq (3-15) 

Since is the area of the orbit, then this equation requires that the 
magnetic flux included within the orbit must be twice that which would be 
contained within the path if the field were uniformly distributed in space 
and equal to Bq. This is referred to as the 1:2 condition for orbit stability 
and is satisfied by having a strong central field and a tapered weaker field 
at the electron orbit. 

The concepts discussed above are made use of in the betatron invented 
by Kerst. In 1945 the betatron at the General Electric Co.” accelerated 
electrons to 100 Mev. The essential features of the betatron are shown in 
Fig. 3-16. The particles are injected into the doughnut-shaped vacuum 
chamber from an electron gun at energies of about 50 kv, near the equilib- 
rium orbit. This gun is triggered for a few microseconds at the beginning 
of each cycle of the magnetic field. The electrons are accelerated during 
the time the magnetic field passes from zero to its peak value, or one-quar- 
ter of the cycle of the field current. If the electrons were to remain in the 
tube during the second quarter cycle when the field is decreasing, they 
would be decelerated and would give up tiieir emtgy. They must be 
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removed before this happens. This requires destroying the 1:2 condition, 
in order to have the electrons leave the equilibrium orbit. It is accom- 
plished by applying a short pulse to an 
auxiliary system of coils on the pole faces 
at the end of the first quarter cycle. 

This causes the electrons to spiral away 
from their orbit and hit a tungsten tar- 
get, which then emits very penetrating 
X rays. The betatron is used as an 
X-ray tube for radiographing metal sec- 
tions several feet thick. 

It is customary now to apply a steady 
d-c biasing field which is equal to the 
peak value of the a-c field. The elec- 
trons are injected when the d-c and a-c 
fields cancel each other, and they remain 
in the accelerating chamber for one-half 
cycle (from peak t^) peak) instead of 
one-quarter cycle. Consequently the energy possible with the biased 
betatron is twice that of the unbiased type. 
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Fig. 3-16. The betatron principle. 


Example. The diameter of the orbit of an unbiased betatron is 66 in. The peak flux 
density at the orbit is 0.4 weber/m^. The magnetic field varies at a 60-cycle rate. 

а. What is the maximum energy acquired by the electrons? 

б. What is the average energy imparted to an electron in each trip around the dough- 
nut? 

c. How many revolutions does the electron make? 

d. What is the average transit time of the electron? 

Solution, a. The energy is given by the relativistic equation (2-26), 

eV — mc^ — moc* 


and hence we must first find the maximum mass of the electron, 
maximum momentum is 


and from £q. (2-25) 


mv ■■ eBoTo 


so that 


m 


niQ 

Vl - 


mov 

Vl - 




From Eq. (3-11) the 


(3-16) 


If the abbreviation 0 m v/c\a introduced, then 

0 « « (1-76 X 10“)(0.4)(38 X 2.54 X 10“^ 

Vl - ^ 3 X 10* 

Sdving for jS, a value very close to unity is obtained. Thus, the maximum electronic 
velocity is ahnost exactly equal to the velocity of light. 
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Putting 1 in the numerator of the above equation gives 


1 

Vi - /s* 


197 


and from Eq. (2-25) this equals m/mo- Hence, the mass of the electron after accelera- 
tion is 197 times its mass at injection! Its final energy is 


V - 



e 


(197 - 1) 


9 X 10‘® X 196 
“l.76 X 10^1 


10® ev, or 100 Mev 


6. The energy in electron volts given to the electron per trip around the doughnut is 
d^/dt. The average value of this is the f)eak flux divided by the time it takes the flux 
to build up to this maximum value, which in this example is one-quarter of a cycle. 
By the 1 :2 condition the peak flux is 

2WBo * 27r(33 X 2.54 X 10~2)2(0.4) « 1.80 webers 


and the time the flux takes to reach this value is -J- X * Tilj-sec. Hence, the average 
voltage per trip is 1.80 X 240 = 430 volts. Since the flux varies sinusoidally with 
time, the voltage per trip varies from revolution to revolution. It is a maximum at 
injection and drops to zero at the end of the electronic journey. The average voltage 
per trip is the 430 volts calculated above. 

c. The number of revolutions made by each electron during its acceleration cycle is 


10® volts 
430 volts/trip 


230,000 revolutions 


d. The average transit time is the 

sec^ f “ — - — : ^ = 1.79 X 10“® sec/revolution 

\240 / \ 230,000 revolutions/ 


The transit time per revolution remains almost constant throughout the electron’s 
journey. This can be seen as follows: As soon as the electron acquires an energy of 
1 Mev, its velocity is 94 per cent that of light. Hence, as its energy increases from 1 to 
100 Mev, its velocity changes by only 6 per cent (the increased energy manifesting itself 
in an increased mass rather than an increased speed). The transit time is given by 
2rro/v, and since ro and v are almost constant, so is the time. For example, the transit 
time at the end of its journey is 

. W33><2.» X10-^ . , 
c 3 X 10® 

which agrees well with the average time calculated above. 

The above illustrative example applies to the General Electric Co. 
100-Mev betatron. The steel in the magnet of this instrument weighs 
130 tons! It is of some interest to note that it is desirable to correct for 
the poor power factor which exists because the magnet is such a large 
inductive load. A tremendous bank of capacitors is used for this purpose. 
These constitute a large fraction of the total cost and space. 
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Since the electrons make 230,000 revolutions, then the effects of the 
mutual repulsions of the electrons and the scattering of the electrons by 
residual gases must be counterbalanced. It has been shown that proper 
focusing can be obtained if the magnetic-field intensity in the region of 
the orbit varies as 1/r”, where 0 < n < 1 provided that the field at the 
center of the magnet is so chosen as to satisfy the 1:2 condition. 

Since the phase of the electron in its orbit is immaterial to the operation 
of the betatron, the relativistic change of mass with velocity introduces 
no complications. 

In the synchrotron discussed in Sec. 3-13 the magnetic field varies with 
time, and hence some betatron action takes place in this instrument, also. 

The question of the ultimate limit of the energies that might be attained 
from different types of particle accelerators is considered by Schiff.22 He 
concludes that the practical limit to the betatron is approximately 500 Mev. 

3-16, Secondary-emission Multiplier. An illustration of the practical 
use to which the theory of the cycloidal paths described in Sec. 2-14 has 
been applied is to be found in the secondary-emission multiplier devised 
by Zworykin, Morton, and Malter.^^ 

It has already been mentioned in Sec. 1-3 that secondary electrons are 
emitted when a beam of high-velocity electrons is directed against a metal. 



Fia. 3-17. Principle of operation of the secondary-emission multiplier. 

More details of the mechanism of secondary emission are found in Sec. 4-13, 
For the present application, it is sufficient to know that the secondary- 
emission ratio, i.e,, the number of secondary electrons i>er incident primary 
electron, from a specially prepared Cs-CsO-Ag surface will be as high as 
3 or 4 to 1, although the ratio depends upon the velocity of the impinging 
electron. 

The principles of operation of the multiplier may best be understood by 
reference to Fig. 3-17. Light impinges upon the cathode and emits elec- 
trons photoelectrically. The electrons so emitted are accelerated toward 
plate A by an applied electric field between the cathode and A, Upon col- 
liding with A, secondary electrons are liberated. By making the potential 
of plate B more positive than A, the secondary electrons from A travel to 
plate B. In the same way, the secondary electrons released iiom plate B 


76 electronics 

travel to plate C, and so on, until the electrons are finally collected by the 
collector. If the ratio of secondary to primary electrons is 7 and if there 
are n secondaiy-emission plates, the current at the collector is 

t = *07" 


where to ^ initial current at the cathode. The over-all gam is then y 
and may be very high (of the order of 10® or more). 

Although the multiplier shown schematically above is suitable to explain 


incoming Field 

CKcHaHon plates 



Cathode Emitters 


Fig. 3-18. The approximate cycloidal 
path in a magnetic secondary-emission 
electron multiplier. The magnetic field is 
perpendicular to the plane of the paper. 


the theory of operation of the de- 
vice, it would not operate success- 
fully. The electrons from the cath- 
ode, instead of progressing succes- 
sively from one emitter plate to the 
next, would simply be accelerated to 
the collector with no resultant gain. 
In order both to focus and to direct 
the beam from emitter plate to emit- 
ter plate, crossed electric and mag- 
netic fields are employed. 


The magnetic multiplier illustrated in Fig. 3-18 employs both electric 
and magnetic fields. With the magnetic field perpendicular to the plane 
of the paper, the electrons move from emitter to emitter in practically 
cycloidal paths, as shown. However, if an electron starts from rest at the 
cathode it will have zero velocity when it reaches the first emitter. Under 
these circumstances, the electrons from the cathode could cause no second- 
ary emission at this emitter. For this reason, an additional potential 
gradient must exist from the cathode to the first emitter and from the first 
to the second emitter, etc. The addition of this field distorts the original 
field, making an exact determination of the paths of the particles very 
difficult. Further, the effect of the initial velocities is to cause a slight de- 
focusing of the beam in passing from one emitter to the next. Owing to 
these conditions, plus the fact that space charge also begins to play a part, 
a practical limitation is imposed upon the number of emitters that may be 


used and so upon the subsequent gain of the unit. 

Because of the need for a magnetic field as well as an electric field, a 
great deal of attention has been given to the development of electrostatic 
secondary-emission multipliers. These differ from the magnetic type only 
in tiie shape and arrangement of the electrodes. The shapes and the orien- 
tations of the electrodes are such that the electrons pass progressively 


from one electrode to the next. The development of these units has been 


guided to a marked extent by the rubber-model method (see Sec. 2-17). 
Two different types of electrostatic multipliers are illustrated in Fig. 3-19. 
The RCA type 931-A tube with nine emitters (called dynodes) has a cur- 
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(a) <b) 

Fia. 3-19. (a) A linear electrostatic secondary-emisBion multiplier. {CouTteay of Farnt- 
worlh Television and Radio Corp.) (6) A circular electrostatic secondary-emiasion multi- 
plier. (Courtesy of Radio Corporation of Ameriea.) 


rent amplification of 200,000 and an output current of 2 amp/lumen. 
This tube is about the size of a small radio receiving tube. 

3-16. The Magnetron. Consider a long, straight filament of radius 
Tk and a coaxial cylindrical plate of radius Va which is maintained at a 
positive potential Eb with respect to the cath- 
ode. Assume that the electrons that leave the 
filament do so with zero initial velocities. A 
magnetic field parallel to the axis of the filament 
is superposed upon the electric field. This is 
the so-called magnetron arrangement, first in- 
troduced by Hull.^ This longitudinal magnetic 
field may be obtained by placing a long solenoid Fig. 3^20. The electronic 
directly over the tube, the strength of the mag- path in a magnetron for 
netic field being varied by controlling the cur- several values of magnetic 
rent through the solenoid. 

The electronic paths will now be investigated qualitatively. Suppose 
the magnetic field is reduced to zero. The electron starts from rest at the 
cathode and is accelerated radially outward toward the plate by the elec- 
tric field. If a weak magnetic field is present, then an application of the 
direction rule shows that the electronic path will be curved, although the 
electron will strike the plate. These conditions are illustrated in Fig. 3-20. 
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As the field is further increased, the path becomes more and more curved 
until a critical value Be is reached, when the electronic path becomes tan- 
gent to the plate. If the field is increased beyond this value, the electron 
does not strike the plate at all but instead returns to the filament. 

A quantitative analysis of this problem leads to the following expression 
involving the critical field : 



Assume that a fixed potential Ei, is applied between the cathode and the 
anode and that the plate current is read as a function of the applied mag- 
netic field. If B is less than the critical value Be given by Eq. (3-17), the 
plate current should be unaffected, whereas for values of B greater than 


Plate 

current 


-Be O Be ^ 
Magnetic field intensity 
(or solenoid current) 
(a) 




Fig. 3-21. Magnetron characteristics, (a) Ideal plate-current curve. (6) Oscillogram 
of plate current for two values of plate voltage, (c) Oscillogram of plate current for 
three values of screen voltage and a fixed plate voltage. 


Be the current should suddenly drop to zero, as illustrated by the curve of 
Fig. 3-2 la. Since a reversal of the direction of the magnetic field simply 
reverses the direction of travel of the electrons about the tube axis, the 
same current should be obtained for a given positive value of J? as for an 
equal negative value of B. This is observed in Fig. 3-21. 

Actually, the oscillogram indicates more nearly what may be expected 
experimentally. Instead of a sharp cutoff, the current variation will be 
that shown in Fig. 3-216. This curve results mainly from the fact that the 
commercial tubes do not possess the ideal geometrical arrangement as- 
sumed in the mathematical discussion; that is, the cathode may not be 
coaxial with the anode. Furthermore, the plate usually is not a perfect 
cylinder. Also, the theory assumes an infinitely long emitter and collector, 
a condition never satisfied in a commercial tube, although it can be approx- 
imated by using special tubes with ^^guard rings. 

It has been found experimentally that the types 41 and 42 tubes 3deld 
reasonably satisfactory results. These tubes are pent<xie8.* In the fore- 

• A pentode is a thermionic tube containing five electrodes — cathode, a plate, and 
three grids, one of which is known.as the ecreen grid. 
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going development no mention was made of any electrodes other than the 
cathode and anode. However, it is to be noted that in the final expression 
for the cutoff only the total potential difference Eb between the cathode 
and anode appears. Since the field intensity is not present in this equa- 
tion, the cutoff valm is independent of the potential distribution within the 
tube. Direct experimental proof of this statement is given in the oscillo- 
gram (Fig. 3-21c). This oscillogram represents the plate current vs. 
magnetic-field intensity, with screen voltage as the parameter. It is seen 
that the cutoff value is approximately independent of the screen-grid po- 
tential. These curves justify the use of a multielectrode tube instead of a 
simple diode to illustrate the theory herein developed. 



currenf 

/"f 

Screen 

/ 1 

j \ currenf 

>• 



- <[> + 
Solenoid currenf 

(a) 



Fig. 3-22. Sketch and oscillogram of plate and screen current vs. solenoid current in a 
pentode used as a magnetron. 


Direct experimental proof that the magnetic field causes the electrons 
originally directed toward the plate to be returned toward the cathode can 
be easily found with a multielectrode tube. Thus, if a screen is present 
near the plate, then, as the electrons miss the plate, they return toward 
the screen and may be collected by this electrode. Therefore, if a meter is 
inserted in the screen circuit, it will indicate an increasing current /, when 
the plate meter Ib shows a decreasing value. However, the total space 
current Ib + /« will decrease since some of the electrons may pass through 
the screen openings and so will not contribute to the screen current. As 
the magnetic field is increased still further, the screen current will stop 
rising and will then start to decrease toward zero. The explanation is, of 
course, that with B sufficiently large the electrons miss not only the plate 
but also the screen. This result is illustrated in Fig. 3-22. 

If the tube contains an appreciable amount of gas, the repelling action 
of the electron cloud may be offset by the production of positive ions. 
When the electrons just miss the plate, they are traveling in their longest 
paths, so that the probability of collision with and consequent ionization 
of the gas molecules is greatest. This means that positive ions are pro- 
duced which will partly neutralize the existing space charge. This explains 
why, in certain tubes, the plate current jiist before cutoff may actually be 
higher than its zero-field value. If the quantity of gas present in the tube 
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is too large, sufficient ionization may take place so that the tube behaves 
as a gas-filled tube. The foregoing magnetron theory will no longer be 
valid under these circumstances. 

Another consequence of gas in the tube may be an extremely long tail 
to the Ib versus B curve. The reason is that some of the electrons that 
collide elastically with the gas molecules will suffer deflections in the direc- 
tion of the plate and a stronger magnetic field will be required to prevent 
them from reaching the anode. A factor, thus far neglected, that also con- 
tributes to the tail of the curve is the effect of the initial velocities of the 
electrons. The electrons emitted with appreciable velocities in the radial 
direction will require a stronger magnetic field for deflection. 

Another effect that contributes to the rounded shoulders of the curves in 
Fig. 3-21 is the following: For the values of B slightly less than Be the 
electrons are moving in their longest paths. These electrons form an effec- 
tive space charge that repels some of the electrons that would otherwise 
leave the cathode. In other words, the current from the cathode decreases 
with an increase in the magnetic field even though none of the electrons is 
missing the plate. This space-charge effect was not taken into account in 
the foregoing theory, since only the motion of an isolated electron was 
considered. 

Very little practical use has been made of the static magnetron discussed 
here. However, it has been found that, if the anode is formed into a series 
of resonant cavities, the tube will perform efficiently as a very high power 
oscillator of centimeter waves (microwaves).*® One most important appli- 
cation of such tubes is in radar systems. 

3-17. The Klystron.^®'*® All electrons leaving an electron gun have ap- 
proximately the same velocity, that corresponding to the anode voltage. 
If they then pass through a region known as the huncher in which the po- 
tential varies with time, they will emerge from this second region with a 
speed that will depend upon the energy that they have acquired. Each 
electron will have a slightly different velocity from the preceding one, and 
the beam is said to be velocity modulated. 

If the modulated beam is allowed to drift in a field-free space, then it is 
possible for a fast-moving electron to catch up with a slower moving one 
that left the modulating region at some earlier time. The density of the 
electron stream will then no longer be uniform with distance along the 
drift space, and the beam is said to be density modulated. It is possible 
for this modulation to be intense enough for the electrons to form in 
bunches along the drift space. This process is called hunching. 

These principles are made use of in the klystron, a microwave oscillator. 
The general characteristics of the modulating portion of such a tube are 
illustrated in Fig. 3-23. A quantitative discussion of the processes men- 
tioned above follows. 
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The effect of a superimposed a-c buncher potential on the d-c gun voltage 
is to give the electrons a speed v given by 

^mti^ ~ e(Ea + Eh sin wO (3-18) 

where w is the angular frequency of the a-c buncher potential. It is as- 
sumed that the buncher grids are so close together that the electrons pass 


Buncher Catcher ? 


Cathode 


Drift space 


.1 ^ ' 

Ea "EASk 


Ea E^sinofi 

Fia. 3-23. A schematic of a klystron, showing the electron gun, the buncher, the drift 
space, and the catcher. 


through this region in a time very short compared with one cycle of the 
modulating voltage. The resulting velocity of the particle is 



where a is the ratio Eh/Ea. It is possible in principle for a to be greater 
than unity, although velocity-modulation tubes ordinarily operate with 
a much less than 1. 

Subject to the limitations that a is small, the expression under the second 
square-root sign may be expanded and only the lower order terms retained. 
Since, by the binomial expansion, 

(1 + a:)* = 1 + for a- 1 

this leads to 



(3-20) 


The velocity of the electron at the buncher entrance is 



and the expression for the velocity beyond the buncher is 


V 


Vo 


( 


a 

1 -h ~ sin cot 
2 


) 


(3-21) 

(3-22) 


This shows clearly that the electrons are velocity modulated at the fre- 
quency of the buncher. 
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At a distance I from the buncher along the drift tube there is a second 
pair of grids, called the catcher. The time of arrival <2 at the catcher of an 
electron that passed the buncher at the time t\ is 

I 

t2 = <1 + - (3-23) 

V 


This becomes, by virtue of ICq. (3-22), 

1 

^2 = H 

a 

^0 (1 + - sin oiti) 

2 

Upon expanding the denominator there results, to the same approxima- 
tion as before, 

t2 - h + ^ 2 ^^0 (3-24) 


It is convenient to multiply this equation by w, and then all transit times 
are converted into transit angles. Thus 

(j)l coal 

cot 2 = H sin (all rad (3-25) 

Vo 2vo 

Introducing 

col 

Ti s T 2 = cot 2 To = — rad (3-26) 

1^0 


where ti is called the departure angUy t 2 the arrival anglcy and ro the transit 
angle of an electron passing through the buncher when the modulating voltage 
is zeroy and 


k = 


u)al coEil 


s bunching parameter 


2t;o 2EaVo 
the above equation takes the form 

t 2 == Ti -f- To — A: sin ti 


rad 


(3-27) 


(3-28) 


This is a most important equation in klystron theory. Its significance 
can be seen by plotting r 2 as a function of ri for various values of the 
parameter k. In Fig. 3-24a, A; = 0, which means that there is no modula- 
tion. It is seen that a group of electrons arriving in the angular interval 
dr 2 came from an angular interval of equal size, namely, dri = dr 2 . This 
means that the catcher current equals the buncher current and there is no 
bunching, an obviously correct conclusion since the modulation is zero. 

In Fig. 3-245, k « 0.5, the same size arrival interval dr 2 is taken, but 
it is seen that the interval from which the electrons departed depends upon 
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the time ti. In the vicinity of the zero reference angle (region A) electrons 
are collected from a longer interval, dri > dr 2 (as a matter of fact, dri 
=* 2 dT 2 ). This means that the catcher current is greater than the buncher 
current, or that a hurvch is being formed. Physically, this comes about 
because the faster electrons are catching up with the slower ones which 
left at an earlier time. In region B, however, dri < dr 2 , which means a 
smaller catcher current than buncher current. It should be clear that a 
plot of catcher current vs. time has a peak (greater than the electron- 



Fig. 3-24. Arrival time as a function of departure time (in radians). This illustrates 
the formation of a bunch. 

gun current) near the zero reference time and tapers off on both sides to a 
value below the beam current as shown in Fig. 3-25. 

In Fig. 3-24c, A; == 1,0, the same size arrival interval dr^ is again taken. 
It is now seen that, near the origin, the electrons are collected from a very 
large interval dri, that is dri dr 2 . This represents a very large catcher 
current. As a matter of fact, if the interval dr 2 were taken very, very 
small (approaching zero), electrons would still be collected from a finite 
interval dri or a finite number of electrons would be collected in an in- 
finitesimal time. Since current is charge per unit time, this corresponds to 
an infinite current as indicated in Fig. 3-25. 

The bunching parameter k may be greater than unity. An analysis of 
this situation shows that electrons collected in a time dr 2 may have left 
the buncher in several discrete time intervals and that the current may 
contain more than one infinite peak. 

The above considerations can be made quantitative as follows: If Ii is 
the buncher current, then /i dti is the charge leaving the buncher in the 
interval dti. If 1 2 is the catcher current, then 1 2 dt 2 is the charge entering 
the catcher in the interval df 2 . However, all electrons departing in the 
interval dti arrive in the time d< 2 , and hence, since there must be conserva- 
tion of charge, 

1 1 dll -^2 ^2 
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or 



(3-29) 


The buncher current is constant and equal to the d-c beam current Iq. 
Hence 


/ 2 - 


h 


dri 

dr2 


From Eq. (3-28) this becomes 


h _ 1 

/o 1 — A; cos ri 


(3-30) 


This equation clearly shows the infinite value of 1 2 at ti =0 for A: = 1. 
The value of /2 as a function of ti has no great significance, but I 2 versus 



Arrival time radians 

Fio. 8-25. Catcher current as a function of arrival time. 

t 2 is desired. This cannot be obtained analytically since it requires solving 
the transcendental equation (3-28) for ri in terms of t 2 . The graphs of 
Fig. 3-25 are obtained by assuming a value of ri and then solving for t 2 
from Eq. (3-28) and for / 2//0 from Eq. (3-30). 

A diagram of a klystron amplifier is shown in Fig. 3-26 (imagine the 
feedback line missing). The input is applied to the buncher resonator 
throu^ a coaxial cable. A cavity resonator is the high-frequency (centi- 
meter-wave) equivalent of a par^lel-resonant LC circuit. The electrons 
are velocity modulated in passing through the input grids and form bunches 
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in the drift space. The catcher grids are located at the drift distance cor- 
responding to maximum bunching, and these bunches force the catcher 
resonator into oscillations, giving an amplified output. The electrons 
after passing through the catcher grids hit the collector (shown with cool- 
ing fins in Fig. 3-26) and are returned to the cathode. The phase of the 



(a) (6) 


Fig. 3-26. Double-resonator klystron. {From A. B. Bronwell and R. E. Beam, ** Theory 
and Appltcation of Microwaves, McGraw-Hill Book Company, Inc., New York.) 

catcher voltage must be such as to slow down the electrons in order to 
extract energy from the beam. 

The principal use of the klystron is as an oscillator of centimeter waves. 
For this application there is no r-f input, but the input and output leads 
of Fig. 3-26 are connected together through a feedback line as shown. 

It is possible to use one resonator as both buncher and catcher. In 
Fig. 3-26 the collector is replaced by an electrode, called the reflector, held 
at a negative voltage with respect to the gun voltage. The electrons are 
bunched as in the two-cavity tube but are repelled by the reflector elec- 
trode and hence returned to the resonator. If the bunch arrives here when 
the phase is such afi to slow down these electrons, enough energy may be 
extracted so as to maintain oscillations. This is a most useful tube and 
is known as a reflex klystron. 
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PROBLEMS 

3-1. The electrons that are emitted from the thermionic cathode of a cathode-ruy- 
tube gun are accelerated by a potential of 400 volts. The essential dimensions of the* 
tube are 

L « 19.4 cm I » 1.27 cm d - 0.475 cm 

а. Compare the electrostatic sensitivity of this tube obtained from the theoretical 
expression with the experimental value of 0.89 mm/volt. 

б. What must be the magnitude of a transverse magnetic field acting over the whole 
length of the tube in order to produce the same deflection as that produced by a deflect- 
ing potential of 30 volts? The distance from the anode to the screen is 23.9 cm. 

c. Repeat part 6 for the case where the transverse magnetic field exists only in the 
region between the deflecting plates instead of over the entire length of the tube. 

8 - 2 . The cathode-ray tube of the previous problem has a transverse magnetic field of 
1 milliweber/m^ acting in the region between the plates and into the plane of the paper. 

а. If there is no electrostatic field acting, what will be the deflection on the screen 
caused by the magnetic field? 

б. Describe the motion and draw a sketch of the path of an electron from filament to 
screen, assuming that the electron leaves the filament with zero initial velocity. 

c. What is the cliange in energy of the electrons caused by the magnetic field? 

d. A voltage of what magnitude and sign must be applied to the plates in order that 
the electrons shall move down the tube undeflected? 

8-8. A cathode-ray tube has the following dimensions: 

Length of plates, 2.0 cm. 

Separation of plates, 1.0 cm. 

Distance from electron gun to center of plates, 5.0 cm. 

Distance from center of plates to the screen, 20.0 cm. 

Assume that there is only one set of plates in the tube. The accelerating voltage is 
1,000 volts, and the beam, leaving the gun, is well focused. An a-c voltage applied 
to the plates produces a straight line 4.0 cm in length on the screen, if no magnetic field 
is present. 

A uniform axial magnetic field is now applied over the entire length of the cathode- 
ray tube. 

а. Neglecting the effect of this magnetic field in the region between the plates, calculate 
the minimum magnetic field that will reduce the line to a point on the screen. 

б. If the magnetic field is reduced to half the value found in part o, a line is observed 
on the screen. Why? Calculate the length of this line and the angle that this 
line makes with the direction of the 4.0-cm line that was observed for zero mag- 
netic field. 

8 - 4 . Consider the cathode-ray tube shown. A 
^ d-c potential is applied to the plates of this cathode- 
ray tube. In addition, a solenoid is placed over the 
tube giving a uniform magnetic field parallel to the 
axis of the tube. Describe in words the exact motion 
of an electron starting at rest at the cathode K in the 
following sections of the tube: 

a. Between cathode K and anode A, Assume that the field is uniform in this region. 

b. Between anode A and the edge of the plates 0. 

c. In the region between the plates. 

d. In the region beyond the plates. 
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3-6. In Prob. 3-4 the separation of the plates is 0.6 cm, the length of the plates is 
2.0 cm, and the distance from the center of the plates to the screen is 15 cm. Ea » 
400 volts, * 100 volts, and ^ 10 milliwebers/m*. The electron leaves the cathode 

with zero initial velocity. 

a. Find the coordinates of the electron just as it emerges from the plates. 

h. Find the coordinates of the electron when it strikes the screen. 

8-6. The accelerating voltage of a cathode-ray tube is 1,000 volts. A sinusoidal 
voltage is applied to a set of deflecting plates. The axial length of the plates is 2 cm. 

a. What is the maximum frequency of this voltage if the electrons are not to remain 
in the region between the plates for more than one-half cycle? 

h. For what fraction of a cycle does the electron remain in the region between the 
plates if the frequency is 60 cycles? 

8 - 7 . The electric field in the region between the plates of a cathode-ray tube is pro- 
duced by the application of a deflecting potential given by 

■» 60 sin 2ir X 10*f 

The important tube dimensions are 

L — 19.4 cm f « 1.27 cm d = 0.475 cm 

The accelerating voltage is 200 volts. Where will an electron strike the screen if it 
enters the region between the plates at an instant when the phase of the deflecting voltage 
is zero? 

8-8. a. A sinusoidal voltage of frequency <a is applied to the deflecting plates of a 
cathode-ray tube. The transit time between the plates is r. The length of the line on 
the screen is A. If A o is the line length when the transit time is negligible compared 
with the period of the applied voltage, show that 

^ ^ sin(wr/2) 

A * Ao — 


h. If Ea ■■ 1,000 volts and I * 1 cm, at what frequency will A/Ao * 0.9? 

8 - 9 . Consider in detail the movement of an electron through a cathode-ray tube when 
electric fields are applied to both pairs of deflecting plates. Show that the vector dis- 
placement on the screen is approximately proportional to the vector sum of the electric- 
field intensities. 

8 - 10 . Prove that, if the accelerating voltage Ea is high enough so that relativistic 
corrections must be made, the deflection of an electron in a cathode-ray tube will be 


D 


Do 


1 -f ^ 
1 + i'*' 


where Do is the nonrelativistic deflection, and 


eEg ^ VN^ 
2c* 


where the symbols have the meanings given in the text. Show that, if ^ 1, then 

D reduces to 


D - Do(l + iSk) 
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How much error is made if the nonrelativistic instead of the correct formula is used 
for an 80,000-volt cathode-ray tube? 

8 - 11 . A cathode-ray tub<^ is equipped with a pair of plates that 
y are inclined at an angle 2/8 with each other as shown in the dia- 

gram. An electron is accelerat-ed by the anode voltage so that 
it enters the region between the plates with a velocity «ox- Neglect 
the effects of fringing, and assume that the lines of flux are vertical, 

a. Prove that the vertical component of velocity is given by 

eEd , / , 2j-tani3\ 

e, a. In ( 1 -j I 

2mvox tan /9 V d / 





Prob. 3-11. 


where Ed is the deflecting voltage. 
Hint: Make use of the relationship 


dvy dvy dx dvy 

dt dx di dx 


b. What is the slope (tan 6) of the path at the point where the electron leaves the 
region of the plates? 

c. The distance from the center of the plates to the screen is L. If L » /, then little 
error will be made in assuming that the deflection on the screen is D ■« L tan $. Under 
these conditions show that 


D 


EdL 


4tEa tan /3 


ln( 


2 / \ 
1 H- ~ tan /8j 


8 - 12 . Consider two cathode-ray tubes, one containing parallel deflecting plates and 
the other inclined plates as shown in the diagram. If the tubes are identical in all other 
respects prove that 

a. The maximum possible deflection on the screen is 
the same for both tubes. 

h. The sensitivity of the tube with the inclined plates 
is 38 per cent greater than that of the tube with the 
parallel plates. 

Note: Use the result of the previous problem. 

8 - 18 . A cathode-ray tube that is provided with a postaccelerating anode has the 
following dimensions: 

f 1.6 cm L * 18.2 cm d * 0.60 cm 





K - *1 


2d 


3-12. 


The distance from the center of the plates to the ring R (Fig. 3-4) is 4.0 cm. The 
intensifler is 1.6 cm from the screen. 

a. When used as an ordinary cathode-ray tube, the postaccelerating anode is con- 
nected to the accelerating anode. Calculate the deflection on the screen under these 
circumstances if i^d *■ 60 volts and Ea 1,200 volts. 

b. If one-half the accelerating voltage is applied after deflection between the anode 
and the intensifler electrode, what is the new deflection? See Fig. 3-4 where Ea\ ■■ 
E^a 000 volts. Assume that the intensifler field is axial and exists only in the region 
between R and I. 

8-li. The following experiment is performed on a cathode-ray tube that has all its 
plates brought out separately: An alternating voltage is applied to the (Y) plates 
nearest the gun. The other two (X) plates are tied together. Describe what happens 
to the vertical line as the potential between the X set of plates and the anode is varied 
positively and negatively. 
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8-15. Linear sweep circuits are applied simultaneously to the horizontal and vertical 
plates of a cathode-ray tube. One plate of each set is tied to the second anode. What 
pattern will appear on the screen if 

а. The frequency applied to the vertical plates is five times the frequency applied to 
the horizontal plates? 

б. The frequency applied to the horizontal plates is five times the frequency applied 
to the vertical plates? 

8-16. A mixture of Li® and Li^ singly ionized atoms are produced in an ion source. 
These ions are accelerated by a potential difference of 1,000 volts between the source 
and an exit probe. The ions pass through a hole in the probe into a uniform transverse 
magnetic field of 1,000 gauss. A photographic plate is placed normal to the direction 
of the ions at the point where they enter the region of the magnetic field (see Fig. 3-13). 
What is the separation of the two lines on the photographic plate? 

Note: The superscripts give the atomic weights of the isotopes. 

8-17. A mixture of K®*, K^, and singly ionized atoms are produced in an ion 
source. These ions are accelerated by a potential difference of 1,500 volts betw'een 
the source and an exit probe. The ions pass through a hole in the probe into a uniform 
transverse magnetic field. If the K*® line formed on a photographic plate that is oriented 
perpendicular to the original direction of the ions is 38.20 cm from the source, calculate 
the separation of the three lines on the photographic plate (see Fig. 3-13). 

Note: The superscripts give the atomic weights of the isotopes. 

8-18. A helium leak -detector mass spectrometer accelerates the ions through 500 
volts and then bends them in a circle of radius 4.0 cm. What is the value of the magnetic 
field used in the instrument? 

8-19. The position of a certain strong j8-line of a sample of radium B which is placed 
at the origin of a magnetic spectrograph corresponds to a radius of curvature of 16.0 cm 
when the magnetic-field intensity is 120.5 gauss. 

o. What would the speed be if the mass of the electrons did not change with velocity? 

6. What is the true speed of the particles? 

c. What is the ratio m/mo? 

(See M. M. Rogers, A, W. McReynolds, and F. T. Rogers, Jr., Phys, Rev., 57, 379, 
1940.) 

8-20. Given uniform electric and magnetic fields parallel to one another. Ions enter 
the region where these fields exist with velocities at right angles to the fields. For 
small values of magnetic field, prove that a photographic plate placed normal to the 
initial direction of the ions will, on development, show a series of parabolas, each parabola 
indicating a different value of the ratio e/m of the ion. Show that each point on a given 
parabola corresponds to a different value of initial velocity. This is the principle of the 
positive-ray spectrograph. 

8-21. The magnetic-field strength is 0.9 weber/m* in a certain cyclotron. Light 
hydrogen ions (protons) are used. 

a. What must be the frequency of the oscillator supplying the power to the dees? 

b. If each passage of the ions across the accelerating gap increases the energy of the 
ion by 60,000 volts, how long does it take for the ion introduced at the center of the 
spiral to emerge at the rim of the dee with an energy of 6 Mev? 

c. Calculate the radius of the last semicircle before emergence. 

8-22. Protons are accelerated in the MIT cyclotron. The magnetic-field strength is 
1 .8 webers/m^, and the radius of the last semicircle is 0.5 m. 

a. What must be the frequency of the oscillator supplying the power to the dees? 

h. What is the final energy acquired by the proton? 

c. If the total transit time of the proton is 3.3 ftsec, how much energy is imparted to 
the particle in each passage from one dee to the other? 
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8 - 28 . Explain what would happen if protons were used instead of electrons in the 
General Electric Co. 100-Mev betatron. In particular, calculate 

a. The maximum energy that the proton would acquire. 

b. The average energy acquired per trip around the doughnut. 

c. The number of revolutions that the proton would make. 

8 - 24 . Prove that the 1 :2 stability condition for the betatron is satisfied at any radius 
if the magnetic-field intensity decreases as 1/r from the origin. 

8 - 26 . A betatron at the University of Illinois operates with a magnetic-field strength 
of 0.12 weber/m^ at the orbit and accelerates electrons to a final energy of 2.2 Mev. 
The average energy acquired per revolution is 10 ev. 

a. What is the ratio mfmQ? 

b. What is the orbital radius? 

c. At what rate does the magnetic field vary? 

d. What is the average transit time? 

e. What is the total path length? 

8 - 26 . Calculate the number of stages required in a secondary-emission multiplier to 
give an amplification of 10® if the secondary-emission ratio is 3.5. 

8 - 27 . In a nine-stage secondary-emission phototube multiplier, the incident photo- 
current is 10 amp and the output current from the multiplier is 0.1 amp. What is 
the secondary-emission ratio of the target material? 

8 - 28 . In the secondary-emission multiplier of Fig. 3-18, the distance between a target 
and its plate is 1.0 cm. The potential between these two elements is 100 volts. Assume 
that there is no field between targets and that the electrons leave each target with zero 
velocity so that the resultant motion is truly cycloidal. 

a. Find the minimum magnetic field required in order that this tube operate properly. 

b. If the tube were designed to operate with a field of 5 milliwebers/m^, what would 
be the distance between centers of adjacent targets? Assume that the path remains 
cycloidal. 

8 - 29 . A cylindrical diode consists of a long, straight filament of radius and a con- 
centric anode of radius fa between which is applied a potential Ef,. Owing to the fila- 
ment current /, a magnetic field surrounds the cathode, the lines of flux being circular 
and concentric with the filament. 

If the electron starts from rest at the filament, describe its motion qualitatively. 
Show that there is a critical cutoff filament current above which no plate current exists, 
for a given plate voltage. 

8 - 80 . Sinusoidal voltages of the same amplitude and frequency are applied to both 
the horizontal and the vertical deflecting plates of a cathode-ray tube. If the phase 
angle between these two voltages is $, plot the pattern that will appear on the screen, if 

а, 8 * 0 . 

б. 8 « r/4. 

c. 8 * ir/2. 

d. 0 w. 

This problem illustrates the use of the cathode-ray tube as a phase-measuring device. 

8 - 81 . A voltage * A sin uit is applied to the horizontal plates, and a voltage 
iSy * A sin (a> 2 < + 8) is applied to the vertical plates of a cathode-ray tube. Plot the 
pattern that will be observed on the screqn, if 

a. * 2, 8 a* 0, 

b. <u2/fa)i * 2, 8 * 7r/2. 

c. * 3, 8 * 0. 

(I, * 3, 8 * ir/2. 

e. a>3/cDt * f , 8 * 0. 

/. tat/ioi -■ 1 , 8 * v/2. 
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These patterns are called lissajous figures. This problem illustrates the use of the 
cathode-ray tube as an instrument for comparing an unknown frequency with a given 
standard. (See RCA Pamphlet TS-2, **Cathode-ray Tubes and Allied Types,” 1935.) 
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CHAPTER 4 


ELECTRONIC PHENOMENA IN METALS 

The behavior of electrons in various configurations of electric and mag- 
netic fields has been considered in some detail in Chaps. 2 and 3. The 
origin of these electrons did not enter the discussion. However, the im- 
portant known electronic sources were outlined briefly in Chap. 1. Of 
these, matter in the metallic state is the most important, and the charac- 
teristics of this source will be considered in some detail. 

4-1. Introduction. Before treating the intriguing but perhaps somewhat 
involved quantitative aspects of this topic, it may be well to summarize 
briefly w^hat may be learned from such a study. A physical “picture^ ^ of 
the nature of the region inside a metal will be presented, which should 
assist us to visualize the types of electronic behavior that are possible in 
this region. It will be found that the classical notion of a metal as a simple 
equipotential volume will have to be modified considerably. Instead, the 
picture will present rather intense local variations of potential. Electrons 
of low energy will not be able to move about to any great extent within 
the metal. The more energetic electrons will be able to surmount poten- 
tial-energy variations within the metal; but when they reach the surface, 
they find here a potential-energy barrier that they cannot surmount under 
ordinary conditions. These electrons are therefore confined to the interior 
of the metal, where they may wander about more or less freely, although 
they will never leave this region unless additional energy is given to them. 
This model will be found useful in studying the quantitative aspects of 
electronic emission: thermionic, photoelectric, and others. 

Since the electrons may flow out of the metal only when an added 
energy has been given to them, the question which must first be considered 
is how much energy the electrons possess under normal conditions when 
they are not acted upon by outside agents. This will lead to the concept 
and discussion of distrihiUion furictians. For example, the energy distribu- 
tion specifies the number of electrons that have large, medium, or small 
energies. More precisely, it will define the density of electrons in various 
energy ranges. From this distribution in energy there can be deduced a 
velocity distribution function that will give information with i*egard to 
die electrons traveling within specified velocity ranges. It is with the aid 
of such distribution functions that ^^body’’ phenomena, such as the con- 
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ductivity and specific heat of metals, can be most intelligently dis- 
cussed. 

From the electronic point of view the surface phenomena are even more 
important than the conditions within the metal. Many puzzling questions 
immediately suggest themselves: How many electrons per second will 
escape through the surface of a metal that is maintained at a given tem- 
perature? What will be the distribution in energy and velocity of the 
escaping electrons? How will the emission be affected by accelerating or 
retarding fields at the surface of the metal? What will happen to the 
potential-energy barriers at the surfaces of two metals when they are 
joined together, perhaps as the component parts of an electronic device? 
All of these and related questions will be considered. The fundamental 
ideas and some of the most important practical results will be given in 
this chapter, and the more theoretical concepts will be considered in the 
next chapter. 

4-2. Free Electrons in Metals. X-ray and other studies reveal that 
most metals are crystalline in structure. This means that they consist of 

a space array of atoms or molecules 
(strictly speaking, ions) built up by 
regular repetition in three dimen- 
sions of some fundamental structural 
unit. Under these conditions, the 
atoms of the elements are so close to- 
gether that the outer electrons of the 
atom are as much associated with 
one atom as with another, so that the 
electron attachment to any individual 
atom is practically zero. Depending 
upon the metal, at least one, some- 
times two, and in a few cases three 
electrons per atom are free to move 
throughout the interior of the metal 
under the action of applied forces. 

Figure 4-1 shows the charge dis- 
tribution within a metal, specifically, 
sodium. The plus signs represent the 
heavy positive sodium nuclei of the 
individual atoms. The heavily shaded 
regions represent the electrons in the 
sodium atom that are tightly bound to the nucleus. These are inap- 
preciably disturbed as the atoms come together to form the metal. The 
light shading represents the outer, or valence, electrons in the atom; and 
it is these electrons that cannot be said to belong to any particular atom. 



Fia. 4-1. Arrangement of the sodium 
atoms in the 110 plane ol the metal. 
{W. Shockley f J. Applied Phys., 10, 
543, 1939.) 
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Instead, they have completely lost their individuality and can wander 
freely about from atom to atom in the metal. Thus a metal is visualized 
as a region containing a periodic three-dimensional array of heavy, tightly 
bound ions permeated with a swarm of electrons that may move about 
quite freely. This is known as the ^ 'electron-gas^^ concept of a metal. 

4-3. The Energy Method of Analyzing the Motion of a Particle. This 
method employs the principle of the conservation of energy, use being made 
of the potential-energy curve corresponding to the field of force. The prin- 
ciples involved may best be understood by considering specific examples of 
the method. 

Example. An idealized diode consists of plane-parallel electrodes, 5 cm apart. 
The anode A is maintained 10 volts negative with respect to the cathode K. An electron 
leaves the cathode with an initial energy of 2 ev. What is the maximum distance it 
can travel from the cathode? 

Solution. This problem will be analyzed by the energy method. Figure 4-2a is a 
linear plot of potential vs. distance, and in Fig. 4-26 is indicated the corresponding poten- 




Fig. 4-2. Illustrating the potential-energy barrier encountered by an electron in a 
retarding field. 

tial energy vs. distance. Since potential is the potential energy per unit charge (see 
Sec. 2-4), curve b is obtained from curve a by multiplying each ordinate by the charge 
on the electron (a negative number). Since the total energy W of the electron remains 
constant, it is represented as a horizontal line. The kinetic energy at any distance 
X equals the difference between the total energy W and the potential energy U at this 
point. This difference is greatest at 0, indicating that the kinetic energy is a maxi- 
mum when the electron leaves the cathode. At the point P this difference is zero. 
This means that no kinetic energy exists, so that the particle is at rest at this point. 
This distance, xq, is the maximum that the electron can travel from the cathode. At 
point P it comes momentarily to rest and then reverses its motion and returns to the 
cathode. From geometry it is seen that xo/6 » or xo ** 1 cm. 

Consider a point such as S which is at a greater distance than 1 cm from the cathode. 
Here the total energy Q8 is less than the potential energy RS, so that the difference, 
which represents the kinetic energy, is negative. This is an impossible physical condi- 
tion, however, since negative kinetic energy < 0) implies an imaginary velocity. 

This can be interpreted to mean that the particle can never advance a distance greater 
than OP' from the cathode. 

The foregomg analysis leads to the very important conclusion that the shaded portion 
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of Fig. 4-2 can never be penetrated by the electron. Thus, at point P the particle acts 
08 if it had collided with a solid wall, hill, or barrier and the direction of its flight had 
been altered. Potential barriers of this sort will play important roles in the analyses 
to follow’. 

It must be emphasized that the words ‘^collides with” or “rebounds from” a potential 
“hill” are convenient descriptive phrases and that an actual encounter between two 
material bodies is not implied. 

As a second illustration, consider a mathematical pendulum of length I, 
consisting of a ^^point^' bob of mass m that is free to swing in the earth^s 
gravitational field. If the lowest point of the swing (point 0, Fig. 4-3) is 
chosen as the origin, then the potential energy of 
the mass at any point P corresponding to any 
angle $ of the swing is given by 

U = mgy = mgl(l — cos B) (4-1) 

where g is the acceleration of gravity. This po- 
tential-energy function is illustrated graphically 
in Fig. 4-4. 

Consider the resultant motion of the bob if it is 
given a potential energy Ui by raising it through 
an angle releasing it with zero initial veloc- 

ity. If dissipation is neglected, the particle will 
swing back and forth through the angle going from on one side to 
Bo on the other side of the vertical axis. How might one proceed to ana- 
lyze the motion of the physical system if only the potential-energy field of 
Fig. 4-4 were given without specifying the physical character of the system? 

The procedure is the same as that followed in the simple diode problem 
considered above. A horizontal line aehc is drawn at a height equal to the 
total energy Wi of the particle. At any point, such as e, the total energy is 
represented by ~ TFi, and the potential energy is represented by fg. 
The difference between these two, namely, e/, represents the kinetic energy 
of the particle when the angle of swing, given by the intercept of eg on the 
axis, corresponds to Og. In other words, the difference between the total- 
energy line and the potential-energy curve at any angle represents the 
kinetic energy of the particle under these conditions. This difference is 
greatest at 0, indicating that the kinetic energy is a maximum at the bot- 
tom of the swing, an almost evident result. At the points a and h this dif- 
ference is zero. This means that no kinetic energy exists, or that the 
particle is at rest at these points. This is readily evident, since corre- 
sponding to the points a{B = ^o) and h{B = ~^o), the particle is about to 
reverse its motion. 

Consider a point in the shaded region outside the range -*^0 to 
such as A. Here the total energy ch is less than the potential energy dh. 
This impossible condition is interpreted by our previous reasoning to 


Y 



Fig. 4-3. Point P repre- 
sents the mass m of a 
mathematical pendulum 
swinging in the earth’s 
gravitational fields. 
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mean that the particle whose total energy is Wi can never swing to the 
angle Oh corresponding to the point c, so that the motion must be confined 
to the region ah. The shaded portions of Fig. 4-4 represent the potential 
barrier which can never be penetrated by the bob, if its total energy is no 
greater than Wi. This type of constrained motion about a point 0 is 
closely analogous to that of the so-called ^^bound^' electrons in a metal, as 
will be seen later. 

Now consider the case when the bob has a total energy equal to 1^2, 
which is greater than the maximum of the potential-energy curve. Clearly 
from Fig. 4-4 the horizontal line corresponding to this energy cannot inter- 
sect the curve at any point. Consequently, the particle does not ^^collide^’ 
with the potential barrier, and its course is never altered, so that it moves 
through an ever-increasing angle. Of course, its kinetic energy varies 
over wide limits, being maximum for ^ ~ 0, 27r, 47r, ... and minimum for 
^ TT, Sxf Stt, .... Physically, this type of motion results when the bob 


U 



Fig. 4-4. The potential energy of the bob in Fig. 4-3 plotted as a function of the angle 
of swing. 

has enough energy to set it spinning completely around in a circular path. 
This is somewhat analogous to the type of motion experienced by the so- 
called “free^^ electrons in a metal. 

A method has already been considered in some detail in Chap. 2 by which 
the motion of charged particles in electric and magnetic fields may be 
analyzed. It consists of the solution of Newton's second law of motion in 
which the forces of electric and magnetic origin are equated to the product 
of the mass and the acceleration of the particle. Obviously, this method 
is not applicable when the forces are as complicated as they must be in a 
metal. Futhermore, it is neither possible nor desirable to consider what 
happens to each individual electron. 

It was necessary, therefore, to consider the alternative method illus- 
trated above. This simple but powerful method facilitates the discussion 
of the motion of a particle in a conservative field of force, such as that 
found in the body of a metal. It will also be applied to many other 
types of problem. For example, the method of analysis just considered 
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is extremely useful in determining whether electrons will possess sufficient 
energy to pass through grids and reach the various electrodes in a vacuum 
tube and whether or not electrons or ions will be able to penetrate electron 
clouds in a vacuum tube or ion sheaths in a gaseous-discharge tube. This 
method will now be applied to the analysis of the motion of electrons in 
metals. 

4-4. The Potential-energy Field in a Metal. It is desired to set up the 
potential-energy field for the three-dimensional array of atoms that exists 
in the interior of a metal and to discuss the motion of electrons in this field. 
The resultant potential energy at any point in the metal is simply the sum 
of the potential energies produced at this point by all of the ions of the 
lattice. To determine the potential energy due to one ion, it is noted that 
an atom of atomic number Z has a net positive charge Ze on its nucleus. 
Surrounding this nucleus is an approximately spherical cloud, or shell, of 
Z electrons. By Gauss’s law the potential at a point at a distance r from 
the nucleus, when r is smaller than the inside diameter of this electron 
shell, is that resulting from the charge on the nucleus. In the mks ration- 
alized system of units this potential is given by ^ 

Ze 

F = + (4-2) 

4ir€or 

where Ci is a constant and €o is the permittivity of free space (see Appen- 
dix IV). 

Since the potential V equals the potential energy U per unit charge 
(see Sec. 2-4), then U = —eV. The minus sign is introduced because the 
charge on the electron is negative. Hence 

Ze^ 

C7 = ~ . eCi (4-3) 

iweor 

This specifies the form of the variation of the potential energy in the 
immediate neighborhood of the nucleus. 

A similar expression exists for the potential at a distance from the 
nucleus that is so large that the electron under consideration is completely 
outside of the cloud of the remaining Z — 1 electrons. The net charge of 
the nucleus and the Z ~ 1 electrons is simply Ze {Z — l)e = +e. The 
potential is 

J^+C2 

4T€or 

where C 2 is a constant, and the corresponding potential energy is 

U » eCa (4-4) 

WtoV 
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The potential of any point may be chosen as the zero reference ot poten- 
tial because it is only differences of potential that have any physical sig- 
nificance. For the present discussion it is convenient to choose zero poten- 
tial at infinity and then Cg = 0. Thus, U equals —Ze^/ireor + constant 
in the neighborhood of the nucleus and equals ~e^/47r€or at large dis- 
tances from the nucleus. The determination of the exact variation for 
intermediate distances is unnecessary for the present discussion. Enough 
has been said, however, to make plausible the potential-energy curve 
illustrated in Fig. 4-5. Here a represents a nucleus, the potential energy 
of which is represented by the curves aia 2 . The vertical scale represents 



function of radial distance from an isor resulting from two nuclei a and 0. 


lated nucleus. 


U, and the horizontal scale gives the distance r from the nucleus. It must 
be emphasized that r represents a radial distance from the nucleus and 
hence can be taken in any direction. If the direction is horizontal but to 
the left of the nucleus, then the dashed curve represents the potential 
energy. 

To represent the potential energy at every point in space requires a 
four-dimensional picture, three dimensions for the three space coordinates 
and a fourth for the potential-energy axis. This difficulty is avoided by 
plotting U along some chosen line through the crystal, say through a row 
of ions. From this graph and the method by which it is constructed it is 
easy to visualize what the potential energy at any other point might be. 
In order to build up this picture, consider first two adjacent ions, and 
neglect all others. The construction is shown in Fig. 4-6. aia 2 is the U 
curve for nucleus a, and ^ 1^2 is the corresponding U curve for the adjacent 
nucleus jS, If these were the only nuclei present in the metal, the resultant 
U curve in the region between a and would be the sum of these two 
curves, as shown by the dotted curve aiyfii (since ad = ab + ac). It is 
seen that the resultant curve is very nearly the same as the original curves 
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in the immediate vicinity of the nuclei, but it is lower and flatter than 
either individual curve in the region between the nuclei. 

Let us now single out an entire row of nuclei a, 7 , 5, c, . . . from the 
metallic lattice (see Figs. 4-1 and 4-7) and sketch the potential energy as 
we proceed along this line from one nucleus to the other, until the surface 
of the metal is reached. Following the same type of construction as above, 
but considering the influence of other near-by nuclei, an energy distribu- 
tion somewhat as illustrated in Fig. 4-7 is obtained. 

According to classical electrostatics, which does not take the atomic 
structure into account, the interior of a metal is an equipotential region. 



Fig. 4-7. The potential-energy distribution within and at the surface of a metal. 

The present, more accurate, picture shows that the potential energy varies 
appreciably in the immediate neighborhoods of the nuclei and actually 
tends to —00 in these regions. These are the intense local variations re- 
ferred to in Sec. 4-1. However, the potential is approximately constant 
for the greatest volume of the metal, as indicated by the slowly varying 
portions of the diagram. 

Consider the conditions that exist near the surface of the metal. It is 
evident, according to the present point of view, that the exact position of 
the ^^surface^’ cannot be defined. It is located at a small distance from the 
last nucleus € in the row. It is to be noted that, since no nuclei exist to 
the right of e, there can be no lowering and flattening of the potential- 
energy curve such as prevails in the region between the nuclei. This 
leads to a most important conclusion, viz.: a potential energy *^hill/^ or **bar- 
rier/* exists at the surface of the metal 

4 - 5 . Bound and Free Electrons. The motion of an electron in the po- 
tential energy field of Fig. 4-7 will now be discussed by the method given 
in Sec. 4-3. Consider an electron in the metal that possesses a total energy 
corresponding to the point A in Fig. 4-7. This electron collides with, and 
rebounds from, the potential walls at a and 6 , It cannot drift very far 
from the nucleus but can move about only in the neighborhood ab of the 
nucleus. Obviously this electron is strongly bound to the nucleus and so 
is called a hound electron. It is evident that these bound electrons con- 
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tribute very little to the conductivity of the metal since they cannot wan- 
der about in the metal, even under the stimulus of an externally applied 
electric field. These are the electrons that are responsible for the heavy 
shading in the neighborhood of the nuclei of Fig. 4-1. 

Our present interest is in the free^ or conduction, electrons in the metal 
rather than in the bound ones. A free electron is one having an energy 
corresponding to the point B of the figure. At no point within the metal 
is its total energy entirely converted into potential energy. Hence, at 
no point is its velocity zero, and the electron travels more or less freely 
throughout the body of the metal. However, when the electron reaches 
the surface of the metal, it collides with 
there. At the point C, its kinetic energy is 
reduced to zero, and the electron is turnenl 
back into the body of the metal. An elec- 
tron having an energy corresponding to the 
point D collides with no potential walls, not 
even the one at the surface, and so it is capa- 
ble of leaving the metal. 

In our subsequent discussions the bound 
electrons will be neglected completely since 
they in no way contribute to the phenomena 
to be studied. Attention will be focused on 
the free electrons. In so far as the free elec- 
trons are concerned, the region in which they find themselves is essen- 
tially a potential plateau, or equipotential region. It is only for distances 
close to a metallic ion that there are any appreciable variations in poten- 
tial. Since the regions of rapidly varying potential represent but a very 
small portion of the total volume of the metal, it will be supposed that the 
field distribution within the metal is equipotential and the free electrons 
are subject to no forces whatsoever. The present viewpoint is therefore 
essentially that of classical electrostatics. 

Figure 4-7 is redrawn in Fig. 4-8, all potential ♦ variations within the 
metal being omitted, with the exception of the potential barrier at the 
surface. The zero of energy is chosen at the level of the plateau of this 
diagram. This choice of the zero-energy reference level is valid since, 
as has already been emphasized, only difference of potential has physical 
significance. This means that for the present discussion the constant C 2 

* This figure really represents potential energy and not potential. However, the 
phrase “potential barrier “ is much more common in the literature than the phrase 
“potential-energy barrier.'^ Where no confusion is likely to arise, these two expressions 
will be used interchangeably. These barriers will be measured in electron volts, and 
hence the symbol E will replace the U of the preceding sections. It must be emphasised 
that one unit of E represents 1.60 X 10'"*® joule of energy. 


the potential-energy barrier 



Fig. 4-8. For the free electrons, 
the interior of a metal may 
be considered an equipotential 
volume, but there is a potential 
barrier at the surface. 
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in Eq. (4-4) is no longer chosen equal to zero but is given a value such as 
to make the potential at infinity equal to Esy the height of the potential- 
energy barrier in electron volts. 

4-6. Energy Distribution of Electrons. In order to be able to escape, an 
electron inside of the metal must possess an amount of energy at least as 
great as that represented by the surface barrier Eb- A sensible question 
is then: What energies are possessed by the electrons in a metal? The 
quantitative answer is given in the next chapter. It is found that there 
is a variation in energy among the electrons (they do not all have the 
same amount of energy) and that this relationship depends upon tem- 



Fig. 4-9. Energy distribution Fig. 4-10. Energy diagram of free electrons. 

in metallic tungsten at 0° and 

2500°K. 


perature. This is known as the Fermi-Dirac-Sommerfeld (FDS) energy 
distribution function. The form of the function is indicated in Fig. 4-9 for 
two temperatures, absolute zero and 2500 °K. The ordinate pe represents 
the energy density, and so the number of electrons having energies be- 
tween E and E + dE is pe dE. It is seen that at 0®K there are very few 
low-energy electrons and that the density increases with energy up to a 
definite value Em and then abruptly drops to zero. Thus Em represents 
the maximum energy an electron can have at absolute zero. Classically all 
electrons should possess zero energy at 0®K. The distribution indicated 
in Fig. 4-9 can be understood only with the aid of quantum theory. 

It should be noted that the distribution at a very high temperature 
(2500°K) differs not too radically from that at 0®K. The low-energy elec- 
trons are hardly disturbed at all. The high-energy particles are given still 
greater energies. This follows from the fact that the curve just to the left 
of Em is lowered (indicating that there are now fewer electrons having 
energies in this neighborhood), whereas the curve extends to the right of 
Em (indicating that some electrons now have energies greater than Em)- 
The curve approaches the axis asymptotically, indicating that a few elec- 
trons have very high energies. 

4-7. Work Function. In Fig. 4-10, Fig. 4-9 has been rotated 90 deg 
counterclockwise and combined with Fig. 4-8 so that the vertical axis 
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represents energy for both sets of curves.® At 0®K it is impossible for an 
electron to escape from the metal because this requires an amount of 
energy equal to Eb and the maximum energy possessed by any electron is 
only Em- It is necessary to supply an additional amount of energy equal 
to the difference between Eb and Em in order to make this escape possible. 
This difference, written E^y is known as the work function of the metal. 

Ew^Eb- Em (4-5) 


The term Eb has been called the outer work function by Sommerfeld, and 
the quantity Em is referred to as the inner work function, the Fermi char- 
acteristic energy, or the Fermi level. 

The experiments of Davisson and Germer * and of Rupp * on the dif- 
fraction of electrons in passing through matter have verified the existence 
of the potential-energy barrier at the surface of the metal. In fact, based 
on the results of these experiments together with 
experimentally determined values of Ewy it is pos- 
sible to calculate the values of Em for the metals 
used. These values of Em can be compared with 
the theoretical values given in the next chapter. 

The data given by Rupp show fair agree- 
ment between the experimental and theoretical 
values. 

A second physical meaning of the term work 
function may be obtained by considering what 
happens to an electron as it escapes from a metal, 
without particular regard to the conditions within 
the interior of the metal. A negative electron 
will induce a positive charge on a metal from 
which it escapes. There will then be a force of attraction between the 
induced charge and the electron. Unless the electron possesses sufficient 
energy to carry it out of the region of influence of this image force of attrac- 
tion, it will be returned to the metal. This was the qualitative explanation 
given in Sec. 1-3 to explain the f^ict that an electron did not escape from 
a metal unless some external force was applied. Some quantitative fea- 
tures of this force will be investigated. The method of electrical images in 
classical electrostatics dictates that the force / (newtons), acting on an 
electron —e (coulombs), at a distance x (meters) from a plane metallic 
conductor, is given by the attraction between the electron and its image 
charge +e located at a distance x from the face of the conductor and sit- 
uated within it, as illustrated in Fig. 4-11. The force on the electron is 
then 


Inferior 
of meto! 




Surface 
of me fa! 


— X H 

- - ^ 
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Fig. 4-11. The force on 
a charge —a located at a 
distance x from the sur- 
face of a metal is equal to 
the force between — e and 
its image force -f c located 
at the same distance x 
within the metal. 


(+e)(-e) 

4ir*o(2x)* * 16ir*oX* 


newtons 


(4-6) 
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where cq is the permittivity of free space. The negative sign indicates that 
the force is one of attraction toward the surface of the metal. 

Within the range in which the electron reacts to the metal as it would to 
a plane surface, the force varies according to Eq. (4-6). As the distance 
from the electron to the metal is decreased, the surface may no longer be 
considered as a plane surface and Eq. (4-6) is no longer valid. In fact, as 
the ^‘surface^^ of the metal is approached, the force must change from the 
attractive force given by this equation to a zero force. This is so because 


Distance 



Fig. 4-12. The force on an elec- 
tron escaping from a metal. 



energy curve corresponding 
to the force curve of Fig. 4-12. 


the metal is an equipotential region and the average force on an electron 
inside the metal is zero. 

From the microscopic point of view, it is extremely difficult to specify 
the position of the ^'surface, or for that matter to specify the regions 
“internar^ or ^^extemar^ to the metal. One can be no more specific than 
to say that the force on an electron which is, say, a few atomic diameters 
from the plane of ions nearest the exterior of the metal is given by Eq. (4-6). 
For distances of closer approach the force must change and reduce to zero. 
The force function is illustrated in Fig. 4-12. The exact nature of the force 
in the neighborhood of a: = 0 depends upon the type of metal under con- 
sideration and upon the point of the surface at which the X axis is erected 
(t.e., upon how close to a surface ion the escaping electron comes). Fortu- 
nately, the exact shape of the force function is not necessary for the anal- 
ysis that follows. 

The potential-energy function that gives rise to the force / is 


— I f(x) dx joules 
•^0 


(4-7) 


This expresses the work necessary to remove an electron from the surface 
of the metal to a distance x from it. This potential energy U (joules) is 
plotted as a function of x in Fig. 4-13. Each ordinate of this curve is sim- 
ply the negative of the area under the force curve of Fig. 4-12 from the 
point 0 to the point x. The shape of this curve is the same as that of the 
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potential barrier of Fig. 4-8. This must be so, since both of these curves 
represent the same surface characteristic. It is only the method of devel- 
opment employed in obtaining the two curves that is different. 

The total area under the curve of Fig. 4-12 represents the total amount 
of work that is necessary in order to remove an electron from the metal. 
This is evidently equal to the height of the potential barrier. Hence 

= bEb = “■ I /(^) joules (4-8) 

•^0 


In view of the present considerations the position of the ^ ‘surface^ ^ of a 
metal is taken as that distance where the extrapolated image force goes to 
minus infinity. 

Example. The experimental value of the work function Ew of tungsten is 4.52 ev, 
and the theoretical value of the f’ermi energy Em (see Sec. 5-3) is 8.95 ev. 

а. If an electron in metallic tungsten has 13.43 ev energy, how far from the surface 
can it wander? 

б. What is the image force when the electron is at its maximum distance from the 
metal? 

c. What electric field will cause the same force on the electron as that in part 6? 

Solution, a. The height of the barrier is 

Eb Em -¥ Ew ^ 8.95 -j- 4.52 = 13.47 ev 


After wandering a maximum distance xo from the surface, the electron collides with the 
potential-energy barrier and its kinetic energy is reduced to zero. Hence the height 
of the barrier at this point is 13.43 ev. The work required to remove this particle from 
Xo to infinity is 13.47 — 13.43 = 0.04 ev. Assuming that the image force is valid for 
distances greater than xo, then 


0.04 X 1.60 X 10-1® 


r* dx 
”^Jaso IfiTreo X* 


167reoXo 


joules 


Using CO ■* I/SGtt X 10® (Appendix IV), this yields xo * 9.00 X 10“® m. 

Since the interionic spacing is of the order of magnitude of an angstrom unit (lO”!® m), 
this is of the order of 90 ionic separations. The image force undoubtedly is valid at 
such large distances from the surface. 
h. The image force is 

^ (1 ^ X 10 - 1 ®)® 

^ " IGttW “ IGtt X (10-®/36ir)(9.00 X 10-®)® 

* 7.12 X 10-1® newton 


c. The electric field which will yield the same force is given by 


or 


et - 7.12 X 10-1* 


7.12 X 10-1* 
1.60 X 10-1® 


4.44 X 10* volts/m 


The reason that the very small force in part h corresponds to the very high field in- 
tensity of part c is that the charge on the electron is so small. 
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4-8. Thermionic Emission. The curves of Fig. 4-10 show that the elec- 
trons in a metal at absolute zero are distributed among energies which 
range in value from zero to the maximum energy Em • Since an electron 
must possess an amount of energy at least as great as Eb in order to be 
able to escape, no electrons can leave the metal. Suppose now that the 
metal, in the form of a filament, is heated by sending a current through it. 
Thermal energy is then supplied to the electrons from the lattice of the 
heated metal crystal. The distribution of the electrons changes, owing to 
the increased temperature, as indicated in Fig. 4-10. If the temperature 
is raised sufficiently, some of the electrons represented by the tail of the 
curve of Fig. 4-10 will have energies greater than Eb and so may be able 
to escape from the metal. 

Using the analytical expression from the distribution functions, it is 
possible to calculate the number of electrons which strike the surface of 
the metal per second with sufficient energy to be able to surmount the sur- 
face barrier and hence escape. The derivation is given in Sec. 5-13, where 
it is shown that the thermionic current is given by 

ItH = or Uh - SAoT^e-^'"^ amp (4-9) 

where S = area of filament, m^ 

Ao = constant whose dimensions are amp/(m^)(°K^) 

T = temperature, ®K 

Ef ^ T/l 1,600 is called the electrorv-voU equivalent of temperature 
Ew = work function, ev 
bo S ll.mEw, 

Equations (4-9) are two forms of the equation of thermionic emission. 
They are sometimes referred to as the '^Dushman equations^^ and some- 
times as the ^'Richardson equations,^' since both workers developed equa- 
tions of this form theoretically. The constant Ewy which has been termed 
the work function, is known by a variety of other names, the most common 
of which are the "effective^^ or "net work function” ; the "electron affinity” 
of the metal; the "latent heat of evaporation of electrons” from the metal. 
The last term arose from the analogy of electron emission with the evap- 
oration of molecules from a liquid, as already discussed in Sec. 1-3. A dis- 
cussion of the experimental verification of this equation is given in Chap 6. 
Table 5-2 lists values of the thermionic-emission constants for some metals. 
The values for the most commonly used emitters (tungsten, thoriated- 
tungsten, and oxide-coated cathodes) are given in Sec. 6-4. 

It must be emphasized that Eqs. (4-9) give the electron emission from 
a metal at a given temperature provided that there are no external fields 
present. If there are either accelerating or retarding fields at the surface, 
then the actual current collected will be greater or less than the emission 
current, respectively. The effect of such surface fields is discussed later. 
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4-9. Contact Potential. Consider two metals in contact with each other 
at the junction C in Fig. 4-14. The contact difference of potential be^ 
tween these two metals is defined as the potential difference E^b, between 
a point A just outside metal 1 and a point B just outside metal 2. The 
reason for the existence of the difference of potential is easily understood. 
When the two metals are joined at the boundary C, electrons will flow 
from the lower work-function metal, say 1, to the other metal, 2. This 
will continue until metal 2 has acquired so much negative charge that a 
retarding field has built up which rep)els any further electrons. It is 
shown in Sec. 5-17 that this equilibrium condition is attained when the 




Fig. 4-15. The potential-energy system of two metals 
in contact. 


Fermi energies Em of the two metals are located at the same height on 
the energy-level diagram. To satisfy this condition the potential-energy 
diagram for the two metals must be drawn as in Fig. 4-15. The barriers 
at the two surfaces A and B are indicated as vertical lines instead of curves 
as in Fig. 4-8 because the distance between the surfaces A and B is very 
large in comparison with atomic dimensions. The spacing of the horizon- 
tal lines is intended to indicate, in a crude way at least, the energy density. 
The progressively decreasing spacing between horizontal lines at the higher 
energies illustrates pictorially that the density of electrons is greatest in 
the neighborhood of the energy Em- 

The diagram should be clear if it is recalled that Ew == Eb — Em- 
From this figure it is seen that 

Eab = EIw2 ““ EJwi (4-10) 

This means that the contact difference of potential between two metals equals 
the difference between their work functions. This result has been verified 
experimentally by numerous investigators. 

If metals 1 and 2 are similar, the contact potential between them is evi- 
dently zero. If they are dissimilar metals, the metal having the lower 
work fimction becomes charged positively and the higher work-function 
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metal becomes charged negatively. In a vacuum tube the cathode is 
usually the lowest work-function metal. If it is connected to any other 
electrode externally by means of a wire, then the effective voltage between 
the two electrodes is not zero but equals the difference in the work func- 
tions. This potential difference is in such a direction as to repel the elec- 
trons being emitted from the cathode. If a battery is connected between 
the two electrodes, then the effective potential is the algebraic sum of the 
applied voltage and the contact potential. Further discussion of this 
topic is given in Sec. 5-17. 

4-10. Energies of Emitted Electrons. Since the electrons inside a metal 
have a distribution of velocities, then those which escape from the metal 
will also have an energy distribution. It is easy to demonstrate this exper- 
imentally. Thus consider a plane emitter and a plane-parallel collector. 
The current is measured as a function of the retarding voltage Er (the 
emitter positive with respect to the collector). If all the electrons left the 
cathode with the same energy, then the current would remain constant 
until a definite voltage was reached and then it would fall abruptly to 
zero. For example, if they all had 2 ev energy, then when the retarding 
voltage was greater than 2 volts the electrons could not surmount the 
potential barrier between cathode and anode and no particles would be 
collected. Experimentally no such sudden falling off of current is found, 
but instead there is an exponential decrease of current with voltage ac- 
cording to the equation j ^ j (4 11) 

This equation is derived in Sec. 5-18. It is based on the assumption that 
the effect of space charge (a matter considered in some detail in Chap. 7) 

may be neglected. Consequently, 
the total current that will be col- 
lected by the anode with zero re- 
tarding potential Er = 0 is Ith, the 
thermionic current corresponding to 
the temperature T. With retarding 
fields, the current reduces to small 
values. If the potential is made ac- 
celerating, the collected current 
should remain constant at the sat- 
uration value. A plot of the term 
logio / vs. Ebf the potential applied 
between the cathode and the collecting anode, should then be of the form 
shown in Fig. 4-16. The slope of the straight-line portion of this curve is 
(11,600 login t)/T ^5, m/T. 

The point O' is the true zero of potential, since from the foregoing con- 
siderations the thermionic saturation current will be collected at this 


log 10^ 



Fia. 4-16. To verify the retarding- 
potential equation, logio I is plotted vs. 
Eb. 
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point. This means that the potential 00' m\ist represent the contact dif- 
ference of potential Eab as indicated in Fig. 4-15. Metal 2 is the anode, 
and metal 1 is the cathode. Thus, with zero applied voltage a retarding 
potential actually exists which prevents the electrons emitted from metal 1 
from getting to metal 2. A battery of magnitude Eab = must be 
applied with the positive terminal at the collector in order to reduce the 
barrier between the two metals to zero so that an electron escaping from 
1 can travel unimpeded to 2. Note that the retarding-potential method is 
an indirect way of measuring contact potentials. 
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Fig. 4-17. Verification of the retarding-potential equation using a 12Z3 tube operating 
at a very low filament voltage. The temperature (calculated from the slope of the line) 


is 860°A. 


The ^^theoretical” curve of Fig. 4-16 represents an idealized condition 
that can never be realized practically, because some space charge is always 
present. Practically, the results do not show the sharp change in slope at 
the point O', and the current rises continuously for increavsing accelerating 
potentials. The greatest portion of the curve obtained for retarding po- 
tentials does give a straight-line variation, as shown. It is thus possible 
to determine the electron temperature with some accuracy from the 
straight-line portion of this curve. The value of the contact potential 
determined from this curve is only approximate. 

A more serious shortcoming of this method of determining electron 
temperatures and contact potentials arises from the fact that it is extremely 
difficult to build a system which even approximates that of a plane cathode 
with a parallel collecting anode. However, certain of the available com- 
mercial tubes which possess cylindrical symmetry and in which the anode 
is but slightly larger than the cathode may be considered as fulfilling these 
ideal conditions with a fair approximation. The results obtained experi- 
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mentally using a 12Z3 diode having an indirectly heated oxide-coated 
cathode are shown in Fig. 4-17. In order to reduce the effects of space 
charge, the saturation current was set very low (about 20 /xa)- 

Example, What percentage of the electrons leaving a tungsten filament at 2700 ®K 
have normal-to-the-surface-directed energies in excess of 1 ev? 

Solution, Those electrons whose surface-directed emission energies are in excess of 
1 ev can surmount a 1-voIt retarding potential. Using Eq. (4-11), with Er — ly and 
remembering that Et * T/ 11,600 yields 

I -(11.600Xl)/2,700 - 4.28 . n Ol /I 
■-— = « = € s* 0.U14 

Ith 

Hence, only about 1 .4 per cent of the electrons have energies in excess of 1 ev. 

If the emitter is an oxide-coated cathode operating at 1000°K, then a 
calculation similar to the above gives the result that only about 0.001 per 
cent of the electrons have a surface-directed energy in excess of 1 ev! 

In Sec. 5-15 it is shown that the average energy of the escaping electrons 
is given by the expression 

E = 2Et ev (4-12) 

For operating temperatures of 2700® and 1000°K the average energies of 
the emitted electrons are 0.47 and 0.17 ev, respectively. 

These calculations demonstrate the validity of the assumption made in 
Chap. 2 in the discussion of the motion of electrons in electric and mag- 
netic fields, viz.y that the electrons begin their motions with very small 
initial velocities. In most applications the initial velocities are of no 
consequence, but they are of significance in tubes which are operated at 
low electrode voltages. 

4-11. Accelerating Fields. Under normal operating conditions, the field 
applied between the cathode and the collecting anode is accelerating 
rather than retarding, and so the field aids the electrons in overcoming 
the image force at the surface of the metal. This accelerating field tends, 
therefore, to lower the work function of the metal and so results in an in- 
creased thermionic emission from the metal. This matter is considered in 
detail in Sec. 5-19, where it is shown that the current I under the condition 
of an accelerating field of 8 volts per meter at the surface of the emitter is 

I = (4-13) 

where Ith is the zero-field thermionic current and T is the cathode tempera- 
ture in degrees Kelvin. The fact that the measured thermionic currents 
continue to increase as the applied potential between the cathode and the 
anode is increased is often referred to as the SchoUky effect^ after the man 

* This phrase refers to the energy En corresponding to the velocity ccmiponent normal 
to the surface Tb^se are related by eBs m 
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who first predicted this effect. Some idea of the order of magnitude of this 
increase can be obtained from the following illustration. 

Example, Consider a cylindrical cathode of radius 0.01 cm and a coaxial cylindrical 
anode of radius 1.0 cm. The temperature of the cathode is 2500 °K. If an accelerating 
potential of 600 volts is applied between the cathode and the anode, calculate the per- 
centage increase in the zero-extemal-field thermionic-emission current because of the 
Schottky effect. 

Solution. The electric-field intensity at any point r (meters) in the region between the 
electrodes of a cylindrical capacitor, according to classical electrostatics, is given by 
the formula 

Eh I , , 

• r~, — 7~\ ~ volts/m (4-14) 

In ixa/rk) r 


where In denotes the logarithm to the natural base e, Eh is the plate voltage, ra is the 
anode radius, and r* is the cathode radius. Thus the electric-field intensity at the surface 
of the cathode is 


500 1^ 

2.303 logio 100 10”^ 


1.085 X 10® volbi/m 


It follows from Eq. (4 13) that 



(0.434)(0.44)(1.085 X 10®)^ 
2,500 


0.0795 


Hence, I /I th “ 1 -20, which shows that the Schottky theory predicts a 20 per cent increase 
over the zero-field emission current. 


4-12. High Field Emission. It has been stated that the application of 
an accelerating field at the surface of a thermionic cathode results in an 


Electron 

volts 



Fig. 4-18. The potential-energy curves with no field and with an intense electric field at 
the surface of a cold metal. 

effective reduction of the height of the potential barrier at the surface. 
Suppose that the accelerating field at the surface of a ‘‘cold^^ cathode (one 
for which the thermionic-omission current is negligible) is very intense. 
The potential diagram under these conditions is shown in Fig. 4-18. Each 
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ordinate of the curve labeled ''Resultant^' is the algebraic sum of the cor- 
responding ordinates of the potential-energy curves for zero field and for 
the external accelerating field. If it is assumed that the completely de- 
generate distribution function applies, then according to classical me- 
chanics it will be impossible for any of the electrons in the metal to be 
emitted. This follows from the fact that there is a potential barrier at the 
surface whose magnitude Eb' is greater than the maximum energy Em of 
the electrons. 

According to the modern concept of the wave nature of the electron, 
however, it is possible for some electrons to penetrate through the potential 
barrier that exists at the surface of the metal and thereby escape, even 
though their energies may be less than the height of the barrier. The 
probability of emission under these conditions is very small and will de- 
pend upon the height, the width or depth, and the shape of the potential 
barrier through which the electrons must pass in order to escape. The 
variation of the emission-current density with the strength of the electric- 
field intensity at the surface of the metal has been calculated by several 
investigators.® The result obtained by Fowler and Nordheim is 

J ~ amp/m^ 

where 

^ 6.2X10-V^^V / ,.2 

D = 6.8 X l(fEw^ volts/m 

This equation has received direct experimental verification.® This effect 
is also called cold-cathode emission or autoelectronic emission. 

Several thousand amperes have been obtained by the application of 
high field gradients to cold metallic electrodes in an X-ray tube used for 
high-speed radiography."^ 

4-13. Secondary Emission.® The number of secondary electrons that are 
emitted from a material, either a metal or a dielectric, when subjected to 
electron bombardment has been found experimentally to depend upon a 
number of factors. Among these are the number of primary electrons, 
the velocity of the primary electrons, the angle of incidence of the electrons 
on the material, the type of material, and the physical condition of the 
surface. The secondary-emission ratio, defined as the ratio of the number 
of secondary electrons per primary electron, is small for pure metals, the 
maximum value being between 1.5 and 2. It is increased markedly by the 
presence of a contaminating layer of gas or by the presence of an electro- 
positive or alkali metal on the surface. For such composite surfaces, 
secondary-emission ratios as high as 10 or 15 have been detected. This 


(4-15) 

(4-16) 
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ratio as a function of the energy of the impinging primary electrons on a 
Cs-CsO-Ag surface used in a secondary-emission multiplier of the type 
described in Sec. 3-15 is shown in Fig. 4-19. 

The exact mechanism of secondary emission, particularly from com- 
posite surfaces, is not clearly understood.® Qualitatively, the process is 
described as follows: The incident primary electron gives up its energy to 
several electrons within the matter. The depth of penetration of the 
primary electron depends upon its energy, the more energetic particles 
penetrating to greater depths. For example, Hastings found that the 
depth of origin of secondary electrons from silver on platinum is about 15 
atomic layers or less for primary elec- 
trons having energies of 20 ev. An ^ 
appreciable emission occurs from a 
depth of 1 50 atomic layers when the in- ^ 6 
cident electrons have energies greater - 
than 50 ev. If the inner electrons 
do not give up all their energy by ^‘2 
collision as they mov»; toward the sur- 
face, they are able to overcome the 

barrier at the surface of the metal and Energy of primary beam. volts 



hence can escape as secondary elec- 
trons. 

The maximum in the secondary- 
emission ratio curve (see Fig. 4-19) can 
be explained qualitatively. For low- 


Fig. 4-19. Ratio of secondary-emission 
current to primary current for a Cs-CsO- 
Ag surface as a function of the energy of 
the primary beam. (V. K. Zworykin, 
G. A. Morton, and L. Matter, Proc. IRE, 
24 , 351, 1936.) 


energy primaries, the number of sec- 
ondaries that are able to overcome the surface attraction is small. As the 
energy of the impinging electrons increases, more energetic secondaries 
are produced and the secondary-emission ratio increases. Since, however, 
the depth of penetration increases with the energy of the incident electron, 
the secondaries must travel a greater distance in the metal before they reach 
the surface. This increases the probability of collision in the metal, with 
a consequent loss of energy of these secondaries. Thus, if the primary 
energy is increased too much, the secondary-emission ratio must pass 


through a maximum. 

Most secondary electrons are emitted with small energies. There is 
evidence that more than 85 per cent of the secondary electrons emitted 
from a cesiated-silver surface have energies of less than 3 ev. This condi- 
tion is to be expected since a rapidly moving inner electron should be able 
to induce the same type of phenomenon as a fast-moving primary electron. 
The small percentage of high-energy secondary electrons that is present in 
the energy spectrum of the emitted electrons is attributed to those primary 
electrons which have been scattered from the surface. 
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It is possible to induce electron emission by bombarding a surface with 
positive ions instead of with electrons. This process is much less efficient 
than electron bombardment. As a result the energies of the impinging ions 
must be much greater than those of electrons in order to yield a compa- 
rable secondary-emission ratio. Nevertheless, this process plays a funda- 
mental role in some types of discharge to be discussed later. 

PROBLEMS 

4 - 1 . A diode consists of a plane emitter and a plane-parallel anode separated by a 
distance of 0.5 cm. The anode is maintained at a potential of 10 volts negative with 
respect to the cathode. 

а. If an electron leaves the emitter with a speed of 10® m/sec and is directed toward 
the anode, at what distance from the cathode will it int-ersect the potential-energy 
barrier? 

б. With what speed must the electron leave the emitter in order to be able to reach 
the anode? 

4 - 2 . A particle when displaced from its equilibrium position is subject to a linear 
restoring force / »« —kx, where x is the displacement measured from the equilibrium 
position. Show, by the energy method, that the particle will execute periodic vibrations 
with a maximum displacement which is proportional to the square root of the total 
energy of the particle. 

4 - 8 . A p»article of mass m kilograms is projected vertically upward in the earth's 
gravitational field with a speed vq meters per second. 

а. Show by the energy method that this particle will reverse its direction at the 
height of vo^/2g meters, where g is the acceleration of gravity in meters per second per 
second. 

б. Show that the point of reversal corresponds to a “collision" with the potential- 
energy barrier. 

4 - 4 . A triode consists of plane-parallel elements. The grid is located 0.2 cm, and the 
anode is 1.0 cm from the cathode. The grid is maintained at a potential of —1.0 volt 
and the plate at a potential of 100 volts with respect to the cathode. Assume that the 
potential varies linearly from the cathode to the grid and also linearly from the grid 
to the plate. Assume that the grid offers no mechanical hindrance to the flow of elec- 
trons. 

а. If the electron leaving the cathode surface in the perpendicular direction collides 
with the potential-energy barrier after it has traveled a distance of 0.05 cm, with what 
energy was it emitted? 

б. With what energy must it leave the emitter in order to be able to reach the anode? 

The foregoing assumptions are not strictly valid in a practical triode. 

4 - 6 . a. If the cathode and plate of the previous problem are maintained at zero 
potential and if the potential of the grid is 4 volts (positive), will the electron collide 
with a potential-energy barrier at any point of its path, if its initial velocity is zero? 

5. How long will it take the particle to reach the anode? 

c. With what velocity will the electron strike the plate? 

4 - 6 . Consider the following model of an atom: The nucleus consists of a positive 
point charge Ze, where Z is the atomic number and e is the numerical value of the 
charge of the electron. This is surrounded by Z electrons of which Z — 1 may be 
considered to be located on the surface of an imaginary sphere of radius ro* 
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o. If the potential at infinity ig taken as zero, show that the potential-energy function 
of the remaining (valence) electron is given by 

^irtoU ** if r > ro 

r 

Ze^ c2 

^TTfoU ** (Z — 1) — if r < ro 

r ro 

In the equations above r is expressed in meters, e in coulombs, U in joules, and eo is the 
permittivity of free space in the mks rationalized system. 

b. Consider three such atoms in a row. The first is separated from the second by 
a distance of 4ro, and the second is separated from the third by the same amount. 
Assuming that sodium atoms (Z * 11) are under consideration, plot to scale the po- 
tential energy of the valence electron. Make the transformations 

4ireoUro , r 

y « — and x = — 

6* ro 

and plot y vs. x instead of U vs. r. 

4-7. Consider seven stklium ions arranged in a plane lattice as indicated in the figure. 
Assuming the atomic model discussed in the preceding 
problem to be correct, plot the potential energy of the 
valence electron as a function of distance along row 
ABC. 

Compare the results of this problem with the preced- 
ing problem. Discuss qualitatively how the potential- 
energy function along the row ABC will be altered as 
more ions are added to the figure in accordance with the 
lattice structure shown in Fig. 4-1. 

If the lattice structure is extended into a three- 
dimensional array, discuss the effect of the additional 
ions on the potential-energy function along the row ABC. 

4-8. In order to remove an electron from metallic tungsten an energy of 13.47 ev 
is required. 

a. If an electron possesses 99.99 per cent of this escape energy, how far from the 
surface can it wander? 

b. Repeat a for energies of 90 per cent and 50 per cent of the escape energy. 

c. What energy is required for the electron to move 10 ionic spacings (say, 10 m) 

from the surface? 

4-9. On the basis of the image-force theory plot a curve (to scale) of potential energy 
vs. distance for tungsten. 

4-10. What fraction of the electrons emitted from a metal have normal-to-the-surface- 
directed energies greater than the average energy of the emitted electrons? 

4-11. If 10 per cent of the thermionic-emission current is collected (under space- 
charge-free conditions), what must be the retarding voltage at the surface of the metal? 
The filament temperature is 2000°K. 

4-lS. What fraction of the thermionic current will be obtained with zero applied 
voltage between the cathode and anode of a diode? The work function of the cathode 
is 4.50 volts, and the work function of the anode is 4.75 volts. The cathode temperature 
is2000*K. 



Pros. 4-7. 
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4-13. A plane cathode having a work function of 3.00 volts is connected directly to 
a parallel plane anode whose work function is 6.00 volts. The distance between anode 
and cathode is 2.00 cm. If an electron leaves the cathode with a normal-to-the-surface 
velocity of 5.93 X 10® m/sec, how close to the anode will it come? 

4-14. A diode has an oxide-coated cathode operating at a temperature of 1000®K. 
With zero plate voltage the anode current is essentially zero, indicating that the contact 
potential is high enough to keep most of the electrons from reaching the plate. The 
applied voltage is increased so that a small current is drawn. Show that there is a 
tenfold increase in current for every 0.2-volt increase in voltage. 

4-16. A diode, with plane-parallel electrodes, is operated at a temperature of 1500°K. 
The filament is made of tungsten, the area being such that a saturation current of 10 
/ia is obtained. The contact difference of potential between cathode and anode is 0.5 
volt with the cathode at the higher potential. 

0. What current is obtained with zero applied voltage? 

b. What applied voltage will yield a current of 1 /ua? 

c. What fraction of the electrons emitted from this filament can move against an 
applied retarding field of 1 volt? 

4-16. What accelerating field must be applied to the surface of a tungsten emitter 
operating at 2500 °K in order to increase the zero-field thermionic emission by 1 per cent? 

4-17. Calculate the electron-emission current density from the surface of a cold 
tungsten metal if the electric-field intensity is 

a. 10® volts/m. 

b. 10® volts/m. 

c. 3 X 10® volts/m. 

d. 10^® volts/m. 

This problem illustrates how large an electric field is needed to obtain appreciable 
cold-cathode emission. 

4-18. Indicate by letter which of the following statements are true: 

a. The work function of a metal is always less than the potential barrier at the surface 
of a metal. 

b. The potential barrier at the surface of a metal is a solid hill made up of the material 
of the metal. 

c. The ionic structure of a metal shows that the inside of the metal is not an equi- 
potential volume. 

d. At absolute zero the electrons in a metal all have zero energy. 

c. The energy method of analyzing the motion of a particle can be applied to un- 
charged as well as to charged particles. 

/. The ionic structure of a metal shows that the surface of a metal is not a specific 
quantity. 

g. For an electron to escape from a metal, the potential barrier at the surface of the 
metal must first be broken down. 

h. The FDS distribution function for the electrons in a metal shows how many 
electrons are close to a nucleus and how many are far away. 

1. The number of secondary electrons which leave a metal is always greats than the 
number of primary electrons striking the metal surface. 

4-16. Indicate by letter which of the following statements are true: 

a. The potential energy as a function of distance alcmg a row of ions intide a metal 
varies very rapidly in the immediate neighborhood of an ion but is almost constant 
everywhere else inside the metal 

b. The potential-energy barrier at the surface of a metal camud be explained on the 
basis of the modem crystal-stmcture picture of a metal, but it can be explained on the 
basis of classical electrostatics (image forces). 
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c. In order to remove any one of the free electrons from a metal, it is necessary only 
to give this electron an amount of energy equal to the work function of the metal. 

d. The symbol Em used in the energy distribution function represents the maximum 
number of free electrons per cubic meter of metal at. absolute zero. 

e. The area under the energy distribution curve represents the total number of free 
electrons per cubic meter of metal at any temperature. 

/. The Dushman equation of thermionic emission gives the current that is obtained 
from a heated cathode as a function of applied plate voltage. 
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CHAPTER 5 


STATISTICAL ELECTRON THEORY OF METALS 


In the preceding chapter the concept of the distribution in energy of 
the free electrons in a metal was introduced. This statistical behavior of 
the particles will now be examined in some detail. The end results given 
in the preceding chapter will be justified. Several new concepts will be 
introduced, and some of the phenomena already studied will be reexam- 
ined from a more theoretical point of view. 

^1. The Distribution Functions. In order to give an accurate account 
of the behavior of the electrons in a metal, it would be necessary to set up 
and solve the equations of motion of the particles present. If it is noted 
that there are approximately 10^® atoms per cubic meter of a metal, it 
becomes evident that this is an impossible task. It is obvious, therefore, 
that any attempt to predict the exact behavior of each individual electron 
(the microscopic behavior) must be abandoned. However, it is possible 
to determine by statistical methods the behavior of a great number or an 
ensemble of electrons (the macroscopic behavior). 

For example, if one is interested in the ages of the residents of the 
United States, a detailed list of the exact age of each person is scarcely de- 
sired. Rather, a curve showing the number of persons whose ages are 
between certain limits, say, between 0 and 5 years, 5 and 10 years, 10 and 
15 years, etc., is wanted. This information, tabulated in exactly this way, 
is to be found in the World Almanac. These data are reproduced in Table 
5-1, where, for convenience, the numbers have been listed to the nearest 
100,000. 

How can these data be plotted so that the plot will yield useful informa- 
tion at a glance? Several possibilities suggest themselves. With the axis 
of abscissa representing age^ an ordinate at the middle of each age interval 
equal in magnitude to the number of persons whose ages lie in this interval 
might be erected. Then, to obtain a graph, a smooth curve might be drawn 
through these points, as illustrated in Fig. 5-1. 

This procedure, though appearing quite natural and logical, is actually 
misleading and quite meaningless. Thus the graph seems to indicate that 
there are 10.6 million persons 6 years old, 10.7 million persons 7 years old, 
10.8 million persons 8 years old, and 10.9 million persons 9 years old. This 
gives a total of 43.0 million persons for these four ages, whereas the table 

iia 
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gives only 10.7 million as the total number of persons whose ages lie in 
the age int-erval from 5 to 10 years. Thus, by selecting four particular 
ages, about four times as many persons appear to be in a given age interval 

TABLE 6-1 • 

AGE GROUPS IN THE UNITED STATES IN 1940 
(Total population « 131.7 million) 


Age range 

Number, millions 

Age range 

Number, millions 

1 

0-6 

10.6 

50-55 

7.3 

6-10 

10.7 

65 450 

6.9 

10-15 

11.7 

60-65 

4.7 

16-20 

12.3 

65-70 

3.8 

20 25 

11.6 

70-75 

2.6 

26-30 

11.1 

75-80 

1.5 

30-35 

10.2 

80-85 

0.8 

35-40 

9.5 

85-90 

0.3 

40-45 

8.8 

90-95 

0.1 

45-50 

8.3 

95-100 

0.0 


• From the World Almanac. 

as there actually are. In fact, by choosing different ages, different totals 
are obtained for the entire population. Thus, in the limit, by choosing an 
infinite number of ages, instead of four as above, and since the ordinate 



Age. years 

Fig. 5-1. An incorrect way to plot the distribution function in age of the people in the 
United States. 

corresponding to each is finite, an infinite sum is obtained. This is, of 
course, inconsistent with our data. 

If the ordinates are chosen as density rather than number of persons in 
a given age interval, then the apparent inconsistency mentioned above 
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vanishes. The density is obtained by dividing the number of persons in 
each age interval by the length of that interval. Since the intervals chosen 
in Table 5-1 are each equal and cover a period of 5 years, the numbers in 
this table need only be divided by 5 in order to convert them to a density. 
A plot of these densities vs. age gives a curve that is identical in shape with 
that of Fig. 5-1 except for the scale of the axis of ordinates, which differs 



Fig. 5-2. The correct way to plot the distribution function in age of the people in the 
United States. 

by a factor of 5. And yet how different these two curves are in physical 
meaning ! 

The vertical axis of Fig. 5-2 is labeled dN /dA^ since this is the mathe- 
matical representation of a density. The density will be denoted by the 
symbol p. Thus 

dN^pdA (5-1) 

where dN denotes the number of persons in the age interval dA, Since 
many different densities and distribution functions will be encountered in 
our work, distinctive subscripts will be used to distinguish one from an- 
other. For example, Eq. (5-1) will be written in the more informative form 

dNA = Pa dA (5-2) 

where the subscript A is to remind us that a distribution in age is being 
considered. 

The number of persons having ages between 10 and 12 years is now 
represented by dNAi with pa == 2.26 millions per year chosen as the mean 
ordinate between 10 and 12 years, and dA is taken as 12 — 10 = 2 years. 
Thus dNA — PA dA — 4.52 millions. Geometrically, this is the shaded 
area of Fig. 5-2. Evidently, now, the total population is given by 

N^JdNA - fpA<iA 

or simply tiie total area under the curve. 


(5-3) 
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The age distribution function has been considered in some detail because 
an understanding of it should facilitate the meaning and significance of the 
electronic distribution functions now to be introduced. We shall first be 
concerned with the distribution in energy of the free electrons in a metal. 
By analogy with Eq. (5-2), this will be given mathematically by the relation 

dNE = PE dE (5-4) 

where dNs represents the number of free electrons per cubic meter whose 
energies lie in the energy interval dE electron volts and where p^ gives 
the density of electrons in this interval. 

The question that immediately presents itself is : What is the mathemati- 
cal expression for the density function Unfortunately there is no 
almanac of the electronic world which might contain this information. 
Fermi/ and independently Dirac, ^ taking into account the quantum nature 
of the electron, other physical facts, and the laws of probability, deduced 
this most probable distribution function for electrons. The derivation of 
this distribution function * is beyond the scope of this text, but the sig- 
nificance of the distribution function and the inferences that can therefrom 
be drawn will be considered in some detail. The application of this func- 
tion to the theory of metals is due primarily to Sommerfeld; it will be 
called the Fermi-Dirac-Sommerfeld function and abbreviated FDS, 
Strictly speaking, a distribution function should depend upon the time. 
Because of the birth and death of various persons, the age distribution 
function will depend upon the instant at which the distribution is being 
considered, and it varies from instant to instant. It is because of this that 
a census is taken at regular intervals. Similarly, owing to collisions with 
ions and interactions among themselves, the electrons are continuously 
changing their energies. Although an infinite number of possible distribu- 
tion functions exist theoretically, it is found that one of these distribution 
functions occurs much more frequently than all the others. This is the 
most probable distribution and is assumed to describe adequately the 
state of the electrons at all times. 

The FDS energy density function is expressed in the form 


(electrons/m»)/ev 

where y is a constant defined by 
4ir 

7 » — (2mey 

* 6.82 X (electrons/m^)/(ev)^ , 


(5-5) 
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and where m is the mass of the electron in kilograms; is a constant (its 
dimensions are joule-^conds) first introduced by Planck; 6 is the base of 
natural logarithms; E is the energy of the electron in electron volts; Em is 
a parameter introduced in Sec. 4-6 and again to be discussed later; and 
Et is defined by the relationship 

eEr s kT (5-6) 


where k is the Boltzmann gas constant in joules per degree Kelvin; T is the 
temperature in degrees absolute or Kelvin ; and e is the electronic charge in 
coulombs. As before the quantity Et is the electrm-volt equivalent of tem- 
perature ^ and is a convenient abbreviation. The numerical values of the 
physical constants introduced here are contained in Appendix I. Equa- 
tion (5-6) becomes, upon substituting numerical values for the constants 
contained in the equation, 


T 

11,600 


(5-7) 


This permits a rapid conversion from temperature to the electron-volt 
equivalent. 

Several points must be emphasized before discussing Eq. (5-5). Since 
our interests are confined only to the free electrons, it will be assumed that 
there are no potential variations within the metal. Hence, there must be, 
a priori, the same number of electrons in each cubic meter of the metal. 
That is, the density in space (electrons per cubic meter) is a constant. 
However, within each unit volume of metal there will be electrons having 
all possible energies. It is this distribution in energy (per cubic meter of 
the metal) that is expressed by Eq. (5-5). To distinguish it from a simple 
density in coordinate space, Eq. (5-5) will be referred to as a density in 
‘^energy space” Similarly, the curve of Fig. 5-2 can be referred to as a 
density in **age space,'' 

5-2. The Completely Degenerate Ftmction. At a temperature of abso- 
lute zero, Eq. (5-5) attains a very striking form known as the completely 
degenerate function. When T == 0®K, then Et = 0 and two possible con- 
ditions exist: (1) If E > Emj then the exponential term becomes infinite, 
whence = 0. Consequently, there are no electrons with energies greater 
than Em oi absolute zero of temperature. That is, Em is the maximum energy 
that any electron may possess at absolute zero. This is the physical sig- 
nificance of the important quantity Em, which is often referred to as the 
“Fermi characteristic energy" or the “Fermi level." An analytical expres- 
sion for this quantity will be obtained in the next section. (2) It E < Em t 
then fhe exponential in Eq. (5-5) becomes zero. Hence 

Pb =* yE^ for E < Em 

pjp * 0 for E > Em 


when Et ^ 0 


(5-8) 
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Evidently, a hand of energies exists extending from zero to Em at abso- 
lute zero. For temperatures other than 0®K the energy band extends 
beyond the Em level. 

A plot of the distribution in energy given by Eqs. (5-5) and (5-8) for 
metallic tungsten at T = 0°K and T = 2500®K is given in Fig. 5-3. The 
area under each curve is simply the total number of particles per cubic 
meter of the metal, whence the two areas must be equal. Also, the curves 
for all temperatures must pass through the same ordinate, namely, pg 
= ^Em^ 1^1 at the point E = Em^ as is evident from Eq. (5-5). 

A most important characteristic is to be noted, viz.y the distribution 
function changes only very slightly with temperature, even though the 
temperature change is as great as 2500®K. 

The effect of the high temperature is merely 
to give those electrons having the high en- 
ergies at absolute zero (those in the neigh- 
borhood of Em) still higher energies, whereas 
those having lower energies have been left 
practically undisturbed. Since the curve for 
T = 2500 °K approaches the energy axis as- 
ymptotically, a few electrons will have large 
values of energy. It is these relatively few 
high-energy electrons which play the impor- 
tant role in thermionic emission. 

It may appear strange that the discussion of the energy function was 
begun by considering certain characteristics at the unattainable absolute 
zero of temperature. The reasons for doing this were twofold. (1) It 
made it possible to ascribe a physical interpretation to the constant Em- 
(2) An inspection of Fig. 5-3 shows that the distribution function is only 
slightly disturbed even for temperatures as high as 2500®K. This will 
permit the use of the extremely simple expression (5-8) instead of the com- 
plicated mathematical function (5-5) in certain phases of the work. The 
results can then be extrapolated to any finite temperature. Of course, 
when phenomena that depend explicitly upon the temperature are under 
survey, this method will not be used. 

6-3. The Expression for Em- An approximate expression for Em may 
be obtained on the basis of the completely degenerate function. The area 
under the curve of Fig. 5-3 represents the total number of free electrons 
(as always, per cubic meter of the metal). Thus 

AT = I yE^dE= iyE„* 




Fig. 5-3. Energy distribution in 
metallic tungsten at 0® and 
2500 ®K. 


or 


ev 


(5-9) 
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Inserting the numerical value of the constant 7 in this expression, there 
results 


Em = 3.64 X ev (5-10) 


Since the density N (electrons per cubic meter) varies from metal to metal, 
then Em will also vary among metals. Knowing the specific gravity, the 
atomic weight, and the number of free electrons per atom, it is a simple 
matter to calculate N, and so Em- For most metals the numerical value 
of Em is less than 10 ev. 

Example, The specific gravity of tungsten is 18.8, and its atomic weight is 184.0.* 
Assume that there are two free electrons per atom. Calculate the numerical values of 
N and Em- 

Solution. A quantity of any substance equal to its molecular weight in grams is a 
mole of that substance. Further, 1 mole of any substance contains the same number of 
molecules as 1 mole of any other substance. This number is Avogadro^e number and 
equals 6.02 X 10** molecules per mole. Thus 


N 


« .^--molecules 1 mole g 2 electrons 1 atom 

6.02 X 10** ^ X — — X 18.8 X : X — ; p 

mole 184 g cm* atom molecule 


- « « , electrons . ^ electrons 

- 12.3 X 10** r— « 1.23 X 10*® = — 

cm* m* 

since for tungsten the atomic and the molecular weights are the same. Therefore, for 
tungsten, 

Em - 3.64 X 10--i®(123 X 10**)* 


*» 8.95 ev 


It is to be remembered that the expression (5-9) is strictly true only at 
absolute zero. In order to calculate Em at any temperature other than 
zero, it is necessary to integrate Eq. (5-5) over all possible energies. Thus 

r* yE* 

^ “Jg I ^ (5-11) 

This integration is a very difficult one to perform. It is carried out as a 
series expansion.*'* The result is 


(W2) 

where the term 

- (-) 

is the first approximation value and is the value given by Eq. (5-9). 

* The atomic weifi^ts of the elements are given in the Periodic Table (Appendix III). 
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At the temperature T * 0®K the value of Em given by Eq. (5-12) re- 
duces to Emoi ^ should. At the temperature T = 3000®K the numeri- 
cal value of the second term in this expression is found to be less than 0.1 
per cent of the first term for tungsten. For all practical purposes, there- 
fore, Em may be taken as a constant, independent of the temperature. 

5-4. The Speed Distribution Function. Consider the query: How many 
electrons have a total speed between the values v and v dvl To use the 
terminology previously introduced, what is the density function in speed 
space? * Certainly this is a valid question; in fact, it is just as valid as it 
would be were we to ask for the distribution in heights instead of the dis- 
tribution in age in our original consideration of distribution functions. 
One fundamental difference exists between electronic distribution func- 
tions and those pertaining to human beings, however. Whereas the 
height of a person is none too intimately connected with his age, the 
speed of an electron and its kinetic energy are directly dependent upon 
each other. If one is known, the other may readily be calculated from the 
relationship 

eE == 


It is possible, with the aid of this relation, to eliminate E and dE from 
the expression dNE = pe dE. The result is 


dNE = 


8irm® ^ 


electrons/m^ 


Since this equation represents a distribution in speed, the subscript of dN 
will be changed to the appropriate form. Thus 


where 


Pv 


dNv =* Pv dv 

^3 J ^{E-Em)/Et 


electrons/m® 

(electrons/m®)/(m/sec) 


(5-13) 


represents the density in speed space. E has not been written in terms of 
V in the exponent of this expression, since the change will merely serve to 
make the equation appear more complicated. 

6-5. The Velocity Distribution Function. It will be found necessary to 
know not only the magnitudes but also the directions of the velocities of 
the electrons. For example, in the derivation of the thermionic-emission 
equaticm, it is necessaiy to calculate the number of electrons that escape 
through the surface of the metal per second. Evidently, it is only a cer- 
tain portion of the electrons which are surface-directed that may escape 
from the metal. 


* A geometrical interpretation will be given to speed space in the next section. It 
should also be noted that it is customary to use the terms ^‘velocity" and ‘^speed” ayn- 
onymously in referring to distribution functions. 
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To specify completely the motion of an electron, its X, T, and Z velocity 
components must be known simultaneously. Hence, the velocity distribu- 
tion now to be determined must furnish an answer to the following ques- 
tion: How many electrons have X-directed velocities between and 
Vx 4- dv^ and simultaneously have F-directed velocities between Vy and 
Vy + dvy and Z-directed velocities between and Vg + dvg? A somewhat 
analogous query concerning the peoples of the United States would be: 
How many persons have ages between A and A + dA, heights between 
H and H -f dH^ and weights between W and W + dWl To be more 
specific, one might ask for the number of persons between 21 and 22 years 

of age whose heights range from 5 ft 8 in. 
to 5 ft 10 in. and who weigh between 160 
and 170 lb. A census analyst could sup- 
ply the answer. How is the correspond- 
ing solution for the velocity distribution 
function to be obtained? Obviously, a 
density in a three-dimensional velocity 
space is being sought. With this end in 
mind, it is advisable to digress for the 
moment in order to introduce a concept 
that will permit a geometrical interpreta- 
tion to be given to our problem. 

If three mutually perpendicular axes XYZ are erected, then the position 
of a point whose coordinates are t, y, z is uniquely located with respect to 
this frame of reference. This is the well-known coordinate space. Simi- 
larly, the velocity of a particle can be represented geometrically by erect- 
ing three mutually perpendicular axes which are labeled v*, Vy, Vg. This is 
called the velocity spacer and any point in this space has associated with it 
the three components of velocity of the particle. 

An element of volume in the coordinate space is given by dx dy dZy as 
illustrated in Fig. 5-4. In this space, the number of points contained in 
the volume element dx dy dz is 

dN = pdxdy dz (6-14) 

where p is the density of points in the region of the volume element. An 
inspection of Fig. 5-4 shows that this expression gives the number of elec- 
trons whose coordinates lie in the range from x to x + dXy y to y + dy, 
and ztoz + dz. This may be expressed by saying that Eq. (5-14) gives the 
number of points whose coordinates lie in the range dx dy dz. Each “point^^ 
specifies, of course, the position of one electron. 

Similarly, an element of volume in velocity space is given by dvg dvy dvg 
and may be illustrated geometrically as in Fig. 6-5, Evidently, the num- 


Y 



Fiq. 5-4. A rectangular element of 
volume in coordinate space. 
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her of points contained in this element of volume is given by 

UN = p dVj, dvy dvt (5-15) 

where p is an appropriate density function. For convenience the symbol 
T will be used to indicate that velocity space is being considered. An 
element of volume in this space will be abbreviated to dr. That is, the 
symbol dr s dvx dVy dv^. 

Now, in accordance with the previous practice, Eq. (5-15) can be written 
in the more informative form 

dNr - Pr dr (5-16) 

where dNr gives the number of particles per cubic metier whose velocities 



Fig. 5-5. A rectangular element of 
volume in velocity space. 



Fig. 5-6. A spherical shell of inner 
radius v and outer radius v -f dv in veloc- 
ity space. 


lie in the range dr and where pr is the density of particles in this range. In 
other words, pr is the density of points in velocity space per unit volume 
of metal. 

Now, consider the question set at the beginning of this section. This 
may be reworded to: What is the value of pr expressed as a function of 
Vxy Vy, and r,? The answer must come from Eq. (5-13) since there is a 
simple connection between the speed and the velocity components, viz.^ 

= Vx^ + Vy^ -f (5-17) 

Interpreted geometrically, t; is a radius vector in velocity space (in com- 
plete agreement with the notion of /?, a radius vector in coordinate space, 
which is defined by the expression and is shown in 

Fig. 6-4). 

Consider now the spherical shell contained between the spherical sur- 
faces of radii v and v + dv, respectively, as illustrated in Fig. 5-6. The 
expression dNv ^ Pv dv gives the number of points contained within this 
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spherical shell because it represents the number of electrons having speeds 
between v and v + dv. Since the volume of this shell is 4irv^ dv, the num- 
ber of points per unit volume of velocity space is 

dNv Pv 2m® 1 

dv Attv^ /i® 1 + 

where use has been made of Eq. (5-13). But this is exactly what is meant 
by the symbol pr. Therefore, 

2m® 1 

Pr = — (electrons/m®)/(m/sec)® (5-18) 

is the desired distribution function in velocity space. The energy E in the 
exponent may be expressed in terms of t;,, Vy, and Vg by the relation 

eE = + Vy^ + joules (5-19) 

6-6. The Exclusion Principle. Consider the distribution function Eq. 
(5-18) at the temperature of 0®K. For values of E such that jF > Emj the 
exponent in the denominator is infinite, whence pr = 0. This is simply the 
result previously used to show that the maximum energy of the electrons 
at absolute zero of temperature is Em^ This implies the existence of a 
corresponding maximum speed vm, which is given by the relation 

\mvM^ = cEm joules (5-20) 

That is, if a sphere of radius vm were drawn about the origin in velocity 
space, there would he no electrons outside this sphere^ for T == 0®K. 

To determine the density of points within the sphere, E is set less than 
Em in Eq. (5-18), and T is made to approach zero. The exponential term 
approaches zero, and pr reduces to 

2m® _ _ 

Pr = (electrons/m®)/(m/8ec)® (5-21) 

It must be kept in mind, however, that this expression, as well as all simi- 
lar expressions considered, implicitly involves the volume of the metal. 
Thus, for a volume V cubic meters of the metal, the total density function 
(density in velocity space for all the electrons contained in the metal) is 
given by Eq. (5-21) multiplied by the volume of the metaJ. Thus, in gen- 
eral, corresponding to Eq. (5-21) per unit volume, will be the expression 

2m® 

Pr « V electrons/(m/sec)® * const (5-22) 

for the entire volume. Thus the density of points within a sphere of radius 
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vm drawn in velocity space, and representing the total volume of the metal, 
is a constant and is given by Eq. (5-22). 

Since the total number of electrons per unit volume of velocity space is 
(2w^//i^)F, then “the volume occupied by one electron'' is h^l2m^V. 
The expression in quotes is to be understood in the following light: If the 
volume of the sphere in velocity space is divided into elements of volume, 
each of magnitude h^l2w?V^ then in each volume element there will be 
one, and only one, electron. This is a very remarkable result which has 
far-reaching consequences; it follows directly from a principle first intro- 
duced by Pauli * and which is known as the Pauli “exclusion principle." 
This principle is not confined in its 
scope to phenomena of electrons in 
metals but applies equally well to 
many other physical systems. In fact, 
this principle was first introduced in 
order to account for the structure of 
the periodic table of chemical elements. 

The reader should not gain the im- 
pression that the exclusion principle 
was derived from considerations of 
the distribution function; rather, the 

form of the distribution function is a UlustraUng the exclusion 

consequence of this principle. As a 

matter of fact, no “proof" of the exclusion principle can be given. Its va- 
lidity is tested indirectly by (xnnparing the consequences demanded by 
it with the results (A experiment. The agreement that results is adequate 
proof of its basic nature and validity. 

This principle is so important that certain of the more significant fea- 
tures of it will be considered. First, it is noted that, if an element of vol- 
ume equal to h^/m^V is chosen, then two electrons will occupy this volume. 
Suppose that the velocity space consists of cubical elements of volume, the 
linear dimensions of which are h/mV^ on a side. Figure 6-7 indicates the 
projection on the VxVy plane. Numbers have been put on each axis so that 
any particular l^ock may be desif^ted. These numbers will be denoted 
by tic, nyy Ug along the Vg, Vy, and Vg axes, respectively. For example, the 
diaded block is specified as » 2, ti,, » 3, n, = 0. These numbers are 
known as “quantum numbers"; the entire process represented by Fig. 5-7 
is known as “quantiaatioii." Since only two electrons may exist in any 
elementary block, then, of course, cmly two electrcms may have the same 
three quantum numbers. This last statement is another form aS the exclu- 
sion principle. It is easy to show that the dimensions of A/m0, the unit 
of v^odty space, is meters per second, as it must be if Fig. 5-7 is to have 
any meaning. 
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By virtue of Eq. (5-19), each block or cell represents a different amount of 
energy. Those farther from the origin represent larger amounts of energy. 
Thus the blocks are referred to as ^^energy states’^ or ^^energy levels.^^ 

The reader may raise the legitimate objection that such a designation 
introduces a certain element of vagueness or uncertainty in the specifica- 
tion of the velocity of the particle, since the specification that an electron 
is in the (2, 3, 0) state (for example, the shaded block of the diagram) does 
not exactly specify the velocity components of the electron. This specifica- 
tion merely states that the electron has an X-directed velocity between 
2/i/mF* and a F-directed velocity between 3A/mF^ and 4/i/mF^ 

and a Z-directed velocity between 0 and hlmV^. This, as a matter of fact, 
is the only information that can be given. Certainly the statistical equa- 
tions do not dictate more exact values for the components of velocity. In 
fact, it will be recalled that the entire discussion of distribution functions 
was based upon the supposition that the exact energy or speed or velocity 
could not be specified. 

6-7. The Uncertainty Principle. In accordance with the foregoing dis- 
cussion, the uncertainty in each component of velocity is h/2mV^j which 
represents one-half the linear dimensions of a quantum box. This quan- 
tity increases as V decreases. If, then, one attempts to specify the exact 
position of the electron (by considering smaller and smaller volumes of the 
metal), the more indeterminate becomes the specification of the velocity 
of the electron. Conversely, the larger the volume of the metal chosen 
(thereby making the position of the electron more indeterminate), the 
smaller will be the linear dimensions h/mV^ of the quantum blocks, and 
the more certain or precise will the specification of the velocity of the elec- 
tron be. These conclusions are summed up in the uncertainty principle^ 
which was first introduced by Heisenberg.^ 

According to the uncertainty principle, the measurement of physical 
quantities is essentially characterized by a lack of precision. In terms of 
our quantities, it states that the momentum and position of a particle 
can never be known exactly. There will always be an uncertainty in its 
momentum and an uncertainty in its position such that the product of 
these uncertainties is of the order of Planck^s constant, h. In the case of 
electrons in metals, the uncertainty in the position of the electron is meas- 
ured by since we cannot isolate or label any particular electron. The 
corresponding uncertainty in the momentum is m times h/2mV^y where 
m is the mass of the electron. The product of these two uncertainties 
equals h/4. 

The uncertainty principle has been applied to many systems other than 
to electrons in metals. It has been here introduced to show that the in- 
determinacy discussed above expresses a fundamental behavior of natui^ 
and is not inherent solely in the behavior of electrons in metals. 
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6-8. Electron Spin. It has been found necessary, in order to explain 
certain spectroscopic and magnetic phenomena, to attribute to the electron 
four degrees of freedom. In addition to the translatory motion along the 
Xy Yy and Z axes, the electron is supposed to possess a certain rotation in 
space, just as the earth, in addition to traversing its orbit around the sun, 
also rotates on its own axis. This phenomenon is called electron angular 
momentumy moment of momeniumy or simply electron spin. 

In order to fit theory to experimental data, it is found necessary to 
assume that when an electronic system is subjected to a magnetic field 
the spin axis will orient itself either parallel or antiparallel to the direction 
of the field. In other words, the direction of rotation of the electron is 
either clockwise or counterclockwise about the direction of the field. The 
spin of the electron is thus said to be “quantized. In accordance with 
this discussion only two possible motions exist. These two possible states 
are characterized by two spin quantum numbers -f 1 and —1. The terms 
“positive’^ and “negative” spin are frequently used in this connection. 

It is noted, therefore, that whereas the energy of the electrons in metals 
may assume practically an infinite number of values, all differing from 
each other by discrete amounts, the spin of the electron can exist in only 
two states. If such restrictions appear startling, then the quantization of 
charge and mass imposed by nature on an electron should be equally 
startling. As has been experimentally verified, there is but one possible 
“charge level” and but one “mass level,” since all electrons have exactly 
the same charge and the same mass. 

It is not entirely necessary to introduce the concept of electron spin in 
order to explain those electronic phenomena in metals with which we are 
concerned. It has been included, however, for the sake of completeness. 
Furthermore, it permits further insight into the exclusion principle. 

It may have' appeared strange to choose as the basic element of volume 
in velocity space one that permits two electrons per elementary volume 
element. This choice was made in order to take the electron spin into 
account. Thus the Pauli principle allows only one electron of each spin 
to exist in a given volume element. The exclusion principle may be re- 
worded to the form : Only one electron of a given system may have all four 
of its quantum numbers alike. Then no two electrons exist in the same 
“quantum state.” The quantum state of an electron is now understood to 
be specified by four quantum numbers, three for velocity or momentum 
and one foi spin. 

6-9. Zero-point Energy. The difference in energy between energy 
levels is small, so that the distribution in energy may be considered to be 
practically continuous. However, one consequence of the discreteness of 
the energy levels is a definite, nonvanishing energy at the temperature of 
absolute zero, known as the zero-point energy. The reason for the existence 
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of this zero-point energy is easy to understand. It should be recalled that 
only two electrons (one with positive spin and one with negative spin) can 
exist in the zero-energy state. The next few electrons must possess the 
small, but finite, energy of the adjacent cells illustrated in Fig. 5-7. The 
following electrons must possess still higher energies, corresponding to the 
next vacant levels, etc. Thus, even at absolute zero, when the electrons 
occupy all the lowest energy levels, they still possess a very appreciable 
amount of energy. The magnitude of this energy will be calculated in the 
succeeding section. 

5-10. Average Values Calculated with the Aid of Distribution Ftmctions. 

One of the very important uses of the distribution functions is in the cal- 
culation of average quantities. If one is interested in the average value 
of some function of energy, the energy distribution function is used. If 
the average value of some function of the velocity is under consideration, 
the velocity distribution function is used. Clearly, the average age of the 
population of the United States is obtained by using the age distribution 
function. 

The procedure to be followed in order to obtain such an average value is 
best illustrated by means of a specific example. 

Example. Calculate the average energy E of the electrons of a metal at the tempera- 
ture T = 0®K. 

Sohdion. Since EcINe is equal to the total amount of energy that dNs electrons 
possess, then E dNs integrated over all the electrons is equal to the total amount of 
energy possessed by all of them. If this result is divided by the total number of elec- 
trons, fdNs, the average energy per electron is given by the expression 

^EdNi: jpgEdE 

E (6-23) 

fdNg JpgdE 

Use Eq. (6-8) for and integrate between the limits from zero to Em, since no elec- 
trons have energies greater than Em at this temperature. Then 



For tungsten, this average energy is 6.37 ev. It will be shown in Chap. 8 that the 
average energy of a free monatomic gas molecule is ^Et electron volts, independent of 
the mass of the particle. At room temperature, this represents only about 0.038 ev. 
Hence, the completely degenerate electron gas in metallic tungsten has an average 
energy per particle that is about 140 times that of a nondegenerate gas molecule at 
room temperature. This large average energy at absolute lero appears as a direct 
consequence of the exclusion principle. 
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By analogy with Eq. (5-23), the average value of any function of energy 
f{E) is given by 


m dNE 


m = 


f mPE^ 

f PEdi. 

do 


where the upper limit of integration « can be replaced by Em, if the aver- 
age is to be evaluated at absolute zero. 

In the same way, the average value of any function of speed, /(v), is de- 
duced from the expression 



As above, if the conditions under consideration are those at absolute zero, 
the upper limit in these integrals is to be replaced by Vm^ 

Unfortunately, the integrals in Eqs. (5-25) and (5-26) for any tempera- 
ture T may frequently be extremely difficult to evaluate. Since, however, 
the distribution functions vary so little with temperature, the error made 
in most calculations by using the completely degenerate functions instead 
of the general distribution functions will be small. If greater precision is 
desired, the integrals can be evaluated as a power series in the tem- 
perature T. 

Equations (5-25) and (5-26) will be used in evaluating average values 
in Chap. 8. These average values will, however, be the corresponding 
values for molecules and ions in gaseous-discharge devices. Although the 
general method of averaging is the same as that encountered for electrons, 
one very significant difference exists between the two systems, as will later 
be shown. This difference lies in the mathematical expression for the den- 
sity functions that exist for each system. The density functions that 
apply for gaseous systems will be found to be less complicated than the 
FDS functions that apply for electronic systems in metals. 

It may seem strange that none of the average values defined above was 
obtained by finding the area under a curve and then dividing by the base, 
a common mathematical definition of an average value. This arises from 
the fact that two types of average value exist that are of physical impor- 
tance. The first is illustrated by the reading of a d-c ammeter in an elec- 
trical circuit, the meter reading being a measure of the average value of 
the current in the circuit into which it is inserted. If an oscillogram of the 
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wave shape of the current wave is available, the meter reading can be ob- 
tained by taking the area under one cycle of the curve, assuming it to be 
periodic, and then dividing this value by the period. This is the full-cycle 
time average. The second important type of average value is that consid- 
ered in this section. It might be called a weighted average ^ in contrast with 
the time average, and it is this type of averaging that always appears in 
statistical calculations. 

6-11. Specific Heat of Electrons. If the electrons in a metal were con- 
sidered as a gas obeying classical laws, then, in accordance with the the- 
orem of the equipartition of energy, they must contribute as much to the 
specific heat of the metal as the metallic ions. This conclusion is contrary 
to experimental fact, which favors the assumption that the electrons con- 
tribute almost nothing to the specific heat. This follows from the fact 
that tlie contribution to the specific heat of a metal by the ions alone is 
in agreement with experiment. It was a triumph of the FDS statistics to 
offer an explanation of this difficulty. 

The average energy per electron at any temperature T is given by 
Eq. (5-23), 


1 yEUE 


(5-27) 


The value of this integral is ® 




5^2 Er^ \ 


(5-28) 


The specific heat of a body is, by definition, the amount of heat absorbed 
by unit mass of the body per degree rise of temperature. In other words, 
the sp)ecific heat of a body is a measure of the rate of change of energy 
with temperature. To evaluate the specific heat of the free electrons per 
gram of solid, the average energy per electron is multiplied by the number 
of electrons per gram of the material, and the result is differentiated with 
respect to the temperature. This quantity is proportional to dE/dT or to 
dE/dEr, since the term Et is proportional to the temperature. Therefore, 
from Eq. (5-28), 

dE ir^ Et 
dEx 2 Emo 

As already mentioned, it will be shown that the classical average energy 
per particle is §Et. Classically, therefore, 
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The ratio of these two fepecific heats is 


^vIfds Et 
CJci ^ E MO 


(5-29) 


For tungsten at room temperature, this ratio is 0.01, approximately. 
This means that the specific heat of free electrons, as calculated on the 
basis of the FDS statistics, is only about 1 per cent of that demanded by 
the classical theory. This factor is negligible compared with the contribu- 
tion by the ions. These results are in accord with experiment. 

This same result is evident from an inspection of Fig. 5-3. The average 
energy per electron is determined from a distribution function that varies 
but slightly with temperature, even for large values of temperature. 
Hence, the specific heat, which is measured by the rate of change of aver- 
age energy' with temperature, should be small. 

6-12. Random Current Density. A problem of importance in gaseous- 
discharge devices, and one that will serve as an introduction to the prob- 
lem of thermionic emission, is that concerning the subject of random cur- 
rent density. By definition, the random current density is the charge per 
second striking normally a unit area of sur- 
face. In a gaseous discharge, a probe or 
sounding electrode is inserted into the dis- 
charge in order to measure this quantity. 

In this case, the term ‘^unit area'^ in the def- 
inition refers to unit surface area of this 
electrode. In a metal, it is the current pass- 
ing through the surface of the metal into the 
region outside that is of importance, and in 
this case it is the surface area of the emit- 
ting metal that is of importance. In either 
case, the flow is unidirectional only (surface-directed). The direction nor- 
mal to the surface is chosen as the X axis. 

A problem closely related to the foregoing is first considered. The 
problem is: Of all of the electrons whose A-directed velocities lie in the 
range from to Vx + dt;^, how many will strike unit area of surface in 
unit time? In order to answer this question, refer to Fig. 5-8. The paral- 
lelepiped is chosen with the sides dy and dz in the surface and with the side 
dx == Vx dt normal to the surface. The volume of this parallelepiped is 
evidently given by dx dy dz = t;* dy dz dt. The number of particles in this 
volume element with velocities in the range dr is, of course, dNr{vx dy dz dt) 
since dNr gives the number of electrons per cubic meter with velocity com- 
ponents in the range dr. 

In this expression, dNr gives -a measure of the number of electrons 
per cubic meter whose A-directed velocities lie in the range dvg. Hence, 



/nsicfe ofmeh! Outside of mefai 
Fig. 5-8. The parallelepiped dx 
dy dz is situated within the metal 
with its surface dy dz in the sur- 
face of the metal. 
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in the time dt they all will have moved a distance Vx dt. Since this is exactly 
the length of the parallelepiped normal to the surface, then all the electrons 
in this box whose X-directed velocities lie in the range dvx will strike the 
surface in the time dt. If this is divided by dt seconds and also by dx dy 
square meters, it then follows that 

X dX/ = Vx dNr (5-30) 


gives the number of electrons with X-directed velocities in the range dVx, 
with F-directed velocities in the range dvy^ and with Z-directed velocities 
in the range dv^ that strike unit area in unit time. 

The prime on the term dNr is used as a reminder that this new quantity 
expresses the number of electrons whose velocities lie in the range dr and 
that strike unit area in unit time, in distinction to the “static” distribu- 
tion function dNr^ The relation between the two forms is given, of course, 
by Eq. (5-30). This relation shows that the quantity dNr when multiplied 
by Vx changes the function from the number of electrons per cubic meter of 
the metal with velocities in a given velocity range to the number of elec- 
trons with velocities in a given velocity range striking unit area of surface 
per second. 

In order to answer the above query, it is necessary to carry the opera- 
tions one step farther. This arises from the fact that the desired quantity 
is one which expresses the number of electrons which strike unit area in 
unit time with X-directed velocities in the range from r* to Vx + dr*, re- 
gardless of the other velocity components. This result is obtained from 
Eq. (5-30) by integrating over Vy and from — oo to + «. The logic of this 
step can be made evident by reference to the three-dimensional distribu- 
tion in age, height, and weight of the residents of the United States, 

Thus, to find the number of persons of all heights and weights between the 
ages A and ii + dA, it is necessary to concentrate on this age range and 
count the persons having all heights and weights in this interval. This 
counting process, in mathematical language, means simply that p^mw is 
integrated over all values of H and Wy A remaining fixed. The result will 
be a function of A alone and is, in fact, represented by the curve of Fig. 5-2. 

If dXx' denotes the total number of electrons striking unit area of sur- 
face per imit time with X-directed velocities between Vx and Vx + dVx and 
with all possible F- and Z-directed velocities, then, according to the fore- 
going discussion, 


where 




(5-31) 


is called the X-directed distribiUion function. It gives the number of elec- 
trons per cubic meter with X-directed velocities between Vg and v* + dVx 
and any F- or Z-directed velocities whatsoever. 
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The evaluation of the integrals involved in Eq. (5-31) is left as an exer- 
cise for the student (see Prob. 5-12). The result is 

dNx = Px dvx electrons/m® 


where 


Px 


iirm^eET 


In [1 + ^r)/STj (eIectrons/m^)/(m/sec) 


(5-32) 


where In means the logarithm to the base € and Ex is defined by the equa- 
tion rr 1 2 

eEx ^ jmvx‘‘ 


The symbol Ex is called the ^^X-directed energy. '' This does not mean 
that the energy is being treated as a vector quantity, but rather that the 
energy corresponding to a particular component of velocity is being spec- 
ified. Similarly, the F-directed energy is defined by the equation eEj, 

The total charge striking unit area in unit time, or, simply, the random 
current density, is, therefore 



amp/m^ 


(5-33) 


It is to be noted that the lower limit of integration is taken as zero and 
not ~ 00 since only particles with positive X-directed velocities can strike 
the surface. The factor e (the electronic charge) is needed in order to 
convert from number to charge. 

6-13. Thermionic Emission. A metal is heated to a temperature T®K. 
It is desired to calculate the number of electrons that pass through unit 
surface area in unit time. 

The problem here being considered is precisely that involved in the cal- 
culation of the random current density with the exception that only those 
electrons striking the surface with X-directed velocities in excess of 


VxB 




/ 


(5-34) 


can escape, since only these will possess sufficient energy to surmount the 
surface barrier Eb. The solution to the present problem is given by 
Eq. (5-33) except that the lower limit involved in the integration must be 
changed from zero to The result is the thermionic-emission current 
density Jth, at the temperature T. Thus, 

Jtk^ef dNx' 

JUB 


2enr /•* r* /•* 1 

-irf J I 

n 

1 ^ ^ 


dvg 


where Eqs. (6-33), (5-31), (5-16), and (5-18) have been used. 


(6-35) 
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The integrations involved in this evaluation are extremely complicated. 
However, if the ‘‘unity’^ in the denominator of the integrand could be 
neglected in comparison with the exponential, then the integral would 
reduce to the product of three simple integrals. Fortunately, very little 
error is introduced by neglecting this term. This step will be justified 
later. 

The exponential term that now appears in the numerator of the inte- 
grand is simply «« i m , „ 

--W- = 


by virtue of Eq. (5-19). Equation (5-35) reduces, under these conditions, 
to the product of three integrals, viz., 





1 mvx* 

2 eEx 



1 tnvy^ 

2 cEt 




(5-36^ 


The integrals in Vy and Vz are standard-form integrals, the solutions of 
which are given in Appendix V. Each has the value 



1 mcf 

dv 



1 mt>^ 



(5-37) 


The integral in v^ is readily evaluated by introducing a new variable { = r**, 
whence n, dvx = df/2. The result is 



1 mvr^ 

" V, dvx = 


cEt 


1 mvxB* 
^ 2 cEt 


m 


m 


(5-38) 


where Eq. (5-34) has been used. By combining Eqs. (5-38) and (5-37) 
with Eq. (5-36), there results 




XEm-Eb)/Bt 


By writing Ew ^ Eb — Em and noting that bEt ^ kTj this equation 
reduces to 


Jth = or JtH = amp/m^ (5-39) 


where 


4irmeA;^ 



120 X 10* amp/(m*)(°K2) 


and 


eEw 

IT 


ll, 600 iS:Hr 


(5-40) 
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If S denotes the area of the filament in square meters, then the total 
thermionic-emission current is 

Ith==SJth amp 

Either form of Eqs. (5-39) is known as the “thermionic-emission equa- 
tion,” the “Dushman equation,” or the “Richardson equation.” ® The 
constant Ewf called the “work function,” was introduced in Sec. 4-7 
and discussed in connection with thermionic emission in Sec. 4-8. 

In order to justify the approximation made in carrying out the integrals 
in Eq. (5-35), all that is necessary is to observe that the smallest value of 
the exponential term is obtained by setting Vy — — 0 and = v^b- 

This is equivalent to letting E Eb. The minimum value of this term is 

^(EB-Eid)/dT _ ^Ew/Et ( 5 - 41 ) 

For tungsten, Ew = 4.52, and at T = 3000°K, Et = 0.259. Under these 
conditions, Eq. (5-41) becomes at least equal to 

^ 17.5 _ 

Certainly the error made by neglecting unity in comparison with 40 million 
cannot be very great! 

6-14. Thermionic-emission Constants. Table 5-2 contains the results of 
measurements of Aq, 5o, and Ew for some common metals. A substantial 
difference is noted in some cases between the corresponding values con- 
tained in columns 4 and 5. These differences are an indication of the difh- 


TABLE 6-2 

THERMIONIC-EMISSION CONSTANTS 


Element 

^0 X 10-* 
amp/(m^) 
(°K2) 

6o, 

deg 

Ew* 

volts 

EwA 

volts 

C 

30 

50,300 

4.34 t 

4.7 

Ca 

60.2 

26,000 

2.24 

3.2 

Cs 

162 

21,000 

1.81 : 

1.8 

Mo 

60.2 

50,900 

4.38 

4.3 

Ni 

26.8 

32,100 

2.77 

5.0 

Pt 

32 

61,700 

5.32 § 

6.0 

Ta 

60.2 

47,200 

4.07 

4.1 

Th 

60.2 

38,900 

3.35 

3,4 

W 

60.2 

52,400 

4.52 

4.52 


* 8. Dubhucan, J?«m. Modern Phytt.t 8» 881, 1030. 
t J. A. Baoum, iMef., T, 05, 1935. 

t A. L. RaiMANH, Proc. Phyi, Soe. (London), 498, 1088. 
I L. V. WHiTNaY. Pkyi, Re*., 10, 1154, 1988. 
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culties in making such measurements, and the values in the table must be 
accepted with some reservations. References to the original literature 
reporting the data included in the table will be found in the reviews by 
Dushman and Becker, except for those values which are separately marked. 

The parameter which appears in Eq. (5-40) contains only universal 
constants and ought to be the same for all pure metals. Table 5-2 reveals 
that this is not found to be true experimentally. It is observed that the 
value obtained most frequently is 60 X 10^ amp/(m^)(deg^), which is 
one-half of that predicted theoretically. There are at least three reasons ® 
for the differences between the experimental and theoretical values of 
^4o. 

1. The work function must depend to a slight extent upon temperature. 
This follows from the fact that the ionic spacing in a metal changes with 
temperature. Problem 5-17 illustrates how the value of is modified by 
a temperature-dependent work function. 

2. In the discussion of the potential energy within and at the surface of 
a metal in Sec. 4-7 it was pointed out that this function depended upon 
the position of the electron relative to the ions. Hence, the emission should 
be different from different parts of the same crystal face and should de- 
pend upon how close the electron comes to a surface ion. That different 
crystal planes have different values of work function has been demonstrated 
experimentally.^® For tungsten the spread is 0.3 ev among the different 
faces. 

The real surface of a metal consists of a large number of crystallographic 
planei^ which are oriented at various angles with respect to one another. 
The size and shape of these planes, or patches as they are called, depend 
upon the material, the crystal size, and the degree of heat-treatment. The 
effect of surface patches on thermionic emission, accelerating and retard- 
ing field measurements, contact potential, etc., has received detailed study 
in a review by Herring and Nichols.*® 

Some work has been done in an effort to determine the ratio of the true 
area to the apparent area of a gross surface for thermionic emission. 
Becker “ believes that the ratio should lie in the range between 1 and 10 
for rough surfaces, such as those on oxide-coated cathodes, and between 
1 and 2 for relatively smooth surfaces such as tungsten, although the exact 
value will depend on the treatment of each surface. As a result of this 
factor the measured value of Aq should be different from the theoretical 
value. 

3. Classically all electrons with surface-directed energies greater than 
Eb will escape from the metal. According to the wave nature of the elec- 
tron, however, some of these electrons will be reflected back into the 
metal and will not escape. As a result of this reflection factor the meas- 
ured value of Ao must always be less than the tfieoretical value. 



STATISTICAL ELECTRON THEORY OF METALS 141 


Owing to the foregoing factors, it is perhaps more surprising that there 
appears to be uniformity in the experimental value of for some metals 
than that differences occur. 

5-15. Energies of Escaping Electrons. As an illustration of the modifi- 
cations that must be made in Eqs. (5-25) and (5-26) for calculating aver- 
age quantities so as to include only those particles which succeed in escap- 
ing from a metal, let us calculate the average energy of the electrons that 
leave the metal under the conditions of thermionic emission. It will be 
found more convenient to evaluate this term as a function of velocity, 
according to the expression 

eE = 


The average energy of those electrons in a metal which are capable of 
escaping is 

1 m 


E 


/* /• I m 

( ( I -~(v,^ + Vy^ + vJ^)dNr^ 

^00 ^00 ^QO 

J J J 


(5-42) 


The lower limit of integration for r* must be v^b since only those elec- 
trons with X-directed velocities greater than this value can escape. 

From Eqs. (5-30) and (5-18), 


dNr' = dNr 


2rr? Vx dvx dvy dvg 
^3 2 _j_ ^{E-Em)/Et 


Remembering that the minimum value of E is Eb, the approximation 
made in Sec. 5-13 is again valid; viz.^ the unity may be neglected in com- 
parison with the exponential. Then 

dNr’ = dVy dv. 


1^ 


where X * m/2eET. 

Equation (5-42) is the sum of three terms, the first of which is 
<2w® 

'V 






Iff 


2ot® 




where the limits of integration are those given in Eq. (5-42). 
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The numerator (and also the denominator) can be written as the product 
of three integrals. If the common factors in the numerator and denom- 
inator are canceled, the preceding equation reduces to 



1 ^ 


2 € 


dvx 



dvx 


This is integrated in the manner indicated in the preceding section. 
The result of this integration may be shown to be Et + Eb electron volts. 
The second and third terms in Eq. (5-42) are carried out in a similar man- 
ner and yield \Et electron volts for either the F- or the Z-directed average 
energy of those electrons which are capable of escaping. 

In leaving the metal, the average X-directed energy of each electron is 
reduced by an amount Eb, so that the average X-directed energy of each 
electron after it has left the metal is (Eb + Et) — Eb Et electron volts. 
Hence the total average energy of each electron that escapes from the metal 
is Et \Et 4" \Et = ^Et electron volts. 

6-16. Distribution Function of Escaping Electrons. Once the electrons 
have left the metal, they no longer obey the FDS statistics. In order to 
find the appropriate form of the distribution function for the electrons 
outside the metal, the procedure is the following: Let the subscript i denote 
the conditions on the inside of the metal and the subscript o denote the 
conditions in the region outside the metal. If the X direction is chosen 
normal to the surface, then the following relations are evidently true: 


so that 


^mvxi^ = \mvx^ + cEb 

Vyi = VyQ Vzi ~ VfQ 


Ei = “h Eb 


(5-43) 


These equations simply state that an electron, in escaping from a metal, 
has the same F- and Z-directed velocities, whereas its X-directed energy 
decreases by an amount equal to the height of the potential-energy barrier 
at the surface. 

By differentiation, the first of Eqs. (5-43) yields 


Vxi dVxi — Vxo dVxo 


(5-44) 


However, the number of electrons in the range dr striking unit area of the 
surface in unit time is, from Eqs. (5-30), (5-16) and (5-18), 


2m» 1 

ifZ Ej-Bii 

1 + e 


Vxi dvxi dvyi dvgi 


(6-45) 


dNri * Vxi dNri 
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where the subscript i has been included to specify that these conditions 
refer to the interior of the metal. 

This expression becomes, by virtue of Eqs. (5-43) and (5-44), 

2m^ 1 

dN TO ~ ^3 Eo+Eb- Em dvxo dvyo dv go (5-46) 

where the subscripts o denote that the distribution function refers to the 
region outside the metal. This expression may be simplified by following 
the same general procedure as that adopted in the development of the 
thermionic-emission equation. The exponential term becomes 
since Ew — Eb — Em- The smallest value of this term, which results 
when Eo = 0, is again about 40 million for tungsten. It is again justifiable 
to neglect the unity in the denominator of Eq. (5-46). By doing this and 
dropping the subscripts o for the sake of simplicity, there results 

dN/ = dvx dVy dVg (5-47) 

where a' is a constant given by and where, as usual, eE 

= ^m{Vx^ + Vy^ + Vg^). 

More will be said about this distribution function dN/ in Chap. 8 in 
connection with the discussion of the kinetic theory of gases. It is known 
as the MaxwelUBoltzmann distribution function. It thus appears that those 
electrons which have escaped from a metal obey the Maxwell-Boltzmann 
distribution laws in the region outside of the 
metal, although they obey the FDS distribution 
law within the metal. 

6-17. Contact Potential.^* Consider two met- 
als in contact with each other, as at the junc- 
tion C in Fig. 5-9. The contact difference of po- 
tential between these two metals is defined as 
the potential difference Eab, between a point 
A just outside metal 1 and a point B just out- 
side metal 2. In Sec. 4-9 it was stated that the 
Fermi characteristic energies of two metals in contact were at the same 
level. This will now be justified. 

In all the equations that were previously under survey, only a single 
metal was involved, so that the zero reference of potential could be chosen 
arbitrarily. It was found convenient to choose this reference in such a way 
that E represented the kinetic energy of the particle. Since two or more 
metals may be involved, then the choice of the zero level of only one of 
these is arbitrary. That is, once the zero level of metal 1 is fixed, as it will 
be in the present circumstances, then the zero level of metal 2 cannot like- 



Fig. 5-9. Two metals in 
contact at the junction C. 
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wise be arbitrary. If the difference between the zero levels of the two 
metals be denoted by E\ then the problem at hand is to determine E'. 

Since the two metals are assumed to be in thermal equilibrium at the 
junction C, there must be as many electrons passing from metal 1 to metal 
2 across this junction as there are in the reverse direction in each velocity 
range. According to Eq. (5-30) the number of electrons with velocities in 
the range dv^ dvy dv^ striking unit area in unit time is 


dNri = Vxi dNri 


2m^ Vxi dVxi dvyi dv^i 

^3 2 -|_ 


(5-48) 


where the subscript 1 denotes conditions in metal 1. Similarly, the num- 
ber of electrons in the velocity range dvx dVy dvg st»^iking unit area in unit 
time of metal 2 is 


^ 2m^ Vx2 dvx2 dvy2 dv^2 


(5-49) 


If the X direction is chosen normal to the surface of contact C, then the 
following relations are evidently true: 




so that 


\mvx\^ = \mvx2 + 

Vyl = Vy2 Vfl == Vz2 

El = E 2 *4“ E^ 


(5-50) 


These equations simply state that an electron in passing across the junction 
C from metal 1 to metal 2 has its X-directed energy decreased by an 
amount E\ whereas its F- and its Z-directed velocity components remain 
unchanged. The similarity between these equations and those used in the 
last section [Eqs. (5-43)] should be noted. 

It follows from the first of Eqs. (5-50) that Vxi dvxi = Vx 2 Hence 
Eq. (5-48) becomes 


2m^ Vx2 dVx2 dVy2 dVji2 

dNtl == 2 ^(Et+E'-EM\)/ET 


(5-51) 


For equilibrium to exist there must be as many electrons (in each velocity 
range) passing across the junction C from metal 1 to metal 2 as in the re- 
verse direction in unit time, then dNri = dN r 2 - This can be true only if 

F 2 + E' — Em\ = i?2 — 

This follows from Eqs. (5-49) and (5-51). Consequently 

E* = Emi — Ejii2 (5-62) 

This equation states that an electron will encounter a barrier Emi ~ Em 2 
in passing from metal 1 to metal 2 across the junction C. 
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In view of this result, the potential-energy diagram of two metals in 
contact at a junction may be dra^\^l. This is done in Fig. 5-10, which is 
identical with Fig. 4-15 and is repeated here for convenience. Since the 
difference in the zero levels of the two metals is Emi — Em 2 the Fermi levels 
of the two metals are located at the same heights. It is seen that a* potential 
barrier equal to 

Eab = Ew2 — Fwi (5-53) 

exists between the two metals. In other words, the contact difference of 
potential of two metals equals the difference between their work functions. This 
result has been verified experimentally by numerous investigators.^® 


B 



Junchbn Surface Surface 

C A B 


Fig. 5-10. The potential-energy system of two metals in contact. 

In Fig. 5-10, metal 2 (which has the greater work function) has a nega- 
tive surface charge. That is, work must be done to take an electron from 
a point just outside of metal 1 (the point A) to a point just outside of 
metal 2 (the point B) against the repelling action of this charge. This is 
clearly indicated by the potential-energy barrier between points A and B. 

If metals 1 and 2 are joined together through a third metal instead of 
being in direct contact at the point C, then Fig. 5-10 will not be altered 
in so far as conditions in the interspace between points A and B are con- 
cerned. It is merely necessary to insert on the diagram the energy levels 
of metal 3 at the junction C in such a manner that its Fermi energy is at 
the same vertical level as Emi and Em 2 - This result can be generalized to 
include any number of metals. Hence it can be concluded that, if any 
number of metals are connected in series, the contact potential between 
the first and the last metal equals the difference of the work functions of 
these two metals and is independent of the interconnecting metals. 

Suppose that metals 1 and 2 are joined together by a battery Eb, with 
its negative terminal connected to metal 2. The potential energy of the 
entire system will then be as shown in Fig. 5-11. It is obtained from 
Fig. 5-10 by raising all the energy levels of metal 2 by an amount equal to 
Eb. If the positive terminal of the battery were connected to metal 2, 
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then all its levels would be lowered by an amount corresponding to Eh. 
With the polarity as indicated in Fig. 5-11, the barrier between the two 
metals is increased by the amount Ehy indicating that now this additional 
work must be done in order to take an electron from a point just outside 
of metal 1 to a point just outside of metal 2. This is to be expected since 
metal 2 is made negative with respect to metal 1. 

The contact difference of potential can be measured indirectly in a num- 
ber of ways. One indirect method has already been discussed in Sec. 4-10. 
Another, known as the Kelvin method is a direct one. It is based upon 


B 



Fig. 5-11. The potential-energy system of two metals joined together through a battery 
Eb. This is obtained from Fig. 5-10 by raising all the levels in metal 2 by an amount Eb. 

the concept of a capacitor as a system of two metals that are separated by 
a dielectric. If the distance between the two plates is varied, the capac- 
itance of the system changes. Hence, if a contact difference of potential 
exists between the two plates, then a varying charge will appear on the 
surface of the plates as the distance is varied. If these metals are con- 
nected together through a high resistance, a current will pass through it 
and the voltage drop across the resistor can be detected with the aid of 
suitable indicating instruments. 

One practical apparatus for making contact-potential measurements 
consists of two parallel filaments mounted in a vacuum chamber, the mate- 
rial of the filaments being those whose contact difference of potential is to 
be measured. An electromagnet is provided to maintain a steady mag- 
netic field perpendicular to the plane of the filaments. One filament is 
excited from an a-c source, the frequency of which is in the audible range. 
This results in setting the filament into vibration. An adjustable source 
of potential is applied in series with a resistor between the two filaments. 
The potential is adjusted until the output from the amplifier that measures 
the voltage across the resistor is zero. Under these conditions the applied 
voltage is equal to and of opposite polarity to the contact potential. This 
follows from the fact that, if the net voltage between the filaments is zero, 
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there will be no current through the resistor a4s the capacitance of the sys- 
tem is varied. 

5-18. Retarding Fields. Suppose that a collecting electrode is placed 
parallel to a plane metallic surface which is maintained at a temperature 
of T®K. Suppose also that a potential Er is applied between these two 
metallic surfaces in such a direction as to repel the electrons that tend to 
reach the collecting electrode. How many electrons will reach the collec- 
tor? Obviously, only those electrons will be collected whose initial energies 
are sufficient to overcome the effect of this retarding field. 



i Cathode Anode 

Fig. 5-12. The effect of a retarding Fig. 5-13. The potential energy 

electric-field intensity € at the sur- between plane-parallel electrodes 

face of a metal is to increase the with and without a retarding field, 

retarding force on an escaping (The mat-erial of the cathode and 

electron by an amount ei). (This anode is assumed to be the same 

figure is not drawn to scale.) so that the contact potential is 

zero.) 

In order to obtain quantitative results, the problem is restated in a more 
formal manner: How many electrons per second are emitted from the 
metallic surface with X-directed energies greater than that given by 
= eEr (because it will be only these electrons which will be able to move 
against the retarding potential Er and reach the collector)? A little 
thought will show that the solution to this problem is obtained simply by 
replacing Ew in the Dushman equation by Ew + Er. Hence 

/ = amp 

or, by Eq. (5-39), 

7 = amp (5-54) 

where S is the area of the emitter, I is the current collected for a retarding 
potential Er, Ith is the thermionic-emission current that would be col- 
lected when the retarding potential is zero, and Er is the magnitude of the 
retarding potential. 

That is, the effect of the retarding field may be considered as an effective 
increase in height of the potential-energy barrier at the surface of the 
metal. This effect is illustrated graphically in Figs. 5-12 and 5-13. Fig- 
ure 5-12 represents the force function in the immediate neighborhood of 
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the cathode, whereas Fig. 5-13 represents the potential energy in the region 
between the emitter and the collector. Although the potential energy is the 
integral of the force function, it must be remembered, in comparing the 
two diagrams, that Fig. 5-12 extends over a range of about 10“^ m, 
whereas Fig. 5-13 represents the entire distance from cathode to anode, 
which is usually of the order of lO""^ m. The sharp rise at the surface 
of the cathode represents the barrier energy Eb and equals the area under 
the curve of Fig. 5-12 with respect to the horizontal axis through 0. The 
linear rise in potential energy between the electrodes represents the inte- 
gral of the constant retarding force. 

For the case when the system possesses cylindrical symmetry, but in 
which the collecting plate radius Va is considerably larger than the cathode 
radius r*, Eq. (5-54) is no longer valid and must be replaced, as was first 
shown by Schottky,^* by the expression 


where Uh is the thermionic-emission current and Er is the magnitude of the 
true retarding potential. 

The essential differences in the physical arguments that lead to Eq. (5-55) 
instead of to Eq. (5-54) lie in the fact that some electrons with escaping 
energies less than Er normal to the surface of the cathode may reach the 
plate. For plane electrodes, the components of velocity possessed by the 
electron not in the normal-to-the-surface direc- 

0 ^' tion remains unchanged. Hence, only electrons 

with energies greater than Er in the normal-to- 
the-surface direction will reach the plate. How- 
ever, an electron moving in a tube possessing 
cylindrical symmetry has, in addition to its radial 
component of velocity, a tangential component 
of velocity. Both of these components depend 
upon the position of the electron between the 
cathode and the anode. The tangential velocity 

Fig. M4. Tangential and decreases as the electron moves from cathode 
radial coordinates at the , , • . . • i 

anode and at the cathode of ^o anode, and the normal velocity is increased 

a cylindrical system. over what it would be for plane-parallel elec- 

trodes. Hence, more electrons can surmount 
the retarding potential barrier for a cylindrical system than for the 
plane-parallel system. Thus, Eq. (5-65) represents a greater current than 
Eq. (5-54), at the same values of Er and /a- 
The above statements are justified by referring to Fig. 5-14. Let v, 
and Vy represent the normal and tangential components of velocity, re- 


Fig. 6-14. Tangential and 
radial coordinates at the 
anode and at the cathode of 
a cylindrical system. 
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spectively, of an electron after leaving the cathode. Similarly, let and 
Vy represent the normal and tangential components of velocity, respec- 
tively, of the electron when it gets to the anode. The conservation of 
energy is expressed by 

+ ^mvy^ = + eEr (5-56) 

because the Z component of velocity remains unchanged. 

The conservation of momentum is expressed by 

nWyTk = mvyra 

or (5-57) 

Vy' =- — Vy 

ra 

where r* and Va are the radii at the cathode and anode, respectively. This 
equation justifies the statement made in the preceding paragraph that 
the tangential component of velocity is less at the anode than at the 
cathode. 

Substituting Eq. (5-57) into Eq. (5-56) yields 

(5-58) 


(5-59) 

For the electron to be collected, must be real, or (v^)^ ^ 0, or 

^ ^ ^ 2eEr 

Vx + v^ ^ (5-60) 

rn 

This condition is illustrated in Fig. 5-15. Electrons in the shaded 
portion of velocity space are collected. Note that Vx must be positive 
since only these electrons leave the cathode. For plane-parallel electrodes 
only the electrons ^vith velocity components to the right of the dashed 
vertical line are collected, and hence a smaller current is obtained than 
for the cylindrical case. 

If the distribution function of the escaping electrons [Eq. (5-47)] is 
integrated between the limits indicated in Fig. 5-15 for Vx and Vy and from 
— 00 to 4* for Vi, the result is that given in Eq. (5-55) (see Prob. 5-25). 

The verification of Eq. (5-55) is somewhat more difficult than the 
simpler form (5-54). Germer has performed experiments that show the 
validity of Eq. (6-55). This verification is accomplished with the aid of 
the data in Table 5-3. The data obtained in the laboratory are plotted in 
semilogarithmic fashion in the manner shown in Fig. 4-17. The resulting 


{vj? + 

\ Ta f 

or, assuming that r* « ra, 

{Vxf = fx* + — 
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curve is no longer linear, theoretically, although an examination of the 
data in Table 5-3 shows that for values of ErfEr greater than about 3 the 
curve should be essentially linear. Moreover, Eq. (5-55) indicates that 



Fig, 5-15. The region of velocity space from which electrons are collected if a retarding 
voltage Er exists between cathode and anode of a cylindrical system. 

the slope of the logic I vs. ErJEr curve approaches the constant value 
0.434 (= logic*). Hence, if logic / is plotted vs. Eb, the slope of the 
curve for large values of Er gives 0.434 /£^t, from which the temperature 
may be determined. It must be remembered that the retarding voltage 

TABLE 5-3 

RETARDING EQUATION VALUES 


Ef/ Et 

log Uhl I 

Er/Ej* 

log Itk/I 

1 

0.2423 

10 

3.7698 

2 


11 

4.1850 

3 


12 

4.6024 

4 

1.3371 

14 

5.4398 

6 

1.7312 

16 

6.2812 

6 

2.1318 

18 

7.1245 

7 

2.5369 

20 

7.7914 

8 

2.9455 

25 

10.0978 

9 

3.3567 
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Er is the applied voltage Eh minus the contact potential. Germer found 
that the temperature obtained in this way was in agreement with the value 
determined by direct measurement, thereby showing that the emitted elec- 
trons were in temperature equilibrium with the cathode. 

If the contact potential can be determined, then the experimental 
points can be compared with the theoretical ones contained in Table 5-3. 
If space charge exists, thereby masking the sharp break in the logai ithmic 
plot from which the contact potential may be found, then the point at 
which I = Ith is taken as the true zero of potential. This requires a knowl- 
edge of the dimensions and the temperature of the filament in order to 
calculate Ith from the thermionic-emission equation. 

The experimental technique necesvsary in order to carry out experiments 
of this type using directly heated filaments is rather delicate and special. 
A real appreciation of the difficulties involved may be had by referring to 
Germer’s paper. The results of this experiment prove that the electrons 
emitted thermionically from a heated filament satisfy the Maxwell-Boltz- 
mann distribution function [since Eq. (5-55) is derived on the assumption 
that the electrons satisfy this distribution function] and also that the emit- 
ted electrons are in temperature equilibrium with the cathode. 

The investigations of Germer were made on pure tungsten filaments 
operating in the range from 1440° to 2475°K. Other investigators have 
considered the problem. Nottingham investigated the matter from a 
study of the emission from thoriated tungsten filaments. Although the 
results he obtained are in general agreement with the theoretical expecta- 
tions, the calculated electron temperatures are about 1.5 times the meas- 
ured ones. Fan has obtained good agreement with theory using an oxide- 
coated cathode. 

6-19. Accelerating Fields. Assume that an accelerating rather than re- 
tarding field is applied between the cathode and the collecting anode. 
Because of the electric field S which acts in a direction to aid the electron 
to leave the surface of the metal, the shape of the force function and, con- 
sequently, the shape of the potential-energy function will be altered. It 
is noted that tvfo forces act on the electron, the image force which tends to 
attract the electron to the cathode surface and the applied field which acts 
to draw the electron away from the surface of the metal. Consequently, 
a critical distance Xc exists at which the total force on the electron is zero. 
The critical distance is the point where /(x), the image force, just equals 
the applied force For all points for which x > Xc, the net force acting 
on the electron is in the escape direction. Thus, if the electron succeeds in 
reaching the point x = Xc, it will be free of the metal. 

The net force on the electron, at any distance from the surface, is the 
sum of the surface-attraction force /(x) and the force of the applied field 
e6, as illustrated in Fig. 5-16. Since the entire diagram covers a range of 
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only or 10“"^ m, the external force 8 may be considered constant 
over this range, and the net force is that shown in Fig. 4-12, with the ref- 
erence axis shifted downward by the constant amount as shown by the 
dotted axis of Fig. 5-16. 

As before, the area under the force curve of Fig. 5-16 must give the 
potential energy possessed by an escaping electron at any distance x from 

the surface of the metal. The po- 
tential-energy curve corresponding 
to the force curve of Fig. 5-16 is 
illustrated in Fig. 5-17. Each ordi- 
nate of the curve labeled * ^Result- 
ant” is the algebraic sum of the cor- 
responding ordinates of the poten- 
tial-energy curves for zero field and 
for the accelerating field due to 6. 

The density function also illus- 
trated in this diagram indicates the 
position of the normal maximum 
energy level Bm at 0°K. The cor- 
responding density function at a 
high temp)erature T (considerably 
distorted for purposes of clarity) 
is also shown. At the temperature T^K and a zero applied external field, 
only those electrons having energies greater than Eb can escape from the 
metal. These are represented by the heavy shading of the appropriate 
portion of the density function p^. Owing to the presence of an applied 



Fig. 5-16. The effect of an accelerating 
electric-field intensity S at the surface of a 
metal is to decrease the retarding force on 
an escaping electron by an amount eS. At 
larger distances than the “escape distance” 
Xc the net force acting on the electron is 
accelerating rather than retarding. 


Electron 

volts 



Fig. 5-17. The potential-energy curves with and without an external accelerating field 
corresponding to the force curves of Fig. 5-16. The peak of the potential barrier Eb' 
(with an accelerating field) is reached at the “escape distance” Xe. 
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accelerating field, the potential-energy curve is lowered. Under these 
circumstances, the number of electrons that escape from the metal will be 
greater than before, since now an electron must possess an energy greater 
than Eb\ a quantity that is smaller than Esy in order to escape. This effect 
is indicated by the lighter shading of the density function. 

Under the present circumstances, the area under the force curve, which 
equals the barrier work function, is given by the expression 


eEs' = C i-fix) - e?] dx (5-61) 

The integration does not extend to infinity but extends only to the point 
Xc. This follows from the fact that the only work that must be done in 
order to remove the electron from the influence of the attraction of the 
surface is that necessary to carry it to the point Xr, since for all distances 
beyond this point the image attraction is less than the externally applied 
force. This result is evident from Fig. 5-17. Thus it follows that 


eEs' = -* I f(x) dx — I eS dx 
•^0 *^0 

which may be written as 

pXe pxe 

eEs' == — I /(a;) dx — j f(x) dx — I eS dx 
Jq Joo •'0 


since 


This reduces to 


r f(x) dx == r /(x) dx + r /(x) dx 
Jq Jq Joo 


eEs' = €Eb + 


r fix) dx - f 

•/Xc •/ 0 


e8 dx 


(5-62) 


where use has been made of Eq. (4-8), which defines the term Eb- How- 
ever, in the interval from Xc to « the function fix) is the image-force 
function — c^/IGttcox^ (see Sec. 4-7); and in the interval 0 to Xc the ap- 
plied accelerating force 8 is constant. By using these facts in Eq. (5-62), 
there results ^ 

Eb^ ass Eb 6Xc (5-63) 

16t€oXc 


This equation indicates that the effect of the applied field is to reduce the 
work function at the surface of the metal, as expected. 

Since the sum of the forces acting on the electron at the point Xc is zero, 
then ^2 


c8 


16 ir€oXc' 


or Sx, 


IfiircoX, 


(5-64) 
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This shows that the second term is equal to the third term in Eq. (5-63). 
Hence 


CM 

1 

11 


(5-65) 

From Eq. (5-64) 



/ \ i ^ 

= { — - — ) = 1.90 X 

m 

(5-66) 

\16ir€c6/ 



where S is in volts per meter. 

Using this expression in Eq. (5-65), there results 



= Efl - 9.47 X 10^(e6)* 

- ~ 3.79 X (5-67) 

This theory may be verified experimentally by investigating the effects 
upon the thermionic-emission current of a high accelerating field. It is 
known from Eq. (5-39) that the saturation thermionic current of a cathode 
maintained at a temperature T^K when the effect due to the accelerating 
field is negligible is 

1th = 


When the applied field is appreciable, Eb in this expression must be re- 
placed by Eb' and this equation attains the form 

EB-9A7XlOHef.)^-EM 

I = AoST^€ 

The ratio of the last two equations yields 

0.47X10*(e€)i 0.440si 

I^Itht =/<A* ^ (5-68) 

The logarithni of this equation is 

0.1906* 

logic ^ = logic Jth H (5-69) 

and predicts that a plot of logic I vs. should give a straight line having 
the slope 0.190/T. This result, which was first predicted by Schottky," 
has been experimentally verified, Such a plot is given in Fig. 5-18. 

Note also that Eq. (5-68) can be rearranged to the following form: 



« 0.434 X 9.47 


X 




(5-70) 
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DeBruyne,®^ using this equation, obtained a value of 1.61 X lO"^® cou- 
lomb for e. These results appear to furnish ample proof of the validity of 
the Schottky equation. 

Some experiments on tungsten and tantalum have revealed the existence 
of small periodic deviation from the Schottky line.** However, these have 
been shown ** to be in agreement with theory if wave mechanics is taken 
into consideration. 

Although the derivation given above is quite independent of the geom- 
etry of the electrodes, nevertheless, in order to calculate the electric-field 



Fig. 5-18. Experimental verification of the Schottky theory of the effect of an acceler- 
ating field at the surface of a metal. 


intensity 6 at the surface of the cathode from a knowledge of the applied 
potential between the cathode and the anode, the shape and the dimen- 
sions of the electrodes must be known. 

The experimental verification of this theory furnishes proof of the 
existence of image forces for points that are not too close to the surface 
of the metal. In fact, this theory actually offers a means of exploring the 
field at the surface of the metal. Thus, by combining the thermionic- 
emission equation with Eq. (6-61), there results 


I 


Em . 




(5-71) 


The derivative of the logarithm of this expression with respect to the field 
intensity 6 yields the expression 


d(logio 1) _ 0.434xc 
Et 


(5-72) 


This result is based on the assumption that the applied electric field 6 is 
constant over the range from 0 to a reasonable assumption when one 
recalls the minuteness of Xe compared with the interelectrode spacing. If 
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the current I is measured experimentally as a function of 8, then the criti- 
cal distance Xc corresponding to each value of 8 can be calculated from 
Eq. (5-72). Since, however, the critical distance is the point at which the 
applied accelerating force just equals the attractive surface force, f.c., the 
point at which f{x) = e8, then one may, in this way, determine f{x) as a 
function of distance. As yet no experiments have been performed that 
make Xc so small as to reveal any serious departures from the image-force 
law. 

6-20. Barrier Layer Rectification.^ A very interesting situation is con- 
tained in Sec. 5-17. Notice that the application of the potential (see 
Fig. 5-11) raises the potential energy of metal 2 upward by an amount 
corresponding to E*,. Moreover, if the polarity oi Eh were reversed, the 



Fig. 5-19. The potential energy system of two metals in contact, (o) With no applied 
voltage (the Fermi levels are on the same line). (5) With voltage applied in the forward 
direction, (c) With voltage applied in the backward direction. 


potential energy of metal 2 would move downward. The situation, for an 
applied voltage which is smaller in magnitude than the work function dif- 
ference of the two metals, is illustrated in Fig. 5-19. In either case, there 
is no change in the height of the barrier as viewed from the metal of higher 
work function (metal 2 in this case), but the height of the barrier when 
viewed from the metal of lower work function varies linearly with applied 
voltage. 

It should be observed from these diagrams that the application of a 
voltage Eh does not change the current in the direction from metal 2 to 
metal 1 across the contact or barrier region, because of the constant bar- 
rier energy height in this direction. If this current is designated by /o, 
then the current from metal 1 to metal 2 is also Iq in Fig. 5- 19a. The net 
current across the boundary is zero under these circumstances. It is re- 
called that it was this equilibrium condition that resulted in the alignment 
of the two Fermi levels in Sec. 6-17. 

In Fig. 6-19& the current from metal 1 to metal 2 is increased and equals 
because the effective barrier in this direction is decreased by the 
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height El,. The net current from metal 1 to metal 2 is — 1). 

This makes metal 1 the effective cathode and metal 2 the anode. The ap- 
plied voltage, in this case, is said to be in the “forward^' direction. An 
opposite voltage is said to be in the “reverse^^ or ^‘blocking^^ direction. 
This is depicted in Fig. 5-19c. Under these circumstances the current 
from metal 1 to metal 2 is lowered and equals Hence, the net 

current is in the reverse direction, from metal 2 to metal 1 . The magnitude 
of this current is 7o(l — Clearly, the current does not vary 

linearly with voltage and is much greater in the forward than in the re- 
verse direction. Consequently conduction at such a boundary is nonlinear, 
and rectification is possible. 

Attempts to construct satisfactory metal-insulator-metal rectifiers of 
the type here being discussed have not been too successful. However, if 
the insulator and one metal is replaced by a semiconductor, a very impor- 
tant class of rectifier results. These are discussed in some detail in Secs. 
5-22 to 5-24. 


6-21. Insulators. Quantum mechanical theory proves that in a periodic 
potential field such as exists in a cxystal there are bands of allowed energies 
which may be separated by forbidden energy regions. A metal is char- 
acterized by the fact that the band occupied by the ‘Tree’’ electrons is not 
completely filled and that there are no forbidden levels at higher energies. 
Recall that in a metal, at absolute zero, the 

energies of the electrons range from zero to a Energy 

value E'at . If any amount of energy less than 

Ew is given to an electron it will be raised to | =conducfion band= 

a higher level. If the energy is supplied by ; ■ . 

an externally applied voltage, conduction < Forbidden region 

results and hence this energy band is called 

the ^^conduction band.” As already dis- 

cussed electron emission occurs when the „ c «« i ^ 

^ , . . , , Fig. 5-20. The electronic energy 

energy of an electron is raised to a value bands of an insulator, 
in excess of the barrier height Eb^ 

The band structure of an insulator is different from that of a metal. 
The ‘Valence” electrons completely fill one band. The next empty band 
of allowed energy states is separated from the filled band by a forbidden 
region which may be several electron volts high as shown in Fig. 5-20. 
The energy that can be supplied to an electron from an applied field is 
generally too small to carry the electron from the filled band into the empty 
band and hence no conduction takes place. 

6-22. Semiconductors.^ It appears reasonable, on the basis of the fore- 
going, to expect a class of material in which the width of the forbidden 
i^on is relatively narrow (of the order of 1 ev). It would be expected 
tiiat such a material would exhibit insulator properties at the low tem- 


Fig. 5-20. The electronic energy 
bands of an insulator. 
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peratures, but owing to the changing distribution of electrons with tem- 
perature, a limited conduction might occur at the higher temperatures. 
Materials of this type are called semiconductors, and conduction of the 
type here discussed is known as intrinsic conduction. Ultrapure ger- 
manium or silicon are semiconductors of this type. 

Of considerably more importance than intrinsic semiconduction is a 
second class of semiconductors which are known as extrinsic semiconduc- 
tors. Such semiconductors also possess a band structure like that illus- 
trated in Fig. 5-20, but they have the added feature that a number of dis- 
crete energy states exist in the nominally forbidden region. In one type, 


Zero ^ E nergy 


Conduciion band :=:E sz 

Donors -^4- + 4 -+ + + + + + + + 4- + -- <^^4 

Forbidden region dE 


Accephrs^ 





Fig. 5-21, Energy level diagram of an extrinsic semiconductor with acceptor levels 
(marked — on the diagram) and with donator levels (marked -}- on the diagram). 


the extra levels exist in the general neighborhood of the filled band. In 
another type, the extra levels exist near the empty conduction band. 
These extra energy levels occur either because of the existence of lattice 
imperfections, or because of the presence of impurities in the material. 

The extra levels may be filled at absolute zero temperature, in which 
case they will act as donators or donors at finite temperatures. In such a 
case, the electron in the donor level may be donated to the conduction 
band. Once the electron is in the conduction band, conduction is then 
possible in the same way as for the metal. 

If the extra levels are empty at absolute zero, they will act as acceptors 
at finite temperatures. In such a case, the acceptor level may accept an 
electron from the filled band at finite temperatures, thereby causing an 
empty level to occur in the band. Conduction in this empty level is now 
possible. It is of interest to note that both intrinsic and extrinsic semi- 
conduction may occur in the same semiconductor. 

The energy level diagram of an extrinsic semiconductor with both ac- 
ceptor levels (marked — ) and donator levels (marked +) is given in 
Fig. 5-21. The donator levels are found to lie below and near the empty 
band, and the acceptor levels lie above and near the filled band, somewhat 
as illustrated in Fig. 5-21. The energy separation of these levels and 
may be quite small in a given case. For examplei in the case of sili- 
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con and germanium, the extra levels are only about 0.1 ev from the ap- 
propriate band edge. 

A semiconductor that conducts principally by electrons in the nearly 
empty conduction band is called an “n-type^^ (negative) semiconductor, 
and the process is called ^^excess^^ conduction. A semiconductor that con- 
ducts principally because of the presence of empty levels in the nearly 
filled band is called a “p-type^’ (positive) semiconductor and the process 
is called “defect” or “deficit” conduction. 

The above discussion is consistent with the experimentally observed 
results that the conductivity of semiconductors increases with tempera- 
ture and decreases with purification. Such devices have a negative tem- 
perature coefficient of resistance and are called “thermistors.” They find 
applications in thermometry in measurement of R.F. power, in control 
devices, etc. 

6-23. Crystal Structure of Silicon and Germanium Semiconductors. 

Each atom is situated at the corners of a regular tetrahedron. These 
atoms are tetravalent and hence possess, in addition to the inner tightly 
bound electrons, four outermost electrons. The crystal is held together 
by “electron-pair bonds. ’ ^ Since each atom 
is surrounded by four nearest neighbors, 
each of its four valence electrons is shared 
with one of its neighbors. A schematic 
diagram, drawn in two dimensions for 
simplicity, is shown in Fig. 5-22. L]ach 
circle marked +4 is intended to represent 
the nucleus surrounded by its cloud of 
tightly bound electrons and has a net 
charge of four positive units. The “elec- 
tron-pair bonds” between atoms is clearly 
indicated. In this structure every electron is tightly bound. The width 
of the forbidden band in Fig. 5-20 corresponds to the amount of energy 
necessary to remove an electron from its bond so that it may move through 
the lattice as a conduction electron. 

Consider that an impurity, such as arsenic, which has five valence elec- 
trons is added to the crystal. This atom will replace the tetravalent parent 
atom and four of its valence electrons will form electron pair bonds with 
its neighbors. This leaves the fifth valence electron which is free to wan- 
der about in the crystal. These electrons account for the donor states in 
Fig. 6-21. The addition of an impurity such as arsenic, phosphorus, or 
antimony which has five valence electrons therefore results in an n-type 
semiconductor. 

A p-type semiconductor results from the addition of an impurity such 
as boron, or aluminum which is tiivalent. The impurity atom replaces 
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Fia. 5-22. Crystal structure of 
silicon or germanium. 
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one of the parent atoms in the crystal, but its three valence electrons can- 
not complete the four electron-pair bonds to its four neighbors. Hence, a 
‘‘hole’' is left in one of these bonds. This can then be filled by an electron 
from an adjacent atom. When this happens the “hole” moves over to the 
atom from which the electron came. When the electrons move in one 
direction the holes wander in the opposite direction and hence they be- 
have as if they were mobile positive charges. These holes account for the 
acceptor states of Fig. 5-21. It has become customary to ignore com- 
pletely the presence of the electrons in the filled band of a p-type semi- 
conductor and to confine attention to the positively charged holes. 

5-24. The Semiconductor-Metal Barrier Layer. It is desired to investi- 
gate the situation when an n-type semiconductor is placed in contact with 
a metal. Just as in the case of two metals, the equilibrium condition is 



Fig. 5-23. Rectification by a metal-semiconductor barrier, (o) No voltage applied. 
(b) Voltage applied in forward direction, (c) Voltage applied in backward direction. 


reached when the two Fermi levels line up in the body of the crystals. It 
can be shown that the Fermi level is approximately equal to the donor 
level for an n-type semiconductor and to the acceptor level for a ?>-type 
semiconductor. If the work function Eg of the semiconductor is assumed 
to be less than the work function Bw of the metal, electrons will spill over 
from the semiconductor into the metal. This establishes a negative sur- 
face-charge density on the metal surface, with an equal positive charge 
near the surface of the semiconductor. The approximate width of this 
positive space-charge region varies from about lO""® to lO”"® m. The 
barrier at the junction is approximately equal to Fw — Es, the difference 
in the work functions. The energy-level diagram is pictured in Fig. 5-23a. 

Rectification in such a metal-semiconductor contact is accomplished in 
much the same manner as for the case of two metals in contact. Suppose 
that the extern of Fig. 5-23 has a voltage Et applied in ihe forward direc- 
tion, the semiconductor being negative with respect to the metal. Since 
the potential energy of the semiccmductor has been increased by the amount 
Eh electron vdts all (A the levels in ihe body of tJie semiconductor must 
be raised by this amount, as indicated in 1%. 5^236. The height of the 
barrier viewed frmn the metal to semiconductor is a constant, independent 
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of the applied voltage. However, in the reverse direction the barrier 
height has been decreased by Et and hence there will be a resultant elec- 
tron flow in the direction from the semiconductor to the metal. This is 
analogous to the situation pictured in Fig. 5-196. The limiting condition 
occurs when Eh equals the contact barrier height, after which the current 
is determined by the bulk resistance of the semiconductor. 

When the voltage is applied in the back or blocking direction, the bar- 
rier height as viewed from the metal does not change. However, as viewed 
from the semiconductor it has increased as indicated in Fig. 5-23c. This 
results in a decrease in the electron flow 
from semiconductor to metal. The 
situation is the same as that discussed 
in Sec. 5-20, where it was shown that 
the contact is nonohmic and rectifica- 
tion takes place. 

Now examine the conditions which 
exist when Es of the n-type semicon- 
ductor exceeds Ew of the metal. The 
situation under equilibrium is illus- 
trated in Fig. 5-24. The Fermi levels 
again are lined up. Now, however, 
electrons have spilled over from the 
metal to the semiconductor, and a neg- 
ative space charge layer results which lowers all the levels in the semi- 
conductor by an amount approximately equal to Es ^ Ew as indicated. 
Note that in this case no barrier is formed on contact. No impediment to 
current flow results, and such a contact will obey Ohms^ law. 

The situation for a p-type semiconductor is somewhat similar to the 
foregoing. For barrier layer rectification to take place Es must be greater 
than Ewy and the forward direction is that which makes the semiconductor 
positive with respect to the metal. 



Fia. 5-24. An n-type semiconductor in 
contact with a metal which has a 
smaller work function than the semi- 
conductor. 


PROBLEMS 


6-1. How many electrons per cubic meter in metallic tungsten have energies between 
8.5 and 8.6 ev 
o. At 0**K? 
b, At2500‘*K? 

6 - 2 . Verify that the second term in the Sommerfeld expansion for Em in terms of 
T [£q. (5-12)1 is less than one-tenth of 1 per cent of the first term, even for temperatures 
of tungsten as high as 30(X)**K. 

6-S. a. Show that the FDS speed distribution hinction at absolute aero is 


(h, 


8irm* 




for V <VM 


« 0 


for V > Vii 
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b. Plot pv as a function of v of tungsten at the temperatures T 0°K and T 
2500 ^K. As ordinate, introduce the variable 

h^Pv 


and, as abscissa, introduce the variable x *• square-root volts. 

5 - 4 . Plot the distribution function pr as a function of energy E for tungsten at the 
temperatures T — 0®K and T — 2500®K. As ordinate, introduce the variable 


5 - 5 . Starting with the fact that Pr ( * 2m^/h^) is a constant at absolute zero within 
a sphere of radius vm and that pr is zero outside of this sphere, find the expression for 
VM and Em in terms of the density of particles N. 

5 - 6 . Calculate the average age of the population of the United States according 
to the 1940 census (Table 5-1, page 119). 

5 - 7 . a. Calculate the maximum energy of the free electrons in metallic aluminum 
at absolute zero. Assume that there are three free electrons per atom. The specific 
gravity of aluminum is 2.7. 

b. What is the average energy of the electrons under these conditions? 

c. Repeat parts a and b for the electrons in metallic silver. The specific gravity of 
silver is 10.5. Assume that there is one free electron per atom. 

5 - 8 . a. Prove that the average speed of an electron in a metal at absolute zero is 
three-fourths the maximum speed. 

6. Prove that the rras speed is 0.774 times the maximum speed. 

c. Prove that the average value of the reciprocal speed is 1.5 times the reciprocal 
of the maximum speed. Note that the average value of the reciprocal speed is not 
equal to the reciprocal of the average speed. 

d. Compute the numerical values of the above quantities for tungsten. 

5 - 9 . Prove that the specific heat of the electrons in a metal is 


nRir^ Et 
2 Em 


cal/(°K)(mole) 


where n is the number of free electrons per ion and R is the gas constant in calories per 
degree Kelvin. 

Calculate the numerical value of Cv for tungsten at room temperature. Compare 
this with the classical value SnR/2 cal/(®K)(mole). 

5 - 10 . a. An electron within a metal whose volume is only lO”** m* has an energy of 
1 ev. To within what percentage is its speed known, according to the uncertainty 
principle? 

5. Explain why the uncertainty principle plays no important role in macroscopic 
measurements. 

5 - 11 . Write down the expression for the number of electrons per cubic meter of metal 
whose X-directed velocities are between 0 and 10® m/sec, whose F-directed velocities 
are between 10® and 10^ m/sec, and whose ^-directed velocities are greater than 10^ 
m/sec. How is this interpreted geometrically in velocity space? 

5 - 18 . The X-direoted FDS distribution function is given by Eq. (5-31), namely, 

^dr-^dvjC 
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This function gives the number of electrons per cubic meter of metal that have X-directed 
velocities between v* and Vx + dvg and any ¥• or ^-directed velocity whatsoever. Show 
that 


dNx 


ArmhEr 


BM-Ez 

ln(l+« ) 


dvx 


where eEx ■ \mvx^. 

Hint: The integration can be carried out by changing from Cartesian coordinates 
Vy and V, to plane polar coordinates R and B as shown 
in the figure. Then 

The element of area dvy dvg must be replaced by R dR 
dd. The integration extends over the enlire vyvg plane, 
and hence the limits of integration are as follows: B 
from zero to 2v and R from zero to infinity. Tlie in- 
tegration over R is carried out with the aid of tli(‘ follow- 
ing identity: 

— — In (A H- t~^) 



/ 


1 + 


5 - 18 . a. Using the result of the preceding problem, show that the completely de- 
generate X-directed distribution function of an FDS gas is 


where 


dNx = pzdvx 


Pi 


4irm^€ 

“3- 


(Em — Ex) 


for Ex < Em 


Px — 0 for Ex > Em 

h. Plot the X-directed distribution function Px as a function of Ex for tungsten at 
the temperatures T * 0®K and T = 2500 °K. As ordinate, introduce the variable 

hhz 
“ irm\ 

6 - 14 . Starting with the X-directed distribution function of Prob. 5-12, find the number 
of electrons per cubic meter whose energies are large enough so that they can escape 
from the metal {Ex > Eb)- Prove that the ratio of this number to the concentration of 
electrons is 

SEeiEM* ‘ 

Prove that for tungsten at 3000 ®K but one electron out of every 2 X 10^^ electrons 
in the metal has enough energy to escape. This means that thermionic emission dis- 
turbs the FDS distribution inappreciably. 

Note: For small values of f 

In (1 4- f) - r 


For large values of 170 


290 
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5-18. a. Prove that the average X-directed velocity of a completely degenerate gas 
is three-eighths of the maximum speed vm> 

b. Prove that the average X-directed energy of an electron at absolute zero is one-fifth 
of the maximum, or Fermi, energy Em* 

5-16. Using the distribution function dNx' of Eq. (5-31), prove that the number of 
electrons crossing 1 m^/sec at absolute zero in a metal is 

irmhM^ 

2h^ 

5-17. Suppose that the work function Ew is temperature dependent. If it is assumed 
that this dependency may be expressed by an equation of the form Ew *= Ewq + oiT, 
what must be the magnitude of a in order that the Dushman-equation value of thermi- 
onic-emission current Jth, calculated with Aq »* 120 X 10“* amp/(m^)(°K^), be reduced 
by a factor of 2? (See S. Seely, Phya. Rev.^ 59, 75, 1941, for a discussion of the tempera- 
ture dependence of work function.) 

5-18. Carry through the integrals in Eq. (5-42) to prove that the average energy of 
the electrons leaving a metal is 2Et. 

5-19. Starting with the distribution function dN/ of Eq. (5-47) for the electrons that 
have escaped from a metal, derive the thermionic-emission equation. 

5-20. Starting with the distribution function dNx' of Eqs. (5-31) and (5-32), derive 
the thermionic-emission equation. 

5-21. Show that the number of electrons having X-directed energies between Ex 
and Ex + dEx is 

(2em)* (^) In [1 + dB:, 

Hint: Use the result of Prob. 5-12. 

5-22. Prove that the number of electrons that strike 1 m^ of the surface of a metal 
in 1 sec, having X-directed energies exceeding 2EMr is 

irmk^T^ _ em/Et 

* 

where the symbols have the meaning given in the text. 

5-23. Prove that the energy distribution function of the electrons that have escaped 
from a metal is 

dNs - dE 

where 

^ _ 8r-v/5(«m)» -bw/Bt 
h* 

This is one form of the Maxwell-Boltzmann distribution function which will be discussed 
in detail in Chap. 8. 

5-24. Prove that the density of electrons in the immediate neighborhood of a thermi- 
onic cathode which is delivering saturation current is given by 

Find the numerical value for this density if the cathode is tungsten operating at 
3000*K. 

5-25. Consider a cylindrical tube operating with a retarding potential. Carry through 
the integrations indicated in Sec. 5-18. 
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Hint: It will be found convenient to change to polar coordinates in a manner similar 
to that suggested in Prob. 5-12. 

The result is 


/ 


VV 


« dx 


An integration by parts then yields Eq. (5-55) of the text. 

6-26. A retarding-potential experiment on a tube having cylindrical symmetry (with 
the anode radius much larger than the cathode radius) 3 deld 8 the following data: 


i 

Eb, volts 

O.fiO 

1 

0.70 1 

1 

0.80 

0.85 

0.90 

1.0 

1.3 

1.8 

2.4 

hf Ma 

0.4 

1.2 

3.0 

5.8 

10.0 

12.3 

14.8 

15.1 

15.8 


From the appropriate plot of these data, determine the contact difference of potential 
between the cathode and anode and the temperature of the cathode. 

6-27. a. What must be the strength of the electric field at the surface of a tungsten 
filament maintained at 2300 °K in order that the work function be decreased by 2 per 
cent? 

b. What is the percentage increase in the thermionic emission under these circum- 
stances? 

c. What is the maximum normal-to-thensurface distance that an electron may wander 
outside of the metal and yet not be able to escape? 

6-28. Show that the potential energy is a maximum at the escape distance in the 
Schottky theory of the effect of accelerating fields. 

6-29. The following data were taken with a diode having a pure tungsten filament as 
an emitter: 


Eb, volts 

4 

8 

20 

36 

64 

/b (1 MS * 250 units) 

122 

190 

231 

246 

260 


Eb, volts 

144 

200 

256 

400 

600 

900 

/b (1 iua -• 250 units) 

280 

290 

296 

312 

328 

350 


Plot the Schottky line log h vs. (These data were taken from E. W. B. Gill, 
Phil, Mag.j 24 , 1093, 1937.) Find the zero field thermionic current. 

6-80. Consider two metals in contact, as in Fig. 5-9. The number of electrons per 
second per square meter leaving surface A of metal 1 is given by Eq. (5-47), 

dN/ « ^ f " dvx dvy dvg 

If the contact potential between the metals is EABt what is the expression for the number 
of electrons per second per square meter that reach the surface B of metal 2 
after escaping from metal 1? What is the expresmon for the number of electrons per 
second per square meter escaping from the surface B of metal 2? Equating these two 
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expressions, since they must be equal if a state of equilibrium is reached bet ween metals 
1 and 2, show that Eab Ew 2 — Ewi- 

5-81. If two metals are in contact, show, from conservation of energy, that a double 
layer of charge must exist at the surface of contact. 
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CHAPTER 6 


CHARACTERISTICS OF THERMIONIC CATHODES 

Xhe modern concept of the electronic structure of a metal has been dis- 
cussed in the foregoing two chapters. It is there shown that in order to 
release even the ^‘free^' electrons from the metal a certain amount of 
energy must be supplied to them. This energy may be supplied by any 
one of a number of different methods. One of the important methods is 
to heat the metal. In this way, some of the thermal energy supplied to 
the metal is transferred from the lattice of the heated-metal crystals into 
kinetic energy of the electrons. 

6-1. Determination of Emission Constants. It has already been shown 
in Sec. 4-8 that the relation which exists between the thermionic-emission 
current and the temperature of the metal is expressible by the Dushman 
equations (4-9), which are rewritten for convenience, 

Ith = Ith = amp (6-1) 

where A — A oS, S is the area of the emitting surface, T is the temperature 
of the metal in degrees Kelvin, Ew is the work function of the emitter in 
electron volts, is a constant, bo = 11,600 Ewy and Et = T/l 1,600. 

The graphical representation between the thermionic-emission current 
and the temperature is generally obtained by taking the logarithm of 
Eq. (6-1), viz.j 

logic hh ^ logio ^ = logio A — 0.4346o (^2) 

where the factor 0.434 represents logio c. In order to verify the thermionic- 
emission equation, one plots logio Ith “ 2 logio T vs. 1/7", and the result 
should be a straight line having a slope equal to — 0.4346o. The result 
obtained for the tungsten filament in a General Electric Co. high-vacuum 
diode, type FP 85, is shown in Fig. 6-1. From the slope of the straight line 
a value of bo « 52,500 deg is obtained. By using this value of bo in Eq. 
(6-2), the value of Ao is found to be 50 X 10^ amp/(m^)(®K^). These 
values compare favorably with the generally accepted values of 6o = 
52,400 and Ao “ 60.2 X 10^ given in Table 6-1, page 175. 

The exact experimental verification of Eqs. (6-1) is extremely difficult. 
Many stray effects must be guarded against, and many precautions must 
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be observed. In particular, an extremely high vacuum must be employed, 
and all adsorbed and occluded gases must be completely removed. That 
is, quantitative verification of the theory necessitates a carefully planned 
sch^ule of pumping, baking of the glass envelope, outgassing of the sup- 
ports, etc. Details of these processes are contained in the excellent review 
of the subject by Dushman.^ The reader who is interested in specific 
details of experimental technique should consult the original literature.^ 
The necessity for the elaborate precautions that must be taken in deter- 



K)Vr (ioV"/r) 

Fig. 6-1. Experimental verification of the Dushman equation, using a tungsten filament. 

minations of this kind arises from the fact that tiny traces of some foreign 
substances can change the emission from an element very materially. This 
effect will be discussed in greater detail in Sec. 6-4. 

In order to collect all the electrons that are emitted thermionically from 
a given surface, an accelerating field must be employed. The application 
of an accelerating field at the surface of the metal results, however, in the 
variation of the height of the potential barrier at the surface of the metal, 
as discussed in Sec. 4-11. This necessitates a careful determination of the 
current as a function of applied field, and then the results must be ex- 
trapolated to asero field to obtain the true thermionic currents. 

The range of temperatures over which the emission current can be 
measured is limited at the low temperatures by the sensitivity of the in- 
strum^ts used to measure this current and at the high temperatures by 
the melting point of the metal. In the case of tungsten, the extremes of 
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the range of investigation are 1000® and 3000®K. This results in a current 
ratio of approximately 10^^. The currents of Fig. 6-1 extend from approx- 
imately lO"”® to 10““^ amp, a range of 10^. The temperature range covered 
extends from about 1400° to 2300°K. 

6-2. Temperature Determination. In order to plot the curve of Fig. 6-1, 
it is necessary to know the cathode temperature accurately. In those 
cases where the cathode is sufficiently exposed, the temperature can most 
accurately be determined by means of an optical pyrometer. Often, how- 
ever, it is difficult or entirely impossible to see the cathode. Under these 
conditions a method that is based upon the energy radiated by the cathode 
is usually employed. 

If a certain amount of power is supplied to a cathode, it will become 
heated and the temperature will increase until temperature equilibrium 
occurs. Equilibrium exists when the rate of heat removal by all causes 
equals the rate of heat produced as a result of the electrical input. Since 
the cathode is generally a thin filament in a vacuum, no convection of heat 
can occur. A small amount of heat will be conducted away by the leads. 
Also, a slight cooling occurs because of the electron emission itself, the 
amount of power lost by this cause being the product of the emission cur- 
rent, in amperes, and Ew + 2Etj in volts (see Prob. 6-15). Although this 
term may become appreciable in gas-filled tubes, where the emission cur- 
rent is high, it is generally negligible compared with the heat loss due to 
radiation, especially in high-vacuum thermionic tubes. Consequently, 
most of the heat loss is due to the radiant losses, which exist largely in the 
infrared region of the electromagnetic spectrum. 

The resultant rate of the radiant-energy dissipation from a cathode 
depends, of course, upon the rate at which energy is radiated by the cath- 
ode to its surroundings and upon the rate at which energy is radiated to 
the cathode by the surroundings. In the case where no appreciable heat 
shielding exists, the contribution from the latter is usually very small. 
Under these conditions, the rate at which energy is radiated from the 
heated surface is expressed explicitly as a function of the temperature of 
the body by the Stefan-Boltzmann relation 

P = 5.77 X watts/m^ (6-3) 

where P is the power radiat-ed in watts per square meter, by the surface 
whose emissivity is er] the factor 5.77 X watts/ (m^)(°K^) is known 
as the Stefan-Boltzmann constant; and T is the temperature in degrees 
Kelvin. 

The value of er, the emissivity of the body, is always less than unity for 
all practical cases. It is a measure of the ratio of the energy radiated by 
the particular surface to the energy that would be radiated by a perfect 
radiator, or ^'black body,” at the same temperature. This coefficient, as 
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indicated by the subscript, is a quantity that varies slightly with the tem- 
perature. The emissivity is a quantity that is characteristic of a surface, 
and it applies as readily to heat absorption as it does to heat radiation. 
Hence, surfaces that have high emissivities not only radiate energy readily 
but also absorb heat readily. The black body is, therefore, a perfect heat 
absorber as well as a perfect heat radiator. In short, the coefficient er is 
tlie experimentally determined correction factor that must be applied to 
the theoretical law for a black body for the results to apply to any particu- 
lar emitting surface. 

If the emisvsivity were a constant, then a plot of the equation 

logio p = logio (5-77 X 10"V) + 4 logio T (6-4) 

would be a straight line having a slope equal to 4. Actually, as already 
mentioned, the emissivity varies with the temperature and so must be 
determined experimentally for different temperatures for any substance. 
Forsythe and Worthing ^ and Jones and Langmuir ^ have determined the 
temperature of tungsten as a function of the input power per square centi- 
meter, over wide ranges of temperature. 

The results of the investigations of Jones and Langmuir have been 
plotted in such a way in Fig. 6-2 as to be most useful in connection with 
applications to the verification of the thermionic-emission equation. Here 
logio ^ has been chosen as the independent variable and 2 logio T as the 
dependent variable. Included on the same curve sheet is a plot of 2 logio T 
vs. 10^/ r. This curve materially simplifies the calculations involved in 
the verification of the Dushman equation. Thus P is obtained by dividing 
the power input to the filament by its surface area. The value of 2 logio T 
corresponding to this value of power input per unit area is first obtained. 
The value of lO^^/T corresponding to this value of 2 logio ^ is then read. 
Thus, both functions of the temperature T that enter into Eq. (6-2) are 
obtained directly from the cuiwes. 

For the cases where the cathode may be heat-shielded, resulting in a 
system that returns by reflection an appreciable portion of the heat energy 
that might otherwise be lost by radiation, the temperature of the sur- 
roundings may be appreciable. For such cases, Eq. (6-3) must be replaced 
by the expression 

P = 5.77 X 10“®cr(T^ - V) watts/m^ (6-5) 

where To represents the temperature of the surroundings into which the 
cathode radiates the energy. Such heat-shielded cathodes are suitable for 
use in gas-filled tubes but cannot be used in vacuum tubes, as will later be 
discussed. 

It should be evident that the entire filament does not operate at a uni- 
form temperature, since a temperature gradient exists near the ends of the 
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log JO P (log watts per sg. m.) 

Fig. 6-2. Graphs for determining the temperature functions 2 log T and 10* /T for given values of the power input per square meter 
of a tungsten filament. 
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filament. This temperature gradient arises from the fact that one end of 
each lead-in wire is at room temperature. Because of this temperature 
gradient, some of the heat is conducted away from the filament wires. 
Also, this decreased temperature at the ends of the filament results in a 
smaller thermionic-emission current from these portions. This, in turn, 
results in a different rate of cooling of the filament due to the ‘^evapora- 
tion'^ of the electrons from the surface of the metal. Still another reason 
for a nonuniform temperature exists. The collecting electrode is con- 
nected to the cathode through a battery, the battery that supplies the 
field to attract the electrons from the cathode to the anode. Hence, the 
anode current is returned to the cathode. If the anode current is returned 
to one end of the filament, then the end of the filament to which the plate 
current is returned Avill be hotter than the other end, owing to the addi- 
tional heating that results from the superposed anode current on the fila- 
ment current. This contribution tends to compensate for the cooling due 
to the “evaporation" of the electrons, although the effects do not occur at 
the same portions of the filament. 

6-3. Other Forms of the Emission Equations. An early form of an emis- 
sion equation was suggested on the basis of the classical kinetic theory by 
a pioneer in the field of thermionic emission, 0. W. Richardson.*^ The 
theoretical basis for this equation will be investigated in Chap. 8. The 
form of the equation is 

ItH = ( 6 - 6 ) 


where A' is a quantity that depends upon the material, and h' is a quantity 
related to, but not equal to, ho. These parameters will be defined explicitly 
in Sec. 8-12. 

Experimentally, it is impossible to distinguish between Eqs. (6-1) and 
(6-6). This arises from the fact that both equations predict the same 
exponential dependence upon the temperature; and since this factor is 
such a rapidly varying one, it overshadows the dependence upon the or 
the term. For example, it follows from Eq. (6-1), by taking the deriva- 
tive of the natural logarithm of this equation, that 


dItH 

ItH 



dT 

Y 


(6-7) 


For tungsten, 6o = 52,400, so that at a normal operating temperature of 
2400®K the fractional change in current dith/lth is 2 + 22 times the 
fractional change in the temperature. It is to be noted that the term 
22(s= ho/T) arises from the exponential term in the Dushman equation, 
and the term 2 arises from the term. Because of this slight dependence 
upon the power of the T term, it is impossible to use the experimental 
results as a criterion to favor one or the other equaticm. In fact, the 
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experimental results are found to be in accord with an equation of the form 
given by Eq. (6-6) in which the exponent of the T form has almost any 
value up to 4. 

It is to be noted that if the thermionic current is known and it is desired 
to find the corresponding operating temperature of the filament, a trans- 
cendental equation must be used as the basis for calculating the tempera- 
ture T. However, because of the foregoing observation that the exponen- 
tial term is a rapidly varying one, the solution may be accomplished readily 
by a simple method of “successive approximations.” 

Example. A tungst/en filament whose length is 1 .0 in. and whose diameter is 0.01 in. 
gives a saturation current of 2 fiA. At what temperature is the filament operating? 

Solution. The cathode area is 

5 - ttD/ * IT X 0.01 X 1.0 X 2.642 X 10~^ « 0.203 X lO^* m^ 


and Eq. (6-2) becomes 

logu, (2 X 10-‘) - 2 logic T ~ logic (60.2 X 0.203) - 0.434 X 52,400 X ^ 

where the experimentally determined values Ao ** 60.2 X lO"*"^ amp/(m)2(°K2) and 
ho ■■ 52,400 ®K are used (see Table 6-1, page 175). There results 

22,750 

“ 6.786 + 2 logio T 


This equation cannot be solved in a straightforw'ard manner. However, a little 
thought will show that the term 2 logic T contained in the denominator arises from the 
term and is, in accordance with the foregoing discussion, a relatively unimportant 
factor. Consequently, any reasonable guess for T can be used and substituted into 
the right-hand term of the expression, the resulting fraction being evaluated for T. 
This value of T is then substituted into the logarithmic term that appears in the de- 
nominator, and the second approximation for T is calculated. This process is continued 
until two successive approximations yield the same temperature within any specified 
accuracy. 

Although the method may appear rather complicated, actually the calculations are 
straightforward, and the process converges very rapidly. In the present case, since the 
operating temperature of tungsten ranges between 1000° and 3000 °K, choose, as a 
first approximation. T * 2000 °K. Substituting this value of T in the logarithmic term 
of the foregoing equation and solving for T 3 rields 


T 


22,750 

6,786 + 6.602 


1700 °K 


By using T 


1700°K as a second approximation, there results 


22,760 

6.786 -f 6.462 


1716'’K 


By inserting T 1715**K as the third approximation, there results 


T 


22,760 

6.786 + 6,466 


1716®K 


Thus the temperature of the cathode is 1716°K within slide-rule accuracy. 
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Many other physical problems arise in which similar methods of succes- 
sive approximation must be used. The general method of approach is 
very much like that illustrated in this example. 

6-4. Cathode Materials. The filaments of the tubes used by the early 
investigators were chiefly of platinum, tungsten, or carbon, although 
many other materials were used. It was not until 1904 that Wehnelt ® 
investigated the emission of electrons from metallic oxides, such as those 
of barium, strontium, or calcium, coated on a platinum wire, and found 
that these materials made excellent emitters. The work of Langmuir and 
Rogers in 1914 sliowed that the application of 1 or 2 per cent of thorium 
oxide to a tungsten wire, when properly heat-treated, results in an emis- 
sion current that greatly exceeds that of pure tungsten. The three most 
important practical emitters will now be discussed in detail. 

Tungsten. Although tungsten becomes very brittle because of recrystal- 
lization, it is electrically rugged. That is, tungsten does not have an active 
surface layer that can be damaged by positive-ion bombardment, and so 
positive-ion bombardment does not influence the emitting properties ap- 
preciably. Hence, tungsten is used as the cathode in high-voltage high- 
vacuum tubes. These include X-ray tubes, diodes for use as rectifiers 
above about 5,000 volts, and large power-amplifier tubes for use in radio 
and other communication transmitters. 

Certain gases attack tungsten appreciably when hot. This is particu- 
larly true of water vapor and oxygen. Hence a very high vacuum must be 
maintained. Furthermore, its emission is impaired by the presence of cer- 
tain other gases, for example, nitrogen, although its emission is not appre- 
ciably affected by the presence of mercury vapor and the inert gases 
(helium, neon, argon, etc.). 

Tungsten has the disadvantage that the cathode emission efficiency^ 
defined as the ratio of the emission current, in milliamperes, to the heating 
power, in watts, is small. However, a copious supply of electrons can be 
provided by operating the cathode at a sufficiently high temperature. 
The higher the temperature, however, the greater will be the evaporation 
of the filament during its operation and the sooner it will burn out. Eco- 
nomic considerations dictate that the temperature of the filament be 
about 2500 ®K, which gives it a life of approximately 2,000 hr. The melt- 
ing point of tungsten is 3650®K. 

The important constants for a tungsten emitter are summarized in 
Table 6-1. 

Thoriated Tungsten, In order to obtain copious emission of electrons at 
moderately low temperatures, it is necessary for the material to have a 
low work function. Such materials would then provide large emission 
with low heating power. Unfortunately, however, the low-work-function 
metals, such as cesium, rubidium, and barium, in some cases melt and in 
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other cases boil at temperatures necessary for appreciable thermionic 
emission. 

It is possible to apply very thin layers of lovv-work-f unction material 
on filaments of tungsten, platinum, and other metals, the low-work- 
function layer being adsorbed by the base metal. In this way the base 
metal holds the adsorbed layer at high temperatures, even above the 
point at which the pure layer material would normally evaporate. This 
is the case with tungsten filaments that have their surfaces covered by a 
monatomic layer of thorium atoms. Such a filament has the desirable 


TABLE 6-1 

COMPARISON OF THERMIONIC EMITTERS 



Dushman constants 

! 

Approximate 

Efficiency,* 

nnip/(in^) 

(watt) 

Piute 

voltage, 

volts 

Gas or 

vacuum 

tube 

Type of 
oftthode 

AoX 10 
an»p/(m*' 
(«K2) 

1 

1 

1 

Ew, 

ev 

operating 

temperature, 

°K 

1 

Tungsten 

1 

00.2 

52.400 

4.52 

2,500 

20-l(X) 

.Above 

Vacuum 

Thoriated tungsten . . 
Oxide-coated 

BaO + SrO 

3.0 

0.01 

30,500 

11,000 

1 

2.03 

1.0 

1 .WKJ 

1 .0(X) 

50-1 ,(MH) 
100 10,0(K) 

1 

5.0(X) 

I 750-5,0IX) 
Below 750 

Vacuum 

A’acuurn 

or gas 


* K. R. Spanoenbero, “Vacuum Tubes,’’ McGraw-HiU Book Company, Inc., New York, 1948. 


mechanical properties of tungsten and possesses emission properties that 
are considerably better than those of the pure tungsten. 

Thoriated-tungsten filaments are obtained by adding a small amount 
(1 or 2 per cent by weight) of thorium oxide to the tungsten. After the 
tungsten is drawn and mounted in a tube, the tube is exhausted and the 
glass and the metal structure are outgassed by baking the tube in an oven. 
The temperature to which the glass may be heated during the outgassing 
process depends upon the type of glass used. This temperature is about 
400®C for soft glass and about 500®C for pyrex glass. The metallic parts 
are further heated with a high-frequency induction furnace. Just as the 
tube is sealed off from the pumping system, a getter is ‘'flashed.^’ The get- 
ter consists of an active chemical substance, such as magnesium, which 
absorbs thfe residual gas and tends to maintain a high vacuum. This 
getter is usually visible in commercial tubes, it being the silvery deposit 
on the glass near the base of the tube. 

Following the evacuation process, the filament must be activated. 
This process requires essentially three steps. (1) The filament is heated to 
about 2800°K for several minutes. At this high temperature, the tungsten 
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surface is cleaned and some of the thoria inside the tungsten is reduced to 
metallic thorium. At this high temperature, any thorium that diffuses to 
the surface of the filament will immediately evaporate, so that the emis- 
sion under these conditions is substantially that of the pure tungsten. 
(2) The filament is then activated by maintaining the temperature of the 
filament at about 2100®K. At these temperatures the rate of diffusion of 
the thorium to the surface is still rather high, although the rate of evapora- 
tion from the surface is rather low. In this way an adsorbed layer approx- 
imately one molecule thick of thorium atoms accumulates on the surface. 
Under these conditions, the emission from the activated surface is approxi- 
mately 1,000 times that of the pure tungsten filament at the same tem- 
perature. (3) The temperature of the filament is reduced to the operating 
range, from 1800® to 2000 °K, at which temperatures the evaporation and 
diffusion are so low that the metal retains its surface layer of thorium. 

Under the conditions of normal operation the layer of thorium atoms 
slowly evaporates from the filament. This evaporation is compensated for 
by the continued diffusion of thorium atoms to the surface. However, 
even under proper use, the filament has a limited life. It can be rejuve- 
nated by reactivation since only a limited amount of the thorium within 
the tungsten can be removed at the lower temperatures. In order to in- 
crease the life of thoriated-tungsten filaments, the process of carbonization 
has been developed. The filament is heated at a temperature about 
1600®K in the presence of naphthalene or some other suitable hydrocarbon 
vapor. The hydrocarbon is reduced, and some of the carbon from this 
process diffuses into the tungsten and forms a surface layer of tungsten 
carbide. The effect of the process is to reduce the rate of evaporation of 
the thorium layer, the rate being about one-sixth that of the nonc^rbonized 
filament.® 

The thoriated-tungsten emitter has a much higher cathode efficiency 
than a pure tungsten emitter, the imcarbonized filament being slightly 
more efficient than the carbonized one. The decrease of efficiency that 
results from the carbonization is more than compensated for by the de- 
creased probability of impairment of the emission characteristics by oxi- 
dation. The limitation to the use of thoriated-tungsten emitters is the 
deactivation due to positive-ion bombardment. The effect of even a few 
ions is severe at high potentials, so that these filaments are confined to use 
in tubes that operate with potentials less than about 6,000 volts. Higher 
voltage tubes use pure tungsten filaments. Most of the “800'^ series of 
transmitting tubes use thoriated-tungsten filaments. 

The effect of the thorium present on the tungsten surface is to lower the 
height of the potential barrier at the surface of the metal to a value below 
that of either the pure tungsten or the pure tiiorium. It is rather difficult 
to obtain representative values for the emission constants in the Dushman 
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equation, since these values depend markedly upon the fraction of the 
surface that is covered by thorium. Though several values of and ho 
are to be found in the literature, it will be here assumed that the values ® 
given in Table 6-1 are representative. The presence of the monatomic layer 
of thorium on the surface of the tungsten does not alter the thermal prop- 
erties of the tungsten; it is possible, therefore, to determine the tempera- 
ture of the filament from the thermal curves of Fig. 6-2 for pure tungsten. 

Example. The saturation current from a certain thoriated-tungsten filament operat- 
ing at 2000 ®K is 100 ma. What would be the emission from a pure tungsten filament 
of the same area operating at the same temperature? 

Solution. Equation (6-1) for tungsten is 

I - (5)(60.2 X 10<)(2,000)26-»2 .400/2 .000 
Similarly, for thoriated tungsten, Eq. (6-1) becomes 

100 X 10-2 « {S)(Z.O X 10^)(2,000)2e-80.wo/2.ooo 


Upon dividing these two equations, there results 


or 


O.T 


an o .‘>2,400 , 30,500 
" 2.000 

3.0 * 


7 « 2.01 


This is evaluated with the aid of logarithms. Thus, 

logic I - logio (2.01) - (0.434)(10.95) 

- 0.30 - 4.75 - -4.45 « 0.55 - 5 
I = 3.55 X 10""® or 35.5 m®- 

Oxide-coated Calhodes.^^ The modem oxide-coated cathode is the most 
efficient type of emitter that has been developed commercially. It consists 
of a metallic base of platinum, nickel, nickel with a few per cent of cobalt 
or silicon, or Konal metal. Konal metal is an alloy consisting of nickel, 
cobalt, iron, and titanium. Konal-metal sleeves are used very extensively 
as the indirectly heated cathode of radio receiving tubes. 

The wire filaments or the metallic sleeves are coated with oxides of the 
alkaline-earth group, especially barium and strontium oxides. This coat- 
ing is applied to the surface of the cathode either by a spray or by dip, an 
organic binder being used to make the coating stick to the metal sleeve. 
Since the alkaline-earth oxides are unstable in the presence of the gases of 
the atmosphere, the coating usually consists of the alkaline-earth car- 
bonate, nitrate, or hydroxide. Upon applying heat (about 1400®K) in a 
vacuum, the coating is reduced to the oxide, and the gas that is evolved is 
pumped away. 

Before the oxide-coated cathode shows appreciable electron emission, 
it must be activated. The activation process consists essentially in operat- 
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ing the cathode for several minutes at a temperature from 1000® to 1500®K, 
which is above the normal operating temperature. The cathode is thpji 
maintained at a lower temperature for a longer period of time, an anoae 
potential being applied so as to draw electron current. During this process, 
the emission increases rapidly to a high value and reaches an emission cur- 
rent that is as copious at 1000°K as an equivalent tungsten filament that is 
maintained at 2300°K. The corresponding cathode emission efficiency is 
about twenty times that of the tungsten emitter. It is for this reason that 
these cathodes are used so extensively. The activation process probably 
results in the reduction of some oxide to the pure metallic form, which will 
be distributed throughout the body of the coating. 

There seems to be some difference of opinion among investigators as to 
whether the emission comes from the pure metal or the oxide, and also 
whether the material of the core affects the emission properties. The 
accumulated evidence seems to favor the view that the emission current 
arises principally from the free metal on the surface. However, there 
seems to be some dependence of emission current on the core material.^* 

Three other characteristics of the coating exist that account for its 
extensive use. The first is its long life, several thousand hours under 
normal operating conditions being common. At reduced filament power 
several hundred thousand hours have been obtained. The second is the 
fact that it can easily be manufactured in the form of the indirectly heated 
cathodes. These indirectly heated cathodes are considered in greater 
detail in the next section. The third is its ability to give tremendous out- 
puts under pulsed conditions. Thus, it has been found that for (micro- 
second) pulses current densities in excess of 10® amp/m^ may be obtained.^* 
Such pulsed cathodes are used in magnetrons in radar applications. Cath- 
ode sparking or flashing limits the peak emission current density that can 
be obtained. Such a spark results in a physical loss of coating. 

Oxide-coated cathodes are subject to deactivation by positive-ion bom- 
bardment and so are generally used in low-voltage tubes only. Further- 
more, it is rather difficult to obtain high vacuum with them, although the 
vacuum requirements may not be very rigorous. Also, the evaporation of 
the oxide to other electrodes in the tube may lead to secondary-emission 
difficulties. This is especially true in high-power tubes in which the anodes 
operate at rather high temperatures. 

The emission properties of an oxide-coated cathode are influenced by 
many factors, for example, the proportion of the contributing oxides, the 
thickness of the oxide coating, possibly the core material, and the details 
of the processing. The determination of the relationship between the 
power input and the emissivity or temperature is very difficult. The 
various methods found in the literature are summariased by Blewett,"^ who 
concludes that for an ordinary oxide-coated filament (4 X 10"^ m thick) 
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the emissivity can be taken as a constant and equal to 0.3 over the normal 
operating range. On the other hand, Dushman ' quotes an emissivity 
that ranges between 0.6 and 0.7 for the temperature range 800® to 1200®K 
for the oxide-coated filaments used by the Western Electric Co. 

Unique values of Ew and A o for oxide-coated cathodes cannot be given. 
However, the mass of experimental data available indicates that a rea- 



Fig. 6-3. Cathode efficiency curves for an oxide-coated filament, a thoriated-tungsten 
filament, and a pure tungsten filament. 

sonable value for the work function is of the order of 1-1.5 volts and for 
Ao of approximately 0.01 X 10^ amp/(m^)(®K^) as given in Table 6-1. 

Curves showing the relative cathode efficiencies of tungsten, thoriated- 
tungsten, and oxide-coated cathodes are illustrated in Fig. 6-3. It will be 
noticed that tungsten has a considerably lower efficiency than either of the 
other two emitters. Since it is not possible to obtain saturation values of 
emission current for either the thoriated-tungsten or the oxide-coated 
cathodes, these curves were taken at a fixed plate voltage, Et, = 250 volts. 
Saturation currents from tungsten were possible with this value of E^. 

Since the emission characteristics vary so markedly from tube to tube, 
the reader may have wondered how tubes using these oxide-coated cath- 
odes could serve satisfactorily in any circuit. The answer to this will be- 
come evident when the material of Chap. 7 is considered. It will there be 
shown that tubes usually operate under conditions of space-charge limita- 
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tion and not under conditions of temperature limitation. This means that 
the current is determined by the plate voUage and not by the cathode tempera^- 
ture. Thus, despite their rather unpredictable emission characteristics, 
oxide-coated cathodes make excellent tube elements provided only that 
their thermionic-emission current never falls below that required by the 
circuit. 

Oxide-coated cathodes are used in the greatest percentage of commercial 
electron tubes. Almost all receiving tubes, many low-voltage transmitting 
tubes, and practically all gas tubes use such cathodes. 

6-6. Commercial Cathodes. Directly Heated Cathodes. The cathodes 
used in thermionic tubes are frequently directly heated filaments in the 



V-99 5T4 45 624 25A6 6K7 25 L6 

Fig. 6-4. Typical filamentary Fig. 6-5. Typical indirectly 

cathodes. (Courtesy of Radio Cor- heated cathodes. (Courtesy of Ror 

poration of America.) dio Corporation of America.) 

form of a V, a W, or a straight wire, although the modern tendency has 
been to use indirectly heated cathodes wherever possible. Typical directly 
heated cathodes are illustrated in Fig. 6-4. 

Directly heated uncoated cathodes must be used for very high voltage 
syTStems, since at such voltages any coating will ultimately be destroyed by 
the vigorous bombardment of the few residual gas molecules that are 
always present in a tube. 

Indirectly Heated Cathodes. This type of cathode was developed so as to 
minimize the hum arising from the various effects of a-c heater operation. 
The general forms of indirectly heated cathodes for use in vacuum tubes 
are illustrated in Fig. 6-5. The heater wire is contained in a ceramic in- 
sulator which is enclosed by a metal sleeve on which the oxide coating is 
placed. The cathode as a unit is so massive that its temperature does not 
vary appreciably with instantaneous variations in the magnitude of the 
heater currents. Further, since the sleeve is the cathode emitting surface, 
the cathode is essentially equipotential. The heater wire within the ce- 
ramic insulator is tungsten or an alloy of tungsten and molybdenum. 

The ceramic insulator which acts to insulate the heater wire from the 
eathode must, of course, be a good heat conductor. Materials that are 
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extensively used for this purpose are the oxides of beryllium and aluminum. 
These materials must be free from any impurities in order to avoid break- 
down. The tungsten wire is usually sprayed with, or dipped into, a sus- 
pension of the oxide, to which an organic binder has been added. The 
coated heater is dried in air and is then heated to about 1400®K in a vac- 
uum or in an atmosphere of hydrogen. A solid layer, approximately 0.5 
mm thick, forms around the wire. The heater is then inserted into the 
nickel or Konal-metal sleeve. Under normal conditions of operation, the 
heater is maintained at about 1000°C, which results in the cathode tem- 
perature being at approximately 850®C. 

If an excessive potential difference is maintained between the heater and 
the cathode, the thin layer of insulation may break down. This considera- 
tion is frequently of extreme importance in practice, where it may be de- 
sired to heat several cathodes that are at different potentials Avith respect 
to ground from the same heater circuit. The insulation between the heater 
and the cathode is considered satisfactory if it has a resistance of at least 
10 megohms at normal operating temperature. Recommended practice is 
to limit the potential difference between the heater and the cathode to 
about 100 volts. If the difference in voltage between two cathodes is 
greater than this, then separate heater transformers 
must be used. 

6-6. Heat-shielded Cathodes. It was pointed out in 
Sec. 6-2 that most of the heat losses from the cathode 
of a tube result from the radiation of the heat energy. 

The amount of the heat radiated at a given temperature 
is proportional to the area of the emitting surface 
and the emissivity, according to Eq. (6-3). If either 
the emissivity of the surface or the area for radiation 
or both can be decreased, the efficiency of the cathode 
will be increased. Hull accomplished more than 
simply decreasing these two terms. Not only did he 
decrease the effective area for losses by radiant energy, 
but he simultaneously increased the electron-emitting 
area so that currents in hundreds of amperes may be 
obtained from properly designed cathodes. 

One form of heat-shielded cathode is so shaped as to 
resemble a furnace and is provided with oxide-coated ofOeL^ 

vanes which extend radially outward from the center. Electric Co.) 
Consequently, heat is radiated from vane to vane. That 
such a cathode provides a large emitting surface is evident from an inspec- 
tion of Pig. 6-6. The cathode is surrounded by a series of nickel cylinders 
which act as heat baffles, thereby providing for practically all the heat loss 
to occur from the top of the cylinder. This is a relatively small area com* 
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pared with the total surface area of the cylinder. This type of cathode has 
a very large electron-emitting surface hut a small effective radiating surface, 
which accounts for the increased efficiency of this ^‘radiator*’ type of cath- 
ode over that of the ordinary outward-radiating cathodes illustrated in 
Fig. 6-5. 

Another method of accomplishing a similar result is to wind a coated 
cathode, in the form of a coated ribbon, either in the form of a spiral or in 
a form that resembles the bellows of an accordion. The adjacent turns 



Fig. 6-7. Three types of heat-shielded cathodes. (Lowry.) 


of the cathode will act as heat shields and so result in a decreased radia- 
tion. Cathodes of these types are illustrated in Fig. 6-7.“ 

Heat-shielded cathodes are used mainly in mercury-vapor rectifier 
tubes of either the diode or the triode (thyratron) type. They are not 
used in vacuum tubes because in a vacuum tube the plate current is de- 
termined by the plate voltage and not by the thermionic saturation cur- 
rent (see Sec. 7-2). 


PROBLEMS 

6-1. The tungsten filament of a General Electric Co. t3rpe FP 85 diode has a lighteil 
length of 3^^ in. and a diameter of 0.0085 in. 
a. At what temperature does the filament operate if the power input is 40 watts? 

5. What is the saturation current under these conditions? 
c. Repeat parts a and h for power inputs of 20 and 5 watts. 

6 - 2 , Using the thermal curve for tungsten (Fig. 6-2), calculate the emissivity 
Plot this parameter as a function of temperature. 

6-8^ A thermionic cathode is required to supply a temperature saturated current of 
8 amp. 
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a. Compute the amount of filament power necessary if a tungsten cathode at 2500 ®K 
is to be used. 

h. Repeat for a thoriated-tungsten cathode to be operated at 1850 °K. Neglect the 
cooling effect discussed in Prob. 6-15. 

6-4. If the emission from a certain cathode is 10,000 times as great at. 2000" as at 
1500 °K, what is the work function of this surface? 

6-6. a. If 30 watts is supplied to a thoriated-tungsten filament whose area is 2 cm“, 
what is the emission current? Neglect the cooling effect discussed in Prob. 6-15. 

6. What must the power input be in order to double the emission? 

6-6. a. If the temperature of a tungsten filament is raised from 2300° to 2320° K, by 
what percentage will the emission change? 

b. To what temperature must the filament be raised in order to double its emission 
at 2300°K? 

6-7. By what percentage will the emission from a tungsten filament that is main- 
tained at 2500°K change when the power input to the filament is changed by 5 per cent? 

Hint: Use differentials to t)btain fractional changes in current from the Dushman 
equation and fractional changes in power from the Stefan-Boltzmann equation. 

6-8. At what temperature will a thoriated-tungsten filament give 5,000 times as 
much emission as a pure tungsten filament at the same temperature? The filament 
dimensions of the two emitters are the same. 

6-9. a. The saturation current from a certain tungsten filament operated at 1840°K 
is 143 Aia. What would be the emission from a thoriated-tungsten filament of the same 
area operating at the same temperature? 

6. At what temperature would this thoriated-tungsten filament have to be operated 
in order to supply 14.3 ma? 

6 - 10 . At what temperature will an oxide-coated filament give five times as much 
emission as a pure tungsten filament of the same dimensions that is maintained at 
2400°K? Take Ew - 10 ev; Aq = 100 amp/(m^)(°K^) for the oxide-coated filament. 

6 - 11 . How much power must be supplied to an oxide-coated filament 1.8 cm^ in area 
in order to maintain it at 1100°K? Assume that the heat loss due to conduction is 
10 per cent of the radiation loss. Calculate the total emission current and the cathode 
efficiency of the cathode. Take er * 0.7; Ew = 1.0 ev; and Ao ■* 100 amp/(m‘‘*)(°K^). 

6 - 12 . The type 45 triode is provided with a ribbon filament of the W type; this fila- 
ment is 0.014 by 0.004 in., and it is 4^5 in. long. Calculate the filament temperature 
and the total cathode emission expected from this oxide-coated cathode when operated 
under normal filament power (1.5 amp at 2.5 volts). Take the emissivity to be 0.3, 
and assume the following values for the thermionic-emission constants: Ew * 1.0 ev 
and Ao * 100 amp/(m^)(°K^). 

6 - 18 . A tungsten cathode is heated to a temperature of 2300°K. What must the 
retarding voltage be in order to limit the current density to 10“^ amp/m*? Neglect 
contact potential. 

6 - 14 . What field intensity must be applied to the surface of a cold tungsten metal 
in order to obtain a current density of 10“^ amp/m^? 

Hint: Use the method of successive approximations outlined in connection with the 
thermionic-emission equation in Sec. 6-3. 

6 - 16 . Prove that the cooling of the filament of a thermionic cathode because of the 
emission current I is due to the power loss I {Ew -f 2.^7’) watts. Refer to the energy 
level diagrams of Chf^. 5 and consider (from the energy point of view) what happens 
to the electrons as they are emitted from the cathode; as they pass into space from 
cathode to anode; as they enter the anode; and finally as they return to the cathode 
through the plate battery. In particular, how much power must the plate dissipate? 
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How is the above picture modified if the cathode and anode are not the same mate- 
rial, so that a contact difference of potential exists between them? 

6-16. a. Show that the Dushman equation J * may be written in the 

form J' »= and that J « and dJ /dT « dJ'/dT at T « 7’o provided that 

6' *■ 6o -I- 2Tq and A' « -doCeT'o)^. 
b. Show that 


2 -f (2.303)[2 log To + log (Ao/J)] 

The method of successive approximations may be applied to this equation and the 
convergence is very rapid. (H. F. Ivey and C. L. Shackelford, Westinghouse Electric 
Corp.) 
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CHAPTER 7 


DIODE CHARACTERISTICS 


In the discussion of thermionic emission in the previous chapter, only 
the temperature saturated current is considered. This is the maximum 
current that can be obtained from a cathode at any particular tempera- 
ture. This implies the existence of a collecting anode placed near to and in 
the same evacuated enclosure as the cathode. This chapter contains a 
discussion of the phenomena encountered when the anode potential is not 
high enough to collect the entire thermionic saturation current. 

This chapter also discusses some of the properties of metallic diodes 
which possess rectifier characteristics which are roughly similar to those of 
the vacuum diode. 

Gaseous diodes are not under consideration here, but are discussed in 
Chap. 11. 

7-1. The Potential Distribution between the Electrodes. Consider a 
simple thermionic diode, the cathode of which can be heated to any desired 
temperature and in which the potential between the cathode and the anode 
may be maintained at any desired value. It will be assumed for the pres- 
ent that the cathode is a plane equipotential surface and that the collect- 
ing anode is also a plane which is parallel to it. The potential distribution 
between the electrodes is to be investigated for a given value of anode 
voltage. 

It is assumed that the electrons are emitted from the cathode with zero 
initial velocities. Under these circumstances, the curves showing the varia- 
tion of potential in the interelectrode space for various temperatures of the 
cathode are given in Fig. 7-1. The general shape of these curves may be 
explained as follows: At the temperature Ti at which no electrons are 
emitted, the potential gradient is constant, so that the potential distribu- 
tion is a linear function of the distance from the cathode to the anode. 
Use was made of this linear potential distribution in Chap. 2, where the 
motion of an electron in a constant electric field of force was under con- 
sideration. 

At the higher temperature an appreciable density of electrons exists 
in the interelectrode space. The potential distribution will be somewhat 
as illustrated by the curve marked T 2 in Fig. 7-1. The increase in tem- 
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perature can change neither the potential of the cathode nor the potential 
of the anode. Hence, all the curves must pass through the fixed end 
points K and A. Since negative charge (electrons) now exists in the space 
between K and A , then, by Coulomb^s law, the potential at any point will 
be lowered. The greater the space charge, the lower will be the potential. 
Hence, as the temperature is increased, the potential curves become more 
and more concave upward. At T 3 , the curve has drooped so far that it is 


tangent to the X axis at the origin. 


Poien+ial 

voHs 



Fig. 7-1. The potential distribution 
between plane-parallel electrodes for 
several values of cathode tempera- 
ture. 


That is, the electric-field intensity 
Potential 



Fig. 7-2. The potential-energy distribu- 
tions corresponding to the curves of Fig. 
7-1. 


at the cathode for this condition is zero. One may sketch the broken 
curve of Fig. 7-1 to represent the potential variation at a temperature 
higher than T 3 . This curve, however, contains a potential minimum. 
Such a condition is physically impossible, if the initial velocities of the 
emitted electrons are assumed negligible. That this is so follows from the 
discussion given below. 

Consider the potential-energy curves corresponding to Fig. 7-1. Since 
the potential energy is equal to the product of the potential V and the 
charge —e, then the curves of Fig. 7-2 are simply those of Fig. 7-1 in- 
verted, the unit of the ordinates being changed to electron volts. It is 
immediately evident that the broken curve represents a potential-energy 
barrier at the surface of the cathode. Several such potential-energy bar- 
riers have already been considered in Chap. 4. On the basis of our previous 
discussions, it is clear that only those electrons which possess an initial 
energy greater than the maximum height of the barrier, can escape 
from the cathode and reach the anode. Consequently, the assumed con- 
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dition of zero initial velocities of the emitted electrons precludes the pos- 
sibility of any electrons being emitted. As a result, the barrier will be 
broken down, since the applied field will cause those electrons which pro- 
duce the barrier to leave the interelectrode space and become part of the 
anode current. This automatic growth and collapse of the potential bar- 
rier outside of the cathode may be considered as a self-regulating valve 
that allows a certain definite number of electrons per second to escape 
from the cathode and reach the anode, for a given value of plate voltage. 

It can be inferred from the foregoing argument that the maximum cur- 
rent that can be drawn from a diode for a fixed plate voltage and any 
temperature whatsoever is obtained under the condition of zero electric 
field at the surface of the cathode. Thus, for optimum conditions, 

dV 

S= = 0 ata: = 0 (7-1) 

dx 

This condition is based on the assumption that the emitted electrons have 
zero initial energies. This is not strictly true, of course. Because of these 
initial velocities, the potential distribution within the tube may actually 
acquire the form illustrated by the broken curve of Fig. 7-1. 

The effect of the initial velocities is equivalent to the establishment of a 
negative potential gradient at the cathode. The effect of this negative 
potential gradient will be that of a force tending to return the emitted 
electrons to the cathode. That is, this negative potential gradient which 
corresponds to a potential-energy barrier tends to repel those electrons 
which are emitted with small initial velocities. Evidently, the formation 
of such a barrier, which depends for its existence upon the presence of space 
charge near the cathode, tends to suppress the space charge that sustains 
it. Consequently, an equilibrium condition must exist between the emis- 
sion of the electrons and the space charge. This means that a very slight 
potential barrier will exist near the surface of the cathode and that the 
anode actually draws the plate current from this negative space-charge 
region. Since the potential minimum in Fig. 7-1 is usually small in com- 
parison with the applied potential, it will be neglected and the condition 
(7-1) will be assumed to represent the true status when space-charge cur- 
rent is being drawn. 

In the next section the analytical expression for the potential as a fimc- 
tion of distance will be derived. The starting point in this derivation is 
Poisson^s equation, which relates the density of electrons with the po- 
tential at any point in the interelectrode space. The derivation of this 
equation is given in Appendix VI. It is simply a mathematical restate- 
ment of Coulomb’s law relating the potential with the charge, except that 
the space-charge cloud is treated as a continuous volume density of charge 
rather than an ensemble of discrete point charges. 
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Poisson’s equation is 


p 


(7-2) 


where x is the distance from the cathode in meters, V is the potential in 
volts, p is the magnitude of the electronic volume charge density in cou- 
lombs per m®, and cq is the permittivity of free space in the mks system. 

The shapes of the curves in Fig. 7-1 conform to this equation. Thus, 
for T = Ti where p = 0, Eq. (7-2) becomes 

d^V dV 

— - = 0 or — = const 

dx dx 


This is the equation of a straight line as shown in Fig. 7-1. Furthermore, 
the curve for any other temperature must be concave upward. This fol- 
lows from Eq. (7-2), which states that d^V Idx^ is a positive number. A 
positive second derivative means that the change in slope dVfdXj between 
two adjacent points, must be positive. 

It is readily verified that 

dVl dVl 

dxjPt dx\pi 

is positive for any two neighboring points Pi and P 2 of Fig. 7-1. Further, 
the change in slope is greater for larger values of p, corresponding to higher 
temperatures. 

7-2. Equations of Space Charge. It was shown in Sec. 2-10 that if there 
are N electrons per cubic meter, each of which carries a charge e coulombs, 
then the motion of these electrons constitutes a current, the current den- 
sity of which is given by 


J = Nev = pv amp/m^ (7-3) 

where v is the drift velocity of these electrons in meters per second and 
where p = is the volume density of electric charge in coulombs per cubic 
meter. Both p and v are functions of the distance from the origin (the 
cathode). However, the product is constant, since the number of elec- 
trons passing through unit area per second must be the same for all points 
between a plane cathode and a parallel anode. This is actually an expres- 
sion for the principle of conservation of electric charge. Therefore, at the 
cathode, where the velocity of the electrons is very small (the velocities 
being the initial velocities), the charge density must be very large. In the 
neighborhood of the anode, the velocity is a maximum, hence the charge 
density is a minimum. The initial velocities being neglected, the velocity 
of the electrons at any point in the interelectrode space may be determined 
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from the equation that relates the kinetic energy of the particle with the 
potential through which it has fallen, viz., 

= eV (7-4) 

which has been used many times before. 

There results, from Eqs. (7-2), (7-3), and (7-4), 



In order to simplify the form of this equation, a transformation of the 
variable is made, by writing 

V ^ky (7-6) 

where y is to be determined as a function of x and where A: is a constant of 
proportionality that is independent of x. This equation defines y for any 
given k. The most convenient value of k will be chosen below. Under the 
specified transformation, Eq. (7-5) becomes 


k 


(fy 

d:j^ 



which reduces to the very simple form 





(7-7) 


provided that k is chosen so that 



(7-8) 


This change of variable has done considerably more than merely trans- 
form Eq. (7-5) into the simpler equation (7-7). It has transformed a dif- 
ferential equation in potential vs. distance with current density as a param- 
eter to Eq. (7-7) which has been stripped of all parameters, the dependence 
upon current density having been transferred to Eq. (7-8). Thus it follows 
from (7-8) that 

J * (2 -Yeofc* = (2 ^ (7-9) 

\ m/ \ m/ y^ 

At the anode, V ^ Eh and y is a constant (independent of Eh)> There- 
fore, the plate current varies as the three-hahes power of the phste potential. 
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Note that it has been possible to obtain this result without solving the 
nonlinear differential equation (7-7). 

In order to determine the dependence of the (airrent on the interelectrofle 
spacing, it is necessary to solve Kq. (7-7) for ?/ as a function of x. This is a 
second-order differential equation, so that two boundary conditions must 
exist. These conditions are already known, viz.: the potential V = ky 
vanishes at the cathode {x = 0). Also, from Eq. (7-1) the electric-field 
intensity is zero at the cathode. That is, 

dy 

2 / = 0 and — = 0 at = 0 (7-10) 

dx 

The solution of Eq. (7-7) is readily accomplished. Let z = dy/dx, 
whence the equation becomes 


or 


from which there results 
This integrates to 



-h 


dz — y ^ dx — y 


dy 

z 


zdz = y ^ dy 



The constant of integration is zero since the boundary conditions (7-10) 
require that y==z — 0 8itx = 0. By taking the root of the last equation, 
there results 

dy 


dx 

y~^ dy = 2 dx 

The constant of integration is zero by virtue of Eq. (7-10). Finally, 

y = ( 7 - 11 ) 


and 

which integrates to 


which is the desired functional dependence of y upon x. 

It is seen that the potential (F = ky) depends upon the four-thirds power 
of the interelectrode spacing. For example, the curve marked in Fig. 
7-1 is expressed by the relation 


F s= ox* 


(7-12) 
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where a is i*ea(lily found in terms of constants and the current density J 
from the foregoing eciuations. However, a may also be written as Ebld\ 
where d is the separation of the electrodes and is the plate potential. 
This is so because Eq. (7-12) is valid for the entire interelectrode space, 
including the boundary x = d where V = E^, 

The complete expression for the current density is obtained by combin- 
ing Eqs. (7-9) and (7-11), The result is 


J 



F* 


amp/m^ 


(7-13) 


In terms of the boundary values, this becomes, upon inserting the value of 
elm for electrons and €o = 10“^/36ir, 



This equation was first considered in detail by Langmuir,^ although it 
had been previously published in a different connection by Child.* It is 
known by several different names, for example, the Langmuir-Child law^ 
the three-halves power law^ or simply the space-charge equation. 

It will be noticed that this equation relates the current density, and so 
the current, in terms only of the applied potential and the geometry of the 
tube. The space-charge current does not depend upon either the tempera- 
ture or the work function of the cathode. Hence, no matter how many 
electrons a cathode may be able to supply, the geometry of the tube and 
the potential applied thereto will determine the maximum current that can 
be collected by the anode. Of course, it may be less than the value pre- 
dicted by Eq. (7-14), if the electron supply from the cathode is restricted 
(because the temperature is too low). To summarize, the plate current in 
a given diode depends only upon the applied potential^ provided that this 
current is less than the temperature-limited current. 

The velocity of the electrons as a function of position between the 
cathode and anode can be found from Eq. (7-4) with the aid of Eq. (7-13). 
Then the charge density as a function of x can be found from Eq. (7-3). 
It is easily found (see Prob. 7-1) that v varies as the two-thirds power of 
X and that p varies inversely as the two-thirds power of x. The latter leads 
to the physically impossible result that at the cathode the charge density 
is infinite. This is a consequence of the assumption that the electrons 
emerging from the cathode all do so with zero initial velocity. Actually, 
of course, the initial velocities are small, but finite, and the charge density 
is large, though finite. 

It will be found that conditions in certain portions of a gaseous discharge 
(see Sec. 10-19 for a discussion of sheaths) are precisely the same as those 
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discussed above, except that the current-carrying particles are positive 
ions of mass rrii instead of electrons of mass rrie. Under these conditions, 
the space-charge equations must be modified in order to take into account 
this difference in mass and, if any, the difference in charge that is carried 
by the ion. Equation (7-13) is to be replaced in these cases by the expres- 
sion 

J = 2.33 X 10~« ^ — amp/m2 (7-15) 

\ {e/m)e 


7-3. Space Charge in Tubes Possessing Cylindrical Symmetry. Systems 
that possess plane-parallel electrodes were considered above because the 
simplicity of this geometr}" made it easy to understand the physical princi- 
ples involved. However, such tube geometry is almost never met in 
practice. More frequently, tubes are constructed with cylindrical sym- 
metry, the anode being in the form of a cylinder that is coaxial with a 
cathode of either the directly or the indirectly heated type. The solution 
of the space-charge equation for such a system, subject to the conditions 
that field distortion due to the end effects is negligible, that both the 
anode and the cathode are equipotential surfaces, and that the electrons 
emerge from the cathode with zero initial velocities, is possible. 

The solution is found to be ^ 


h- 



amp 


(7-16) 


In this expression Eb is the plate voltage, Va is the plate radius, I is the 
length of the plate, and pF is determined from the ratio ra/r* from Fig. 7-3. 
For electrons, this expression reduces to 


« I ^ 6 * 

h = 14.6 X 10“®- — 


amp 


(7-17) 


A comparison of Eqs. (7-14) and (7-17) reveals that the current varies 
inversely as the square of the distance between the electrodes in the case 
of plane-parallel electrodes and varies inversely as the first power of the 
anode radius in the case of cylindrical electrodes, provided that the ratio 
fo/r* is sufficiently large so that 0^ may be considered approximately equal 
to unity. 

Attention is called to the fact that the plate current depends upon the 
three-halves power of the plate potential for both the plane parallel and 
the system possessing cylindrical sjrmmetry. This is a general relation- 
ship, since it is possible to demonstrate • that an expression of the form 
It * hiEt^f where It is the plate current^ applies for any geometrical arrange- 
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Fig. 7-3. Langmuir's space-charge parameter |9^. 

ment of cathode and anode^ provided that the same restrictions as imposed 
in the foregoing analyses are true. The specific value of the constant ki 
that exists in this expression cannot be analytically determined unless the 
geometry of the system is specified 

Example. Given a cylindrical cathode 1.8 cm long and 0.16 cm in diameter whose 
thermionic emission cannot exceed 22 ma/cm at the operating temperature. An anode 
1.0 cm in diameter is coaxial with this cathode. What is the plate current when the 
plate potential is 50 volts? If the plate potential is increased to 100 volts, what is the 
new value of plate current? 

Solution. The thermionic saturation current is 22 X 1.8 * 39.6 ma. The space- 
charge-limited current is calculated from Eq. (7-17). The value of corresponding to 
Ta/Tk * 0.5 cm/0.08 cm « 6.24 is found from Fig. 7-3 to be 0.85. Hence 

Since this is less than the thermionic current, then the plate current will be the space- 
charge current, of 21.8 ma. 

For Eh — 100 volts, which is double the voltage used above, the three-halves-power 
current will be 2^ times the value just calculated, or 

/6 - 2* X 21.8 - 61.7 ma 

Since this exceeds the thermionic current, then the plate current will be the thermionic 
current, or 39.6 ma. 

This example emphasizes the fact that, if the thermionic and space-charge currents 
are calculated, the plate current will always equal the smaller of these two values. 
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7-4. Factors Influencing Space-charge Current. Several factors modify 
to a great extent the equations for space charge given above. This is 
particularly true at low plate voltages. Among these factors are: 

1. Filament Voltage Drop. The space-charge equations were derived on 
the assumption that the cathode is an equipotential surface. This is not 
a valid assumption for a directly heated emitter, and the voltage across 
the ends of the filament causes a deviation from the three-halves-power 
equation. In fact, the results depend on whether the plate current is re- 
turned to the positive or to the negative end of the filament. 

If the plate current is returned to the negative end of the filament, the 
actual voltage of the various portions of the filament is less than the ap- 
plied voltage, because of the repelling action of the filament voltage. 
Hence, the space-charge current k less than that which can be obtained 
from a geometrically similar equipotential cathode. If the cathode lead is 
returned to the positive end of the filament, an increased current is ob- 
tained. The effect of filament voltage drop is largely eliminated by re- 
turning the plate current to the filament mid-point, if this is available, or 
to a Center-tapped resistor across the filament. If the filament is heated 
with a transformer, the plate is returned to the center tap of the secondary 
winding. 

The voltage drop along the filament is nonuniform for several reasons. 
The resistance per unit length may not be constant, since the cross section 
may not be uniform. Also, the ends of the filament are naturally cooler 
than the center portion. These factors also cause deviations from the three- 
halves-power law. 

2. Contact Potential. In every space-charge equation, the symbol Eb 
must be understood to mean the sum of the applied voltage from plate to 
cathode plus the contact potential between the two. For plate voltages 
of only a few volts, this effect may be quite appreciable. 

3. Asymmetries in Tube Structure. Commercial tubes seldom possess 
the ideal geometry assumed in deriving the space-charge equations. 

4. Gas. The presence of even minute traces of gas in a tube can have 
marked effects on the tube characteristics. As soon as the voltage is suffi- 
ciently high to cause ionization of the residual gas molecules, the plate 
current will rise above that demanded by the space-charge equations. 
This arises because the positive ions that are formed neutralize the elec- 
tronic-charge density. Modern vacuum tubes are exhausted to pressures 
of about 10”“® mm Hg, at which pressures the effects of residual gas are 
entirely negligible. 

Residual gas in a vacuum tube may also have a deleterious effect on the 
thermionic emission itself. This arises from the fact that most gases react 
chemically with the hot cathode and (also in other ways) decrease the 
emission current.^ Further, positive-ion bombardment of a cathode, par- 
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ticularly of the thoriated-tungsten or the oxide-coated types, may com- 
pletely ruin the thermionic properties of these emitters. 

5. Initial Velocities of the Emitted Electrons. It should now be evident 
that if the initial energies with which the electrons are emitted from a 
heated metal are taken into account the equations derived in Sec. 7-2 will 
have to be modified. 

If the initial velocities of the electrons are not neglected, then the equi- 
librium condition will no longer be that of zero electric field at the cathode. 
Instead, the variation of potential with interelectrode spacing will be some- 
what as depicted by the broken curve of Fig. 
7-1, which is reproduced in Fig. 7-4 for con- 
venience. This represents a potential-energy 
barrier at the cathode surface, and so it is only 
those electrons whose energies are greater 
than the height Em of this barrier that can 
escape from the cathode. The height of this 
barrier is, from the results of Sec. 4-10, a frac- 
tion of 1 ev. 

At a distance Xm from the surface of the 
thermionic emitter, the point of the potential 
minimum, the electric-field intensity passes 
through zero. Hence the point M may be 
considered as the position of a ‘ ‘virtual^ ^ cath- 
ode. Evidently, the distance that will enter 
into the resulting space-charge equation will be d — Xm^ and not d. Like- 
wise, the effective potential at any point in the interelectrode space will be 
E -f Emi and not E alone. Both of these factors will tend to increase the 
current above that which exists when the initial velocities are neglected. 

Another effect must be considered, in addition to the creation of a vir- 
tual cathode at the point M. The electrons that arise from the virtual 
emitter at M do not possess zero velocity but are distributed according to 
the Maxwell-Boltzmann distribution function. This should be taken into 
account when solving Poisson’s equation. The presence of the high-speed 
electrons directed toward the anode will permit higher currents to be ob- 
tained than are predicted by the three-halves-power law. 

The exact mathematical formulation of the space-charge equation tak- 
ing into account the Maxwellian distribution of the electrons is somewhat 
involved. It can be found in the literature.^ 

To summarize, the plate current in a diode is not strictly a function only 
of the plate potential but does depend, to a small extent, upon the tem- 
perature of the cathode. 

If all the factors discussed above are neglected, theory predicts that a 
plot of log Ih versus log should be a straight line having a slope equal to 



Fig. 7-4. The potential distri- 
bution in a plane-parallel space- 
charge diode, taking into ac- 
count the initial velocities of 
the electrons. 
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1.5, since from the equation Ih = kiEh^ one has 

logio Ih ^ logio Aji + ^ logio Eh 

Dishington * has determined the space-charge coefficient for 22 types of 
commercial diode. The values ranged from 1.24 to 1.49 with the average 
at 1.42. 

7-6. Diode Characteristics. The discussion in this and in the preceding 
chapter has revealed that the two most important factors that determine 
the characteristics of diodes are thermionic emission and space charge. 



Fig. 7-5. Oscillograms showing volt-ampere diode characteristics for various filament 
temperatures, (a) Type FP 85. Tungsten filament, (b) Type 10. Thoriated-tungsten 
filament. Plato and grid connected together, (c) Type 81. Oxide-coated filament. 

The first gives the temperature saturated value, z.c., the maximum current 
that can be collected at a given cathode temperature, regardless of the 
magnitude of the applied accelerating potential. (This statement is strictly 
true only if the Schottky effect is neglected.) The second gives the space- 
charge-limited value, or the voltage saturated value, and specifies the max- 
imum current that can be collected at a given voltage regardless of the 
temperature of the filament. 

The volt-ampere characteristics for the types 10, 81, and FP 86 tubes 
are shown in the oscillograms of Fig, 7-5. It should be noted that the space- 
charge currents corresponding to the different temperatures do not, in gen- 
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eral, all coincide but that the currents decrease slightly as the temperature 
decreases. Further, there is no abrupt transition between the space-charge- 
limited and the temperature-limited portions of the curves, but rather a 
gradual transition occurs. Also, the current for the temperature-limited 
regions gradually rises with increased anode potentials. The latter is par- 
ticularly true for the thoriated and oxide-coated cathodes. 

The temperature-current curves that were obtained experimentally for 
a General Electric FP 85 tube are illustrated in Fig. 7-6. This particular 



Fig. 7-6. Temperature-current curves of an FP 85 tungsten-filament diode with the 
plate voltage as a parameter. 

tube has been chosen because it contains a directly heated tungsten fila- 
ment, the temperature of which can be determined by the method outlined 
in Sec. 6-2. The curve for Eh = 250 volts is actually a plot of the Dushman 
equation for temperatures up to about 2400®K. Beyond this temperature, 
the curve shows a changing curvature that indicates that the current is 
becoming space-charge-limited. That is, the plate voltage is not high 
enough to collect saturation current. The bend in the curves is much more 
noticeable for the lower plate voltages. It should again be noted that there 
is no abrupt change from the temperature-limited to the space-charge- 
limited regions. As a matter of fact, the true space-charge current is not 
reached at all with the higher voltages and is only approached for Eh » 
100 volts, as is evident from the curves. 
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The explanation of the shapes of the diode characteristics lies in a con- 
sideration of the numerous contributing factors. For example, in the case 
of a directly heated cathode, the drop in potential along the cathode will 
cause the different portions of the cathode to be at different values of volt- 
age saturation. Another appreciable factor affecting the shape of the 
curves arises from the fact that the filament is not all at the same tempera- 
ture. The consequence of the different temperatures existing at different 
parts of the cathode will result in temperature-limited currents that are 
limited at different values of temperature. Evidently the temperature 
effects are less pronounced when indirectly heated cathodes are used. 

The application of the high anode potentials in order to collect the space 
current will give rise to an appreciable increase in current because of the 
Schottky effect. This effect may become particularly marked in the case 
of thoriat/ed-tungsten and oxide-coated cathodes, since hot spots may 
result, the consequent thermionic emission being increased. In fact, it 
frequently happens that the diode characteristics of a tube containing a 
cathode having a composite surface will change appreciably after the 
application of a high plate voltage. In particular with oxide-coated fila- 
ments, the emission depends very markedly upon the past history of the 
tube. 

In the case of filaments in the form of a V or W (hairpin filaments, in 
general), since adjacent portions of the filament are at different potentials 
with respect to each other, conduction may take place between portions 
of the same filament. 

7-6. Rating of Vacuum Diodes. The rating of a vacuum diode, z.e., the 
maximum current that it may normally carry and the maximum potential 
difference that may be applied between the cathode and the anode, is in- 
fluenced by a number of factors. 

1. A definite limitation is set by the cathode efficiency (see Sec. 6-4), 
which is the ratio of the emission current (in milliamperes) to the heating 
power of the cathode (in watts). 

2. The temperature to which the glass envelope of the tube may be 
safely allowed to rise also furnishes a limitation to the normal rating. In 
order that the gas adsorbed by the glass walls should not be liberated, the 
temperature of the envelope must not be allowed to exceed the tempera- 
ture to which the tube was raised in the outgassing process. As already 
mentioned, this is about 400®C for soft glass and about 600®C for pyrex 
glass. Because of this limitation, glass bulbs are seldom used for vacuum 
tubes of more than about 1 kw capacity, where the service is to be con- 
tinuous. 

3. Probably the most important factor limiting the rating of a tube is 
the allowable temperature rise of the anode. When a diode is in operation, 
the anode becomes heated to a rather high temperature. One of the fac- 
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tors that tends to increase its temperature is the power that must be dis- 
sipated by the anode. This may be considered either in terms of the 
kinetic energy carried by the electrons and transferred to the plate when 
they are collected, or in terms of the product of the plate current and the 
plate potential. The instantaneous power may be expressed in either of 


the forms 


\Nmv^ = Neeb = ib^h watts 


where N is the number of electrons per second carried by the beam, e is the 
charge of the electron in coulombs, m is the electronic mass in kilograms, 
V is the electronic velocity at the anode in meters per second, ib is the in- 
stantaneous plate current in amperes, and is the instantaneous plate 
potential in volts. In addition to the power carried by the anode current, 
the anode will also be heated to some extent by the heat that it intercepts 
from the cathode. This term depends upon the degree to which the anode 
surrounds the cathode and so intercepts heat radiation from it. 

The temperature of the anode will rise until the rate at which the energy 
supplied to the anode from all sources just equals the rate at which the 
heat is dissipated from the anode in the form of radiation. The tempera- 
ture to which the anode will rise will be determined by the power supplied 
to it, in accordance with Eq. (6-5). Consequently, for a given power 
supplied to the anode, the temperature to which it will rise will depend 
upon the area of the anode and the material of which it is constructed. 
The latter factor will determine the emissivity coefficient appearing in 
Eq. (6-5). The most common metals used for anodes are nickel and iron 
for receiving tubes and tantalum, molybdenum, and graphite for trans- 
mitting tubes. The surfaces are often roughened or blackened in order to 
increase the thermal emissivity. This permits higher power operation. 
These anodes may be operated at a cherry-red heat without excessive gas 
emission or other deleterious effects. For the larger tubes, it is necessary 
that the anodes be cooled. In the older type tubes, this is accomplished 
by circulating water through special cooling coils or, in special cases, by 
immersing the tube in oil, the temperature of the oil being maintained at 
a low value by means of water-cooling interchangers. Current practice, 
however, is to use forced air cooling on radiator fins.® These fins are at- 
tached to the anode and provide a large radiating surface in a relatively 
small space. 

The design of the external anodes for high-power tubes was made possible 
by the development of metal-to-glass seals. It is necessary that the ex- 
pansion and contraction of these seals be such that no excessive strains are 
introduced during operation, so that neither the glass nor the seal be rup- 
tured. Although the glass and the metal may not have the same coeffi- 
cients of expansion, the glass and metal are so proportioned, the metal 
being quite thin at the seal, that the seal can withstand the differential 
expansion that may arise. Another type of seal exists which has the same 
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thermal coefficient of expansion as certain glasses. These seals are made 
of alloys, generally consisting of iron, nickel, and cobalt. 

4. The voltage limitation of a high-vacuum diode is not always deter- 
mined by the permissible heating of the anode. For the case of a tube in 
which the filament and anode leads are brought out side by side through 
the same glass press, conduction may take place between the filament 
leads and the anode lead through the glass itself, especially if the voltage 
between these leads is high, as is true in a high-voltage rectifier. This 
effect is particularly marked if the glass is hot, and the resulting electrolysis 
will cause the glass to deteriorate and eventually leak. The highest volt- 
age permissible between adjacent leads in glass depends upon the spacing 
of the leads and upon the type of glass but is generally of the order of 500 
to 1,000 volts. For this reason, rectifiers are generally provided with fila- 
ment leads and the anode lead at opposite ends of the glass envelope. 

Also, the separation of the leads of high-voltage rectifiers must be large 
enough to preclude the possibility of flashover through the air. In fact, it 
is the highest voltage that may be safely impressed across the electrodes 
with no flow of charge that determines the safe voltage rating of a tube. 
Since, with an a-c potential applied between the cathode and anode, no 
current will exist during the portion of the cycle when the anode is negative 
with respect to the cathode, the maximum safe rating of a rectifying diode 
is known as the peak inverse-voltage rating. 

Commercial vacuum diodes are made to rectify currents at very high 
voltages, up to about 200,000 volts. Such units are used with X-ray equip- 
ment, high-voltage cable testing equipment, and high-voltage equipment 
for nuclear-physics research. The dimensions and shapes of the glass 
envelopes of the diodes depend upon the current capacity of the tube, the 
shape of the anode, and whether the tube is to be air- or oil-cooled. Fig- 
ure 7-7 is a photograph of a group of such tubes. 

As was pointed out in Sec. 6-4, all high-voltage vacuum tubes have pure 
tungsten filaments. It is only for tubes that operate at about 5,000 volts 
or less that thoriated-tungsten filaments may be used. Oxide-coated 
cathodes are generally used in rectifier tubes that operate at about 750 
volts or less and so find extensive application in home radio receiving 
sets. 

7-7. Metallic Rectifiers^ A metallic rectifier cell comprises a combina- 
tion of substances in the form of a sandwich. These sandwich combina- 
tions consist of a metal base plate, a semiconductor in intimate physical 
contact with this base plate, and a contact surface on the semiconductor. 
When the cell is formed, a thin contacty harrier , or blocking layer is pro- 
duced between the base plate and the semiconductor. Such a cell pos- 
sesses unilateral properties, there being a low resistance to current flow in 
one direction and a high resistance to current flow in the opposite direc- 
tion. The rectifying action takes place in the blocking layer. The 
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A number of commercially important rectifier disks exist, these being 
known loosely as copper’^xide cells,® selenium cells,® and copper sulfide 
cells. Each of these will receive some consideration below. 

The copper-oxide cell is illustrated in two forms in Fig. 7-9. These 
cells are produced by heating a copper disk or plate in a furnace to approx- 
imately 1000®F and then quenching it in water. This treatment produces 
a thin layer of red cuprous oxide with an outer layer of black cupric oxide. 



Fig. 7-10. Current- voltage characteristics of a copper-oxide rectifier cell. Note that 
the scales in the forward and backward directions are different. {Courtesy of General 
Electric Co.) 

The cupric oxide is then removed, leaving the cell with a layer of cuprous 
oxide on the base copper. Contact with the oxide surface can be made in 
either of two ways. One method is to use a lead disk which is held against 
the oxide surface at a definite pressure. The other way is to plate a metal- 
lic conductor, such as nickel, on the oxide surface. This plated film is then 
used as the contact surface. 

The unilateral characteristic of this cell is shown in Fig. 7-10. It should 
be noted that the forward resistance is quite low and the resistance in the 
backward direction is quite high. However, since the current in the reverse 
direction is not negligible for a high inverse voltage, it is desirable that this 
inverse voltage be kept as small as possible. Because of this, such cells 
are limited to low-voltage service, the inverse voltage per cell being re- 
stricted to about 10 volts. Higher voltage service is possible by connecting 
a number of such cells in series. A typical rectifier stack is shown in 
Fig. 7-11. 
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In order to prevent an excess inverse current, the maximum temperature 
of operation should be limited to about 35 ®C. The output of the rectifier 
may be increased by providing cooling fins for more effective heat transfer. 
It may be increased still more by providing forced air cooling. 

It has been found that the resistance of a copper-oxide cell increases 
with time. This aging effect is accompanied by a reduced output voltage 
for a given input voltage, and also by a reduced efficiency. The cell re- 
sistance appears to reach a stable value at about twice the initial value in 
from 6 months to a year, depending on the amount of operation and the 
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Fig. 7-11. Photograph of a typical me- 
tallic rectifier stack (a copper sulfide stack 
is shown). {Courtesy of P. R. Mallory and 
Co.) 



Fig. 7-12. Cross section of a 
selenium cell. {Courtesy of Fed- 
eral Telephone and Radio Corp.) 


temperature. For this reason, the rectifier is rated on the basis of the 
output which will be obtained after the unit is completely aged. 

The selenium cell is physically not unlike the copper-oxide cell. It 
consists of a base plate of iron or aluminum which is covered by a thin 
film of selenium. A thin blocking layer forms between the base plate and 
the selenium upon the application of an a-c potential. Figure 7-12 shows 
the cross section of a selenium cell. A typical curve of the static character- 
istics of such a cell is given in Fig. 7-13. 

Although the selenium cell possesses the same general properties as the 
copper-oxide cell, it possesses several distinct advantages. It will with- 
stand a higher inverse voltage, which is approximately 25 volts for this 
cell. Also, owing to the different materials of construction, the weight of 
the selenium i-ectifier for a given rating will be considerably less than for 
the copper-oxide unit. One disadvantage of the selenium cell is that it 
shows a lo^ of some of its rectifying properties when not in use. However, 
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the original characteristics are restored in a few seconds with the applica- 
tion of an a-c voltage. 

The copper sulfide cell consists of a base plate of magnesium, with a 
copper sulfide semiconductor layer. The active blocking layer, which is 



Fig. 7-13. Typical curve of static forward and reverse current characteristics of 26-volt 
selenium rectifier cell. {Courtesy of Federal Telephone and Radio Corp.) 

formed between the magnesium and the copper sulfide by an electrochemi- 
cal process, consists of a film of magnesium sulfide and an adjacent film of 
cuprous sulfide. 

A comparison of the important characteristics of these metallic rectifier 
cells is contained in Table 7-1. 


TABLE 7-1 

COMPARISON OF METALLIC RECTIFIERS 


1 

Type of cell 

Peak inverse volts 
jjer cell, normal 
operation 

Current density, 
amp/in.* 

(full-wave rectifier) 

Maximum operat- 
ing temperature, 
°C, normal 
operation 

Normal 

cooling 

Forced- 

draft 

cooling 

Copper oxide 

8.75-11.6 

0.3 

0.6 

35 

Selenium 

25 

0.3 

0.76 

35 

Copper sulfide 

5 

25 

50 

40 
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PROBLEMS 


7-1. Prove that the following relationships are valid for a plane-parallel diode oper- 
ating under space-charge-limited conditions: 


and 








where vt, ™ {2eEh/m)^ is the speed with which the electrons strike the plate and pb = 
Eb/Slir(flO^ is the charge density at the plate. The other symbols have the meanings 
assigned in the text. 

7-2. Show that the transit time of an electron from the cathode to the anode of a 
plane-parallel space-charge-limited diode is T = Zd/vb, where d is the cathode-anode 
spacing and Vb = (2eEb/m)^ is the speed with which the electron strikes the plate. The 
electron is assumed to leave the cathode with zero initial velocity. 

Show that, if the space charge is negligibly small, the transit time is T = 2d/vb. This 
is only two-thirds of the time taken under space-charge conditions. 

7-3, Show that the tangent to the potential distribution curve at the anode of a plane- 
parallel space-charge-limited diode passes through the zero of potential at one-fourth 
the cathode-plate distance. 

7-4. A diode having plane-parallel electrodes is operating under space-charge condi- 
tions. The plate current is 10 ma at 100 volts plate voltage. 

a. What must be the plate voltage in order that the plate current be doubled? 

h. What current will be obtained if the voltage is doubled {Eb ~ 200 volts)? 

c. If another diode is constructed having half the cathode-anode spacing and twice 
the electrode area, what current will be obtained if a potential of 100 volts is applied? 

7-6. A plane-parallel diode having a 2-cm spacing is operated under space-charge 
conditions. The plate voltage is 100 volts. What is the space-charge density at a 
point halfway between the cathode and anode? 

7-6. a. A plane-parallel diode with a cathode-anode spacing of 1 cm operates under 
space-charge-limited conditions at a plate voltage of 100 volts. How much power per 
square meter must the plate dissipate? 

h. If the voltage is increased to 400 volts, by what factor is the dissipation multiplied? 

c. If the emissivity of the anode material is 0.5, find the anode temperature in each 
case. Assume an ambient temperature of 20 ®C. 

7-7. In a certain space-charge-limited diode a current of 6 ma results from the appli- 
cation of 100 volts. What is the maximum plat/C voltage that can be applied before the 
plate dissipation exceeds 16 watts? 

7-8. The anode of a space-charge-limited diode is made of material whose emissivity 
is 0.7. When the plate voltage is 200 volts, the temperature of the anode is 50 °C. 
The ambient temperature is 20®C. What is the plate current density? 

7-9. Given a tungsten cathode and a cylindrical coaxial anode having the following 


dimensions: 


Lighted length 1.0 in. 

Cathode diameter « 0.005 in. 
Anode diameter 0.5 in. 


The filament voltage is 2.5 volts. The filament current is 1.0 amp. The plate voltage 
is 200 volts. 

a. Calculate the spaoe-charge-Umited current. 
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b. Calculate the temperature-limited current. 

c. Calculate the plate current. 

7-10. For a space-charge-limited diode the functional relationship between plate 
current and plate voltage is h =» KEb^, where ideally n « 1.5. Determine whether 
or not the 5U4G satisfies this formula, and determine n. Use the data from Fig. A9-1. 

7-11. Given a cylindrical tungsten filament whose lighted length is 1 in. and whose 
diameter is 4 mils. Coaxial with this emitter is a cylindrical plate whose diameter is 
0.4 in. 

a. What must be the power input to the filament if it is to operate at 2000 °K? 

b. What is the saturation current obtainable from this tube? 

c. What plate current is obtained at a plate voltage of 100 volts? 

7-12. a. Calculate the maximum current from a straight tungsten wire 1 mm in 
diameter and 3 cm long to a cylindrical anode 4 cm in diameter when the potential 
difference between cathode and anode is 120 volts. 

b. What is the lowest temperature at which this emission will take place? 

7-18. The tungsten filament of a high-vacuum rectifying diode has a diameter of 
0.0085 in. and a lighted length of 1.00 in. The plate diameter is 0.75 in. 

а. If the filament input is 5.0 amp at 2.0 volts, what is the saturation current? 

б. At what potential will the current become temperature-limited? 

7-14. Prove that the current density at the plate of a cylindrical diode is the same 
as that in a plane diode if the cathode-anode spacing is the same in both tubes and if 
the anode radius is very much greater than the cathode radius. 

7-15. Prove that the space-charge density p varies with distance r according to the 
factor where is defined in Sec. 7-3. 

7-16. In either a plane or a cylindrical diode all the dimensions are enlarged by the 
same factor. If the voltage remains constant, show that the space-charge current is 
unchanged. 

7-17. Consider a space-charge diode having an arbitrary geometry. Show that if 
the potential at any point in space changes by a factor K the magnitude of the current 
density at that point changes by the three-halves power of this factor.® 

Hint: Use Poisson’s equation in three dimensions lEq. (Afi-3)1. 
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CHAPTER 8 


THE KINETIC THEORY OF GASES 


In the case of the structure of metals, it was mentioned that the ions 
that constitute the metal are arranged in a regular pattern, this pattern 
being maintained against the action of externally applied forces by means 
of the very strong interionic forces. In the case of gases, no such inter- 
molecular forces exist, so that the molecules are free to move more or less 
independently of each other, except for the effect of the collisions that may 
occur between them. The kinetic theory of gases is concerned with the 
study of these colliding molecules. This chapter will emphasize those 
features which have a bearing on the understanding of the operation of 
electronic-discharge devices. 

8-1. Classical Concept of a Gas. According to the classical kinetic 
theory of gases, any type of molecule is considered as a simple spherical 
particle that possesses a size and a mass that are characteristic of the gas 
under survey. This is at variance with the known fact that certain gases 
are monatomic, i.e., one for which each atom exists as a separate entity, 
whereas other gases are diatomic or polyatomic. Despite the limitations 
imposed by this basic assumption, the kinetic theory of gases yields con- 
siderable significant information about gas behavior. 

This theory supposes that the molecules are in continual motion, the 
direction of flight of any particle constantly undergoing changes owing to 
the collisions with other molecules or with the walls of the container. A 
calculation of the number of such collisions per second, the average dis- 
tance between collisions, the average speed of the molecules, and similar 
properties is given in a later section. 

The kinetic theory of gases is concerned with the explanation of macro- 
scopic gaseous phenomena in terms of the dynamic behavior of the parti- 
cles constituting the gas. In this way the features of pressure, viscosity, 
thermal conductivity, diffusion, and others, all measurable quantities, are 
reduced to problems in mechanics, specifically, to the kinetics of elastically 
colliding spheres. 

In Chaps. 4 and 5 the distribution in energy of the electrons in a metal is 
discussed. It is found from kinetic theory that the molecules of a gas, like- 
wise, are distributed in energy but in accordance with the MaxwelUBdU- 
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mann (MB) law instead of the Fermi-Dirac-Sommerfeld (FDS) law. The 
original derivation of the MB distribution function was based upon the 
mechanical model of the gaseous system, as described above. 

The kinetic theory of gases supposes that in an ensemble of colliding 
particles the velocity of any one particle changes at each collision. Never- 
theless, since there are such an enormous number of particles present, an 
equilibrium stage will be reached within any given velocity range. Thu.s 
the fundamental problem is to obtain a distribution function that has as 
its basis the fact that the number of particles entering a given velocity 
range per second because of collisions is equal to the number of particles 
leaving this same range in the same time. In addition, the solution is 
determined solely with the aid of the elementary laws of mechanics, viz., 
the laws of conservation of energy and momentum. Temperature enters 
into the distribution functions because the propounders of this theory 
made the fundamental assumption that the average kinetic energy of the 
molecules is proportional to the temperature. This one decisive step allows 
agreement to be had between many theoretically derived equations and 
experimentally obtained results. 

Although the basic laws on which the solution of this problem is based 
are simple, nevertheless the mathematical formulation of the solution is 
complicated.^ The most important concepts of the theory and some of 
the end results are summarized in the next few sections. Further details, 
including some derivations, are given in the last part of this chapter. 

8-2. Perfect-gas Laws. What is the kinetic-gas-theory explanation for 
the pressure exerted by a gas upon the walls of the enclosing container? 
The answer is given in terms of the physical picture of the gas discussed 
above. By definition, the term pressure is the force per unit area. In a 
gaseous system, the force is that resulting from the bombardment of the 
walls of the container by the molecules. Since Newton’s second law of 
motion dictates that force is the rate of change of momentum, the pres- 
sure of a gas is the change in momentum of all the particles that strike 
unit area of the container in unit time. 

If the pressure is evaluated as outlined above (see Sec. 8-13), it is found 
that 

p = %NeE (8-1) 

where p is the pressure in newtons per square meter, N is the concentra- 
tion in molecules per cubic meter, e is the electronic charge in coulombs, 
and E is the average total energy per molecule in electron volts. The fun- 
damental assumption of kinetic theory is that the average energy is pro- 
portional to the absolute temperature, or 


eE = ^kT 


(8-2) 
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where T is in degrees Kelvin and the proportionality factor k, called the 
Boltzmann constant, is in joules per degree Kelvin. Combining these two 
equations gives 

p = NkT (8-3) 

An extremely important conclusion is contained in this expression: 
At a given temperature and pressure all gases must contain the same number 
of molecules per cubic meter. This is called Avogadro^s principle. 

Consider two containers occupying the same volume, one filled with 
gas A and the other with gas B. If these are at the same temperature and 
pressure, then, by the above principle, the two containers enclose equal 
number of molecules. Hence, the weight of the gas in the first container 
is to that in the second as the weight of gas molecule A is to the weight of 
molecule B. This leads to the concept of molecular weight. 

The molecular weight of any substance is the ratio of the mass of one 
molecule of that substance to that of another which has been chosen as a 
standard. The molecular weight of diatomic oxygen is arbitrarily taken 
as 32.0000 (actually, the atomic weight of monatomic oxygen is taken as 
16.0000). Hence the molecular weight of any substance is simply a nu- 
meric. Also, the term gram-molecular weight denotes a quantity of sub- 
stance equal to this numeric, in grams. It thus follows that a gram- 
molecular weight, or mole, of any substance must contain the same num- 
ber of molecules as the gram-molecular weight of any other substance. 
This number, known as Avogadro^s number, is 6.02 X 10^^ molecules per 
mole. Furthermore, from the foregoing, a mole of any gas must occupy the 
same volume. This volume (the gram-molecular volume) has been found 
by experiment to be 0.0224 m^, or 22.4 liters, under standard conditions 
of 0®C and 760 mm Hg pressure. Hence, there are 6.02 X 10^^/0.0224 
= 2.69 X 10^® molecules per cubic meter of any gas at these standard 
conditions. This quantity is known as LoschmidVs number. 

This is a large concentration, and yet it is only about one one-thousandth 
the density of electrons in a metal, which in Chap. 4 is found to be approxi- 
mately 10^® electrons per cubic meter. Furthermore, the volume occupied 
by these molecules is (under standard conditions) only about one one- 
hundredth of 1 per cent of volume of the container. This follows from 
the fact that the radius of a molecule is approximately lA (lO""^® m) (see 
Table 8-1), and hence the volume occupied by all the molecules in 1 m® is 
(|'ir)(10~^®)® X 2.69 X 10^® = 10”^ m®. Most of the gas container is 
empty! 

According to Eq. (8-3), the concentration varies directly as the pressure 
and inversely as the temperature. Thus, at any temperature T^K and 
pressure p mm Hg the concentration is 
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N - 2.69 X 10^® 



« 9.68 X 10^^ ^ moleculee/m* (8-4) 

Equation (8-3) is one form of the equation of state of an ideal gas. The 
form that is more familiar in elementary physics and chemistry may be 
obtained as follows. Each member of Eq. (8-3) is multiplied by F, the 
volume of the gas in cubic meters. Then 

pV = NVkT 

Since N is the number of molecules per cubic meter, then NV gives the 
total number of molecules in the container of volume F. However, Avo- 
gadro’s number Nq gives the number of molecules in 1 mole of gas. Hence 
if the volume F contains n moles of gas, then NV — uNq, and 

pV - nNokT 

Finally, the introduction of the familiar gas constant per rnoky which is 
defined by the relation 

R s Nok (8-5) 

leads to the well-known equation of state, viz.^ 

pV = nRT (8-6) 

where p is in newtons per square meter, F is in cubic meters, n is a nu- 
meric, R has the dimensions joules per degree Kelvin per mole, and T is 
in degrees Kelvin. Obviously, if p and F are expressed in any other units, 
all that is necessary is to convert R to this same system of units and Eq. 
(8-6) will remain valid. A still more elementary form of Eq. (8-6) is the 
equation 

pV 

— = const (8-7) 

T 


The foregoing derivation throws an interesting light on the significance 
of the Boltzmann constant k. If R is the gas constant per mole, then, ac- 
cording to Eq. (8-5), k is the gas constant per molecule. In fact, the numeri- 
cal value of kj namely, 1.380 X 10""^^ jouie/®K, is determined from 
Eq. (8-5). This is done indirectly in the following way: Starting with 1 
mole of a gas, the temperature, volume, and pressure are measured experi- 
mentally. Then with the aid of Eq. (8-6) the magnitude of R is calculated. 
In order to determine A^o, an electrolytic process is employed. The num- 
ber of coulombs F() necessary to deposit out of solution 1 gram-atomic 
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weight of a monovalent substance is measured. Then, since the charge per 
atom is e, the total measured charge will be Fq = Nqc. From other ex- 
periments, already referred to, the electronic charge is a known quantity, 
whence No may be calculated. The quantity Fq is known as Faraday^s 
constant. The numerical values of Fq and R are given in Appendix I. 

8-3. Distribution Functions of Gas Molecules. If the energy is ex- 
pressed in units of Et electron volts, the MB distribution function has a 
universal form valid for any gas at any temperature. Et is defined by 
Eq. (5-6), namely, 

eEr s kT (8-8) 


If rj is defined by ifj 
to be given by 


£3 E/Ery the energy distribution is shown in Sec. 8-10 


Pv = 


2N 




(8-9) 


This is plotted in Fig. 8-1. pr^ represents the energy density, and so the 
number of molecules having (dimensionless) energies between 77 and + drj 



Fig. 8-1. The Maxwell-Boltzmann energy distribution function, plotted in terms of 
the variable rj m E/Et> 


is pr, df). It is seen that the molecules possess all energies from zero to in- 
finity. Since the curve approaches the axis exponentially, there are very 
few molecules having very large energies. The energy at which the max- 
imum of the distribution occurs is the most probable energy^ since more 
particles have energies in this neighborhood than any other. This is 
given by 17 = ^ s= E/Ery or at an energy of Et/2. At room temperature 
(say, 300® K) this most probable energy is only 0.013 ev. At absolute 
zero, pif = 0, which indicates that all of the gas molecules have zero energy. 

This distribution should be compared with Fig. 4-9 for electrons in a 
metal. Even at absolute zero, the electrons are much more energetic than 
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the gas molecules at room temperature. The most probable electronic 
energy is Em^ which is of the order of a few electron volts, or about 500 
times the most probable molecular energy at room temperature. 

The average energy of the gas molecules may be calculated from the 
distribution (8-9) (see Sec. 8-10) and is found to be ^Et electron volts, or 
^kT joules. 

The molecules are distributed in speed (see Fig. 8-5), and the peak of 
this curve corresponding to the most probable speed is found to be 

J ( 8 - 10 ) 

\ m 

The numerical value of this speed for the case of monatomic hydrogen 
at room temperature is easily calculated to be 2.2 X 10^ m/sec, or approx- 
imately 5,000 mph. Even though the energy of a molecule is small, its 
speed is terrific (compared with that of macroscopic objects) because its 
mass is so small. 

The average speed is given by (see Sec. 8-9) 

2 

V = —j=Vc = 1 . 128^0 ( 8 - 11 ) 

y/TT 

The random current density Jr is the charge per second crossing 1 m^ in 
the gas. A calculation of this (see Sec. 8-11) leads to the expression 

1 \~w 

Jr^- Nev = ATe ^ / (8-12) 

4 V 27rm 

where Jr is expressed in amperes per square meter, N is the number of ions 
per cubic meter, e is the charge in coulombs on each ion, v is the average 
speed in meters per second, and m is the mass in kilograms. 

8-4. Mean Free Paths of Electrons and Gas Molecules. If molecules 
travel at the tremendous speeds indicated in the preceding section, then 
it might be expected that gases should have extremely fast rates of dif- 
fusion and that all the gas contained in a given volume should escape in a 
small fraction of a second after removing the cover of the container. Actu- 
ally this is not so, not only because the gas molecules strike the walls of 
the container, but because they also strike each other an enormous number 
of times each second. In fact, it is the collisions with the walls of the gas 
container that constitute the gas pressure, as was shown above. 

The average distance that a molecule travels between successive colli- 
sions with other molecules is called the molecular mean free path. In elec- 
tronic devices in which both molecules and electrons exist, the electronic 
mean free path is defined as the average distance that an electron travels 
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between collisions with gas molecules. The electronic and molecular mean 
free paths will be denoted, respectively, by the symbols U and C- 
The problem involved in the calculation of the mean free path of a 
molecule among similar molecules is essentially the following: Given a 
container of gas at a known pressure, the molecules of which obey the 
Maxwellian distribution of velocities. Each molecule will collide with 
another molecule, be deflected, move a short distance, collide with another 
molecule, again be deflected, and so on. What is the average distance 
traveled by a gas molecule between successive collisions? The solution of 
this problem may be shown to be * 

where <t == irr^ is the molecular cross section (r is the molecular radius in 
meters) and N is the concentration per cubic meter. This expression shows 
that the mean free path varies inversely with the number of molecules 
present per cubic meter. This is entirely reasonable, since it shows that 
the mean free path is longer when fewer molecules are present. 

Numerical values for the radii of molecules have been obtained indirectly 
through the use of this expression for mean free path. Specifically, it can 
be shown by the kinetic-theory methods of this chapter that the viscosity 
of a gas depends upon the mean free path. From the experimental meas- 
urements of viscosity, values of Im are calculated. The radii r calculated 
from these values of are found to vary only slightly from element to 
element. Typical values of molecular radii obtained from such measure- 
ments are tabulated in Table 8-1. They are all seen to be between 1 and 2 A. 

TABLE 8-1 • 

MOLECULAR RADII 
(Determined from viscosity measurements) 


Molecule 

Radius, A 

Ne 

1.17 

A 

1.43 

Kr 

1.59 

Xe 

1.75 

Hg 

1.82 

Ha 

1.09 

Na 

1.58 

Oa 

1.48 


* From L. B. Loss, “Kinetic Theory of Qaeas/’ p. 643, MoOraw-HiU Book Company, Inc., New York, 
1934. 

Example. Calculate the number of collisions per second made by a nitrogen molecule 
at room temperature and atmospheric pressure. 
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Solution. If the temperature is taken as 300®K, then the concentration is, according 
to Eq. (8-4), 

N - (9.68 X 1024)(^1^) » 2.46 X molecules/m’* 

Upon using the molecular radius of nitrogen listed in Table 8-1, then 

^ “ (4V2)(t)(1.58)*(10-“)(2.45)(10“) “ ^ “ 


Since Im represents the distance (in meters) traveled per collision, then the reciprocal 
of Im gives the number of collisions per meter. Hence 

A » • a * 1.09 X 10^ collisions/m 

L 9.18 X 10-» 


The average molecular speed is, according to Eqs. (8-11) and (8-10), 
• B - 1.128i)c - 1.128 (~y 

<2 X 1.38 X 10““ X 300\i 


1.128 


(- 


28 X 1.66 X 10-2^ / 

collisions \ 


4.75 X 102 


Hence there are 

( 1.09 X 10^ ^4.75 X 102 « 5.18 X 10® collisions/sec 

\ m / \ sec/ 


This example is not intended as a rigorous quantitative calculation. It 
does give some idea, however, of the incessant activity that is taking place 
in a gas. Thus, even though the molecules travel with extremely high 
average speeds, they travel only an extremely short distance before they 
make a collision with another molecule and so suffer a change of direction. 
This readily accounts for the slow diffusion rates of gases. 

It will be shown in Sec. 8-6 that the electronic mean free path is given by 
the following expression : 

1 


h 


aN 


(8-14) 


Hence, by comparing this expression with Eq. (8-13), it is seen that 

h = 4>/2Z„ = 

Thus the electronic mean free path among nitrogen molecules at the 
physical conditions specified in the foregoing illustrative example is = 
5.66(9.18 X 10“®) - 5.20 X 10“^ m. 

Since the mean free path varies inversely as the concentration, then if 
the pressure is reduced sufficiently the mean free path can be made very 
large. For example, in a * Vacuum'* tube in which the pressure is about 
10“® mm Hg, the mean free path will be 5.20 X 10~’^ X 760 X 10® « 
3.95 X 10® m. This distance is so very much larger than the distance be- 
tween the electrodes in a tube that very few of the electrons leaving the 
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cin electrons 
leaving the beam 


cathode will collide with gas molecules in the interelectrode spa(^e. Because 
of the lack of collisions, little ionization by collision can take place, and the 
tube will act as a vacuum tube and not as a gaseous-discharge device. 

8-6. The Distribution of Free Paths. It is not implied by nor is it to 
be inferred from the foregoing that each molecule or electron will travel a 
distance exactly equal to the mean free path, but simply that the average 
distance traveled between collisions will be equal to 1. What fraction of 
the particles will travel some other distance? The answer to this query 

will also furnish an answer to the following 
practical question: What fraction of the 
electrons leaving the cathode in a given 
electronic device in which a gas at low 
pressure is contamed will make collisions 
with the gas molecules before they reach 
the collector? 

Suppose that the electrons are moving 
along the X direction in a gas. Let tiq 
denote the number of electrons per second 
leaving the emitter at x = 0, and let n 
be the corresponding number that have 
arrived at any distance x. Refer to Fig. 
8-2. There are n electrons that have not yet 
made a collision, since it is assumed that 
each collision removes the particles from 
the beam. Since I is the distance between 
collisions, then l/Hs the number of colli- 
sions per meter per electron. The number of collisions made by the n elec- 
trons in traversing a distance dx is (n/l) dx. This also gives the number 
of electrons removed from the electron beam in this distance. Thus 




jc >1 \<-dx 


K A 

Fig. 8-2. Electrons leaving the 
cathode K are scattered out of the 
beam by the gas molecules in the 
tube. 


dn = dx 

I 

(the negative sign appears in this equation because dn represents a negative 
number; that is, n is decreasing). 

Upon integration, this expression leads to 

n = (S-15) 

Combining this value of n with the foregoing equation yields 

dn - - — *-*" dx (8-16) 

I 

Since dn expresses the number of collisions that occur in the interval 
between x and x + dx, then Eq. (8-16) gives the number paths that 
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terminate in this interval. It is for this reason that this equation is often 
referred to as the distribution function in free paths. 

Suppose that the method of averages of Sec. 5-10 is employed, using the 
present distribution function. Thus, the mean distance is 



This shows that the average distance between collisions is the mean free 
path, as it must be. 

Equation (8-15) is sometimes given the designation of the “survival 
equation,'^ since it gives the numbei of particles which have not yet suf- 
fered a collision in traveling a distance x. The fraction n/no is plotted in 



Fig. 8-3. Graph of the “survival equation" giving the fraction of particles that travel 
a distance x in a gas mihout making a collision. The distance is measured in terms of 
the mean free path 1. 

Fig. 8-3. It is seen from this curve that the longer paths are much less 
probable than the shorter ones. When x = i, then n/riQ — = 0.368. 

Hence, only 36.8 per cent of the particles travel a distance equal to one 
mean free path without colliding with another particle. A little thought 
will convince the reader that this result is not incompatible with the defini- 
tion of mean free path. Thus, from Fig. 8-3, though most particles have 
paths that are shorter than Z, nevertheless there are enough particles hav- 
ing longer paths to yield a mean value equal to 1. 

If it is desired to have very few collisions in a tube, the pressure must 
be reduced to a value for which the mean free path will be very large com- 
pared with the interelectrode spacing x. As a first guess, one might con- 
sider I equal to 100 times a; as a reasonable value. Actually, however, such 
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a corresponding pressure would be much too high for a ^Vacuum’^ tube. 
Thus, if xll is small, then 6""*^^ can be approximated by the first two terms 
of its series expansion, m., 

= 1 - y (8-17) 


an expression that is accurate to better than 0.5 per cent if / > 10a:. Then 
Eq. (8-15) becomes 

or 


no — n X 
no I 


(8-18) 


Since no equals the total number of particles and n gives those particles 
which have not made collisions, then (no — n)/no gives the fraction of all 
the electrons that do collide with molecules in the interelectrode space. 

If, as chosen, x/l = then 1 per cent of the electrons leaving the 
cathode will collide with the residual air molecules. If the applied poten- 
tial were high enough so that ionization resulted, this 1 per cent of colli- 
sions would cause the formation of many more than enough positive ions to 
neutralize completely the space charge, as discussed later. Consequently, 
the pressure in a “high-vacuum'' tube must be reduced to approximately 
10““® mm Hg. Under these conditions, I = 100 m so that, for an inter- 
electrode spacing of about 1 cm, Eq. (8-18) states that only one out of 
10^ electrons leaving the cathode will collide with a molecule. This will 
not provide enough positive ions to destroy the space-charge characteris- 
tics of the tube. 

8-6. Collision Cross Sections. The expression for the mean free path 
of an electron among molecules given in Eq. (8-14) will now be derived. In 
order to derive this quantity, it is noted that the diameter of a gas molecule 
is of the order of 10“"^® m, whereas that of an electron is approximately 
m. Relatively, therefore, the electron may be considered to be a 
point. Further, since the thermal motion of the electron is so much 
greater than that of the molecules, it may be assumed, as a first approxima- 
tion, that the molecules are stationary and that the electron collides with 
these rigid spheres. 

Consider an electron to be traveling in the gas in the direction !>£>' of 
Fig. 8-4. An imaginary parallelepiped is erected, with the surface of area 
A normal to this dire(ition of motion, and of length d. The circles shown on 
this figure denote the molecules that are contained in this volume element. 
What is the probability that the electron will collide with a molecule in 
this parallelepiped? 
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The following analogous problem in ballistics will clarify the analysis: 
Suppose that a gun of small caliber were fired at random at a wall of area 
A in which a number of holes had been drilled. What is the probability 
that the bullet will pass through one of these holes? Evidently, if the total 
area of the holes is, say, , then there is 1 chance in 4 that the bullet will 
not strike the wall material. That is, the probability is given as the ratio 
of the total area of the holes to the total area of the wall. 

Similarly in the electronic problem, the probability that an electron will 
collide with a molecule within the distance d is the ratio of the total pro- 
jected area of all the molecules in the par- 
allelepiped (as seen by the colliding elec- 
tron) to the area A. If the radius of a 
molecule is r, then the projected area per 
molecule is o- = irt^. The total projected 
area of all the molecules in the parallele- 
piped is aNAdy where N is the concentra- 
tion (molecules per cubic meter). Conse- 
quently, the probability that an electron 
will collide with a molecule in a distance of 
1 m of path (d = 1) is <tN, This quantity 
is by definition the probability of collision Pc. Therefore 



Fig. 8-4. To determine the mean 
free path of electrons among gas 
molecules. 


Pc S (tN 


(8-19) 


Suppose, for example, that Pc equals Then there is 1 chance in 4 
that an electron will collide with a gas molecule in a distance of 1 m. 
Therefore, on the average, an electron will travel a distance of 4 m before 
making a collision, so that / = 4 m. In other words, the mean free path is 
the reciprocal of the probability of colHsion. Thus 



(8-20) 


It has been implicitly assumed in this derivation that the projected 
areas of no molecules overlap each other, so that the total projected area 
in the direction of the oncoming electron is the sum of the projected areas 
of all the molecules in the parallelepiped. If the gas were so dense that 
this assumption could no longer be made, then the expression (8-19) would 
no longer be valid. Actually, however, the representation of a gas molecule 
as a solid sphere of radius r is known not to be the true physical picture. 
Furthermore, according to this derivation. Pc should be independent of 
the speed of the impinging electron. Experiments on the collisions of 
electrons among gas molecules, to be described in the next chapter, show 
that this is not true and that Pe depends very markedly upon the energy 
of the electron. 
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What then is the meaning to be associated with the cross section cr? In 
view of the foregoing discussion, a will be called the collision cross section 
of a molecule and will be defined by the relationship <r ® Pc/N. The rea- 
sons for this name and for this choice of definition are evident from the 
manner of the development. Thus, the total collision cross section per 
cubic meter of the gas is defined as aN and is equal to Pc. Since Pc gives 
the number of collisions made by an electron traveling a distance of 1 m 
through a gas, then aN is merely a measure of the obstruction offered to 
this electron by the molecules in 1 m® of gas. An experimental method of 
measuring Pc is discussed in Sec, 9-14. 

Since the probability of collision will depend, in general, upon the 
temperature and pressure, it is customary to specify the values of Pc for a 
pressure of 1 mm Hg and a temperature of 0°C. For other than these 
specified conditions, corrections must be made to the mean free path. The 
mean free path at a pressure of p mm Hg and a temperature of T®K is 
given by 

1 T 

Z = Zo (8-21) 

p 273 


where Zq is the mean free path at 1 mm Hg and 0®C. 

^ 8-7. The Maxwell-Boltznuum Distribution Function. The kinetic theory 
method of obtaining this distribution is outlined in Sec. 8-1. This method 
will not be followed here, but instead it will now be shown that the MB 
function may be obtained as a limiting case of the FDS distribution. This 
latter function, given by Eq, (5-18), is 


2m^ 1 

^3 2 -|- 


( 8 - 22 ) 


If the unity in the denominator were neglected, this expression would be 
much simplified. In order to investigate the physical circumstances 
under which such an approximation is justified, Eq. (8-22) is rewritten in 
the form 


2m^ 1 

If 1 + 


(8-23) 


where, for convenience, the constant has been replaced by the 

factor 1/a. 

The smallest value that the exponential term in the denominator may 
attain is unity, since E/Et is never negative. This condition prevails 
when the energy E of the particle is zero. Hence, if a is very small, then 
the second term in the denominator becomes large compared with the first 
under all conditions of energy, it being thus possible for the first term to 
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be neglected. Under these conditions, Eq. (8-23) may be written in the 
form 

2m* 


In accordance with the principles of Chap. 5, this expression is equivalent to 


dNr = 


€ dvjc dvy dvg 


This equation expresses the number of particles per unit volume having 
velocity components in the range between Vx and + dv^y Vy and Vy + dVy, 
and Vg and Vg + dvg. This is the MB distribution function, the Maxwellian 
distribution function, or the classical or nondegenerate distribution func- 
tion. 

The conditions under which the quahtity a is small, which is the crite- 
rion for the validity of Eq. (8-25), are best investigated by finding an 
expression for the constant a. This constant is found by integrating Eq. 
(8-25) over the whole of velocity space and equating the result to the 
density or concentration N of particles. If use is made of Eq. (8-8), which 
defines Efy then 

2am^ /•* f” r” 

N — I dv^ I dvJ t dv. (8-26) 

h •'—00 •'— » •^—00 


This is equivalent to the product of three integrals, each of the form 

I € 2 kT Upon performing the indicated integrations (see Appendix 
v — 00 

V), there results, 


2{2irmkT)^ 


In order that a <3C 1, the criterion for the validity of Eq. (8-25), it is ob- 
served that N must be small, m must be large, or T must be large, or any 
combination of these must be true. For the case of electrons in metals, 
for which m = 9.107 X 10“"*^ kg and N is of the order of magnitude of 
5 X 10^® electrons per cubic meter, calculations show that T must exceed 
60,000®K in order that a may become less than unity. Consequently, 
electrons in metals never obey the MB distribution function. 

A gas under standard conditions of temperature and pressure is a system 
of particles whose density is much smaller and whose mass is much larger 
than those of electrons in metals. For example, if numerical values are 
substituted into Eq. (8-27), a value of a equal to 1.6 X 10~* is obtained 
for monatomic hydrogen. It is evident from an inspection of Eq. (8-27) 
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that the value of a for any gas heavier than hydrogen will be smaller than 
the value that has just been calculated. Consequently, Eq. (8-25) is valid 
for any gaseous system under normal conditions of pressure and tempera- 
ture. If, however, the temperature of the gas is decreased to a very low 
value and the pressure is increased (so that N increases), then a may 
become comparable with unity. Under these circumstances the FDS 
function, and not the MB function, must be used. This was, in fact, the 
application suggested for the FDS statistics before it was applied to the 
description of phenomena associated with the electrons in metals. It ex- 
plains the term “degenerate gas distribution function.^’ Actually, however, 
no gases can be cooled to a temperature low enough so that the FDS func- 
tion applies, since the gases liquefy before these extreme conditions are 
reached. 

In view of the foregoing, molecular gases in general satisfy the distribu- 
tion function obtained by combining Eq. (8-27) with (8-25), viz., 

dN, = N dr (8-28) 

\2vkT/ 

which forms the basis of the kinetic theory of gases. In this equation E is 
expressed in electron volts. If it is desired to use E in joules, then it is 
necessary only to replace Et electron volts by its equivalent kT joules. 

Although this MB or classical distribution function has here been de- 
rived as a special case of the degenerate electron-gas distribution function, 
nevertheless, historically, Eq, (8-28) was known long before the introduc- 
tion of the FDS function. It is not at all surprising, therefore, that Planck^s 
constant h, which was introduced with the birth of the quantum theory, 
does not appear in this resulting equation. 

It must not be inferred, however, that systems of gas molecules are the 
only physical systems that obey the MB statistics. In fact, it was shown 
in Sec. 5-16 that the electrons which have escaped from a metal also follow 
the classical law. The physical reason for this should be apparent. Whereas 
the electron density inside the metal is extremely high, only those relatively 
few electrons which have energies higher than the surface barrier can es- 
cape. For these, N is small enough to reduce a to the order of magnitude 
that justifies the conversion of the FDS into the MB function. 

8-8. The Boltzmann Relation. The distribution function (8-28) can 
easily be extended to include cases where the particles are subjected to 
external forces, for example, the case of the gas molecules in the atmos- 
phere which are subject to the earth’s gravitational field. Under such 
circumstances the quantity E in Eq. (8-28) is to be interpreted not as the 
kinetic energy of the particle but rather as the total energy of the particle, 
potential plus kinetic energies. 



THE KINETIC THT20RY OF GASES 223 

If Eq. (8-28) is integrat^ed over all possible values of velocity, the re- 
3 uJt is 

N = (8-29) 

where N is the density of particles in a region of space where the potential 
energy is U joules and where Nq is a constant arising from the integration. 
Nq is easily interpreted as the density at that point in the region at which 
C/ = 0. This expression is known as the Boltzrnann relation. 

In the earth’s gravitational field, U = mgy joules, where y is the height 
in meters above the surface of the earth and g is the acceleration of gravity 
in meters per second squared. The Boltzmann relation becomes 

N = 


which expresses the variation of the atmospheric density, or pressure, with 
the height y. This expression is frequently referred to as the barometric 
equation. 

As a second example of the applicability of the Boltzmann relation, 
consider two neighboring portions of a gaseous discharge in which the elec- 
trons are known to obey the classical distribution function. If the poten- 
tial in one region of the discharge is Ei and that in another region is £^ 2 , 
then 

Nx = N2 = 


so that the ratio 


— = ^-(Bi-Ei)/ET 

Ni 


(8-30) 


gives a measure of the concentrations of electrons in the two regions of 
the discharge. 

8-9. The Classical Speed Distribution Functions. It will be assumed in 
what follows that the potential energy of the particles is zero. Then the 
distribution in speed is obtained by transforming Eq. (8-28) from a rela- 
tionship in E to one in v. This necessitates the use of the spherical element 
of velocity space, Airv^ dv instead of the element dr. The result so obtained 
is exactly the counterpart of the expression obtained in Sec. 5-4. It is 


\2xkT/ 


(8-31) 


This distribution function expresses the number of particles whose speeds 
lie in the range between v and v + dv. 

Since the power of an exponential must be a dimensionless quantity, 
then the term 2kTfm must have the dimensions of the square of a velocity. 
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In view of this, the ^^characteristic^^ velocity, designated by the symbol Vc^ 
is defined by the relation 


or, equivalently, 



\mvc^ — IcT — eEr joules 


(8-32) 


The distribution function (8-31) becomes, by virtue of Eq. (8-32), the 
simplified expression 


dN, 






dv 


(8-33) 


By introducing the dimensionless variable 


V 

u = — or i; = uvc (8-34) 

Vc 

this equation reduces to the form 


dNu *= —7^ du (8-35) 

V IT 


It is observed that the general method of designating the dependent var- 
iable in the distribution function, introduced in Chap. 5 in connection with 
the FDS function, has been adhered to. For this reason the subscript of 
dN has been changed from v to u in Eq. (8-35). Similarly, the correspond- 
ing density function has the form pu = dNu/du. The density p„ gives 
the number of molecules per cubic meter whose (dimensionless) speeds are 
between u and u + du. This practice will be followed throughout this 
chapter. 

Since this -expression contains neither m nor T, then a single plot of 
Vt 1 dNu , 

p S= 

i N du iN 


will give the speed distribution function of any nondegenerate gas at any 
temperature T. This distribution is illustrated in Fig. 8-5. 

It is observed from this diagram that the function dNu/du vs. u starts at 
the origin, rises to a maximum at the point w *= 1 (or r =* re), and then 
decreases asymptotically to zero. This shows that the particles may 
possess all speeds from zero to infinity, although the number of particles 
that move with large speeds is very small. Of course, the speed at which 
the maximum of the function occurs is the '^most probable” speed, since 
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more particles have speeds in the neighborhood of this value than any 
other speed. 

In order to verify mathematically that the most probable velocity is 
equal to the characteristic velocity Vc, it is necessary to differentiate Eq. 



Fig. 8-5. llie Maxwell-Boltzmann speed distribution function, plotted in terms of 
the variable u ■ v/vc. 


(8-35) and then set the derivative equal to zero, the usual method for 
determining the maximum of a given function. Thus 


dpu 

du 


d / 4JV 
du VVt 




A 4Jsr , . z 


0 


from which it follows that w = 1, or v = Vc^ at the position of the maximum. 

In order to determine the average value of any function of the speed, 
use is made of the results of Sec. 5-10, where, of course, the MB distribu- 
tion function is used instead of the FDS function. 


Example. Calculate the average speed P of a gas molecule. 

Solution. According to the general expression for the average value of a function, 


r v dNv I tWe dNu 

•'O 

”7* " N ’ 

I dN, 

Jo 


4vt 
y/r Jo 


fu*. 

Jo 


du 


which reduces to (see Appendix V), 

2 

P - -7=»o - 1.128i;« 
y/w 


(8-36) 


Another speed function that is frequently found in the literature is the 
rootrfnean^-aquare (rms) velocity. As the name implies, this is the value 
which is obtained by taking the square root of the average (or mean) value 
of the square velocity, exactly analogous to rms quantities in electric- 
circuit theory. By proceeding as above, 

^rtM “ Vc « 1.224Vc 


(8-37) 
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The positions of the different speed functions Vc, v, Vrms are indicated on 
the graph of Fig. 8-5. 

It should be carefully noted that the mean of the squared velocity is not 
the same thing as the square of the mean velocity. That is 
whereas (v)^ = j-n. Consequently, the utmost care must be exercised 
when calculating an average value so that the desired mean is actually 
evaluated. 

8-10. The Energy Distribution Function. With the aid of the familiar 
relation eE = the distribution in speed can be transformed into the 

distribution in energy. For the nondegenerate gas, this transformation 
leads to the equation 

2W # 

dNE^-^—. dE (8-38) 

v T Et^ 


where, as usual, E is expressed in electron volts. If it is desired to use E 
in joules, then it is necessary only to replace Et electron volts by its 
equivalent kT joules. 

The mass has completely disappeared from this equation, and it is seen 
that the energy distribution depends solely upon the temperature of the 
gas (if the obvious proportionality factor iV, the concentration, is over- 
looked). Thus, two different gases at the same temperature will be dis- 
tributed according to identical distribution functions. Equation (8-38) 
implies that an intimate connection exists between the temperature of a 
gas and the energy of its molecules. 

If, for convenience, the dimensionless variable 


and 


E 

rj = — or E = tjEt 
Et 


Pv 


dri 


are introduced into Eq. (8-38), this expression becomes 

2N 


Pv 






(8-39) 

(8-40) 


(8-41) 


A graph of this function is shown in Fig. 8-1 and is repeated, for con- 
venience, in Fig. 8-6. It is possible to deduce file energy distribution of 
aU nondegenerate gases at all temperatures from this one expression. 

If a procedure similar to that used in the previous section is employed 
in order to determine the position of the maximum of the energy function, 
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it is easy to show that the most probable energy is Er/2 electron volts, 
or fcr/2 joules. 


Example. Calculate the average energy of a gas molecule. 

Solutum. Proceeding according to the method of Sec. 5-10, the average energy is 
given by the expression 




f 

Jo 


EdNs 



f 

Jo 


ffEr dN^ 


/. 


dN„ 


2Et i”** 
\/ r Jo 


Je'-^dv 


By making a change of variable, namely, v * this expression reduces to one of the 
standard forms given in Appendix V. The evaluation gives 

E » ^Er (iv or §kT joules (8-42) 

The same result may be obtained somewhat more simply as follows: The energy is 

eE «• imtr^ joules 

Therefore 

eE »= = itn(^c^) « ffeT 

according to the results of Eqs. (8-37) and (8-32) for and ^)c^ respectively. 
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Fig. 8-6. The Maxwell-Boltzmann energy distribution function, plotted in terms of 
the variable rt » E/Ey, 

This example illustrates cleArly the importance of the rms velocity. It 
is this value which expresses the average energy of the molecules, just as 
the rms current is involved in the determination of the average power dis- 
sipated in an electrical circuit. 

Consider the expression 

+ vj^) 
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The average total energy equals the sum of the average X-directed, the 
average T-directed, and the average Z-directed energies. A little thought 
should convince the reader that the average value of a sum of functions 
is equal to the sum of the average values of these functions. Further, 
since the distribution function is symmetrical in and t/*, then, 


Therefore 

or 


= ^mVy^ = 

= ^kT 

^rnvr^ = ^kT joules 


(8-43) 


This relation shows that the average energy to be associated with each 
degree of freedom of a molecule is the same and is equal to kT/2 joules. It 
expresses a very important law of the kinetic theory of gases, which is 
known as the theorem of the equipartition of energy. The theorem has 
already been used in connection with Sec. 5-10. This result is general 
and applies to systems which may possess more than three degrees of 
freedom. 

8-11. Random Current Density and Diffusion. The concept of random 
current density was discussed in Chap. 5 and served as an introduction to 
the problem of thermionic emission from metals. It is shown in Eqs. (5-31) 
and (5-33) that the random current density is expressed by the following 
definite triple integral: 


Jr^e( f f v^dN, 


(8-44) 


This definite integral becomes, by substituting the MB distribution (8-28) 
for dNrf 


( m \ /•* r* 

/r = eAT ( — — ] I dvx\ dvy I Va 
\2rkT/ Jo J-«, J-ao 


6 2*^ dVg 


This expression is simply the product of three definite integrals, each of 
which may be easily evaluated. The result is 


Jr = Ne 



Nevc 

2Vt 


1 

-Nev 

4 


(8-45) 


where Jr is expressed in amperes per square meter, N is the number of 
ions per cubic meter, e is the charge in coulombs on each ion, v or Ve is 
expressed in meters per second, and m is the mass in kilograms. 

The number of molecules crossing 1 m^/sec at any point in a gas is 
n « If the gas is all at one temperature and pressure, then N and v 

are independent of position. Hence the same number of particles pass a 



THE KINETIC THEORY OF GASES 


229 


given cross section in either direction, and there is no net movement or 
diffusion of the gas molecules. However, if the concentration varies from 
point to point, then n is different at two adjacent planes x and x + dx 
(see Fig. 8-2). This results in a movement of molecules in the X direc- 
tion. Hence a concentration gradient in a gas causes diffusion of the 
molecules in the direction from the high to the low values of density. 

8-12. Richardson’s Equation. Originally it was assumed that the elec- 
trons in a metal obeyed the nondegenerate distribution function, since the 
existence of energy levels for the electrons in the metal had not yet been 
postulated. Under these conditions, the analysis of the phenomenon of 
thermionic emission would lead to Eq. (8-44) with the lower limit of the 
integral in Vx replaced by Vxb^ This is the velocity corresponding to the 
height of the potential barrier Eb at the surface of the metal. The exist- 
ence of the potential barrier at the surface of the metal had been explained 
in terms of the image-force concept of Sec. 4-7. 

The change in the limit of the integral does not complicate its evalua- 
tion. The final expression for the thermionic current density, first deduced 
by Richardson,® becomes 

Jth = 

= (8-46) 

where A' = eNy/kj2wm and where V s eEa/k. This equation differs 
from the corresponding equation determined by using the FDS function 
in the appearance of the factor T* instead of in the factor A' instead 
of Aq, and in the appearance of Eb instead of Ew in the exponent. This 
means that Eb was formerly considered to be the net work function. 

As discussed in Sec. 6-3, it is experimentally impossible to favor one or 
the other of the two thermionic-emission equations because the greatest 
variation with temperature is that of the exponential factor. Theoretically, 
for the reasons outlined in Chap. 5, the Dushman equation is to be 
preferred, and it is the equation that is always employed for the de- 
termination of the thermionic-emission current density. 

8-13. The Pressure-Energy Equation. Equation (8-1) will now be 
derived. It must be remembered that the pressure of a gas is the change 
in momentum of all the particles that strike unit area of the container in 
imit time. 

According to Eq. (5-31), the number of particles that strike unit area of 
surface in unit time with X-directed velocities in the range bet^yeen and 

+ dvx and with all possible F- and Z-directed velocities is 



(8-47) 
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where the X direction is that normal to the surface under consideration. 
The momentum of a particle perpendicular to the wall is mv^ before it 
strikes the surface, and if an elastic collision is assumed, it will be 
after the collision. Hence, the change in momentum per molecule is 2mrx 
for all particles having X-directed velocities in the range between Vx and 
Vx + dvx. Therefore the total change in momentum per second per square 
meter of all molecules having any velocity Vx (directed, of course, only 
toward the surface) is obtained by multiplying Eq. (8-47) by 2mVx and 
integrating over Vx from zero to infinity. This yields, for the pressure p. 


-00 - 00 - 00 

p = I dvx I dvy I dvg(2mVx^pT) 

= 1 dvxj dvy I dvz(mvx^pr) 

d—ao d *'—00 


(8-48) 


The integral over Vx between the limits 0 and « is just one-half of that 
between the limits — » and qo, since the integrand is an even function of Vx. 

Although these integrals may readily be evaluated, this is not necessary, 
since a simple correlation between this expression and that for the average 
energy per molecule is possible. Thus, 

eE = \m{vx^ + Vy^ + = 3{\mvx^) joules 

which, in integral form, may be written as 


eE^ 


I mvj^ dNr 

/«, 


3 


/ OO /% OO 0^ 

dvx I dVy I dvtimvx^pr) (8-49) 

-00 •^—QO *^—00 


Comparing Eq. (8-48) with Eq. (8-49), it is seen that the simple relation- 
ship (8-1), m., p = |JVeS (8-50) 


exists, where p is the pressure in newtons per square meter, eE is the aver- 
age total energy per molecule, in joules, and N is the number of molecules 
per cubic meter. In this derivation the explicit form of the classical dis- 
tribution function pr is not needed. However, the following two properties 
are employed: pr is an even function of Vx, and it is symmetrical in t;*, Vy^ 
and Vx. Thus, the relationship (8-50) is valid for particles obeying any 
distribution function that satisfies these two conditions. In particular, it 
applies for an FDS distribution. 

8-14, The Specific Heat of Gases. The average energy of all the mol- 
ecules contained in 1 mole of a gas per degree of freedom is 


joules 
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since there are A^o molecules per mole, and, by Eq. (8-43), the average 
energy per degree of freedom is ^kT. This becomes, by Eq. (8-5), 

«^moie = hRT joules (8-51) 

The specific heat at constant volume Cv is the rate of change of this 
expression with respect to the temperature, or 

Cv — — 2 ^ 1.987 = 1 cal/(deg) (mole) (deg of freedom) (8-52) 

The number of degrees of freedom of a gas molecule depends upon whether 
it is monatomic or polyatomic. This result has been experimentally 
verified. 

PROBLEMS 

8 - 1 . Calculate the concentration of gas molecules in a 'Vacuum'’ tube at 10“* mm 
Hg pressure and room temperature, 

o. If the gas is nitrogen. 

h. If the gas is neon. 

8 - 2 . If 1.0 g of argon gas is confined in a volume of 1 liter at 40®C, what is the pressure 
of the gas? 

8 - 3 . a. Calculate the mean free path of a mercury molecule in a rectifier operating 
at a mercury condensation temperature of 40 '’C (see Fig. 11-1). 

b. Calculate the number of collisions per second. 

c. Calculate the random current density. Assume that ^5^ of 1 per cent of the mole- 
cules are ionized. 

8 - 4 . A gas photocell contains argon at a pressure of 0.5 mm Hg and room temperature 
of 20®C. On the average, how many collisions are made by an electron leaving the 
cathode on its way to the anode, which is 0.015 m away? 

8 - 5 . Calculate the number of collisions per second made by a neon molecule, if the 
pressure is 1 mm Hg and the temperature is 100 °C. 

8 -6. To what pressure must a diode be evacuated in order that only 1 out of each 
1,000 electrons leaving the cathode makes a collision before reaching the anode, a 
distance of 1 cm away? Assume that the tube is at 30 °C and that the gas in the tube 
is nitrogen. 

8 - 7 . Show that the effective radius of an atom for collision processes is 

r « O.OSPc* A 

where Pc is the probability of collision (in reciprocal meters) under standard conditions 
of 1 mm Hg pressure and 0®C. 

8 - 8 . What fraction of the molecules per cubic meter in a gaseous tube have speeds 
within 1 per cent of the most probable speed, i.e., within the range of O.OOvc to l.Olvc? 

8 - 0 . A gas tube contains argon at a pressure of 15 mm Hg and 25°C. How many 
molecules per cubic meter have energies within the range of 0.100 to 0.101 ev? 

8 - 10 . At what height above the earth will the density of the nitrogen in the atmos- 
phere be 90 per cent of its value at the earth’s surface? Assume that the atmosphere 
is at a constant temperature of 50®C. 

8 - 11 . At what height above the earth is the concentration of oxygen in the atmos- 
phere equal to one-fifth that of the nitrogen? Assume that at the earth’s surface the 
atmosphere consists of 20 per cent oxygen and 80 per cent nitrogen and that the tem- 
perature is constant at SO^’C. 
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S-12. Calculate the average value of the reciprocal speed of the oxygen molecules 
in the atmosphere at room temperature. 

8 - 18 . Calculate the average value of the square of the energy of a neon molecule at 
1 mm Hg pressure and 50®C. 

8 - 14 . Obtain the MB energy function directly from the FDS energy function without 
recourse to the distribution in t space. 

8 - 15 . Neon'^gas at 25 ®C and at atmospheric pressui’e is sealed in a veiy large container. 
A small hole 10“® in area is cut in the side of the container. How many molecules 
per second escape from the container through the opening? 

8 - 16 . Prove, using the MB distribution, that the average energy of particles crossing 
a surface is 2Et electron volts. 

8 - 17 . Show that Eq. (8-4) is equivalent to Eq. (8-3), without using Loschmidt’s 
number. 

8 - 18 . Find the numerical value of R (the gas constant) in atmosphere-liters per degree 
Kelvin per mole. 

8 - 19 . Calculate the pressure of the electron gas in a tungsten metal at absolute zero. 
Does this enormous pressure seem illogical physically? 

8 - 20 . a. Show that the distribution function for gas molecules having X-directed 
velocity components in the range between Vx and Vx + dvx and with any velocity in the 
other two directions is 



where w — Vx/ve and the other symbols have the meanings given in the text. 

6. Derive this distribution from the corresponding distribution function for an FDS 
gas (see Prob. 5-12). 

8 - 21 . a. Show that the average X-directed velocity of a gas molecule is zero if the 
averaging is done over all molecules and is vdy/ir if the averaging is done over those 
molecules traveling only in one direction (say, the positive X direction). 

6. Show that the rms X-directed velocity of a gas molecule is vJy/2. 

8 - 22 . Prove that the average normal-to-the-surface energy of the gas molecules 
striking the walls of the enclosing container is kT joules. 

8 - 28 . Show that the number of gas molecules that strike unit area of the container 
in unit time with normal-to-the-surface velocities greater than v is 

"-(./fc)* 

2v^ 

where N is the concentration and Vc is the characteristic speed. 

8 - 24 . a. What is the most probable X-directed velocity of the molecules in a con- 
tainer of gas? 

h. If there is a tiny hole in the side of the container, what is the most probable X- 
directed velocity of the molecules that escape through the hole? 

Express the answers in terms of the characteristic speed Vc. Why are the answers 
to parts a and h riot the same? 

8 - 26 . a. Show that the fraction of the molecules in a gas that have energies in excess 
of the energy E is 

^(r) • f uh'~^ du «- -h 1 - erf f 
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where f •• \/ E/Et and where erf f is known as the error function and is defined by 

erf f e f e~^du 
•'0 

(Numerical values of the error function can be found in B. O. Pierce, “A Short Table 
of Integrals,” 3d ed., Ginn & Company, Boston, 1929.) 

h. Show that the fraction of the molecules in a gas that have speeds in excess of the 
speed V is ^(v/ve), where ^ is the function defined in part a. 
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CHAPTER 9 


FUNDAMENTAL PJIOCESSES IN GASES 


A. gas, according to the classical kinetic theory, was envisaged as a sys- 
tem of solid spherical molecules which collide elastically with each other 
and with the walls of the confining container. However, whenever elec- 
tronic gaseous devices are discussed, it becomes necessary to abandon this 
simple model of solid atoms and introduce the concept of ionization. This 
immediately carries with it the hypothesis that an atom has certain loosely 
bound electrons which can be torn away from it, thereby leaving the atom 
in an ionized state. It is necessary to elaborate on this modem theory of 
matter, since without it, the phenomena that occur in gaseous discharges 
would be inexplicable. 

9-1, The Bohr-Rutherford Theory of the Atom. According to this 
theory, the atom consists of a nucleus of positive charge that contains 
nearly all of the mass of the atom. Surrounding this central positive core 
are negatively charged electrons. This concept of the atom was devel- 
oped by Rutherford ^ in order to explain the results of his experiments on 
the scattering of a-particles (ionized helium particles which are emitted 
spontaneously in radioactive transformations) in passing through matter. 
Based on the results of theory and experiment, the diameter of the nucleus 
is found to be of the order of m. This is comparable to the diameter 
of the electron. 

As a specific illustration of the foregoing atomic model, consider the 
hydrogen atom. This atom consists of a positively charged nucleus (a pro- 
ton) and a single electron. The charge on the proton is positive and is 
equal in magnitude to the charge on the electron. Therefore the atom 
as a whole is electrically neutral. Because the proton carries practically 
all of the mass of the atom, it will remain substantially immobile, whereas 
the electron will move about it in a closed orbit. The force of attraction 
between the electron and the proton follows Coulomb^s law. It can be 
shown from classical mechanics that the resultant closed path will be a 
circle or an ellipse under the action of such a force. This motion is ex- 
actly analogous to that of the planets about the sun. Although the force 
of attraction in this latter case is gravitational rather than electrical in 
nature, nevertheless the resultant motions are similar since the forces in 
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both systems vary in the same way, viz., the force varies inversely as the 
square of the distance between fhe particles. 

Assume, therefore, that the orbit of the electron in this planetary model 
of the atom is a circle, the nucleus being supposed fixed in space. It is a 
simple matter to calculate its radius in terms of the total energy, W joules, 
of the electron. The force of attraction between the nucleus and the elec- 
tron is e^/47r€or^ newtons, when the electronic charge e is in coulombs, the 
separation r between the two particles is in meters, and eo is the permit- 
tivity of free space. By Newton^s second law of motion, this must be set 
equal to the product of the electronic mass m in kilograms and the accelera- 
tion v^/r toward the nucleus, where v is the speed of the electron in its 
circular path, in meters per second. Then 

r 

or 

= mv^ (9-1) 

iireor 

Furthermore, the potential energy of the electron at a distance r from 
the nucleus is —e^/iirtor joules, and its kinetic energy is joules. 
Then, according to the conservation of energy, 

1 . 

W - - mv^ — joules (9-2) 

2 4T€or 

Combining this expression with (9-1) produces 

W = joules (9-3) 

8ir€or 

which gives the desired relationship between the radius and the energy of 
the electron. This equation shows that the total energy of the electron is 
always negative and that the energy of the electron at an infinite distance 
from the nucleus is zero. The negative sign arises because the potential 
energy has been so chosen as to be zero when r is infinite. This expression 
also shows that the energy of the electron becomes smaller (i.e., more 
negative) as it approaches closer to the nucleus. 

The foregoing discussion of the planetary atom has been considered only 
from the point of view of classical mechanics. If it is recalled that the sys- 
tem is electrical in nature, then a radiating system is actually under sur- 
vey. This is so because an accelerated charge must radiate energy, in 
accordance with the classical laws of electromagnetism. Also, if the charge 
is performing oscillations of a frequency /, then the radiated energy will 
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also be of this frequency. Hence, classically, it must be concluded that 
the frequency of the emitted radiation equals the frequency with which 
the electron is rotating in its circular orbit. 

There is one feature of this picture that cannot be reconciled with experi- 
ment. If the electron is radiating energy, then its total energy must de- 
crease by the amount of this emitted energy. As a result the radius r of 
the orbit must decrease, in accordance with Eq. (9-3). Consequently, as 
the atom radiates energy, the electron must move in smaller and smaller 
orbits, eventually falling into the nucleus. Since the frequency of oscilla- 
tion depends upon the size of the circular orbit, the energy radiated would 
be of a gradually changing frequency. Such a conclusion, however, is in- 
compatible with the sharply defined frequencies of spectral lines. 

This difficulty was resolved by Bohr in 1913.^ He enunciated two 
postulates which are fundamental to the interpretation of spectra and 
which have since become ba^ic in atomic and nuclear studies. Bohr made 
the following assumptions: 

1. Not all energies as given by classical mechanics are possible, but the atom can 
possess only certain discrete energies. While in orbits corresponding to these discrete 
energies, the electron does not emit radiation. Under such conditions the electron is 
said to be in a * ‘stationary/’ or nonradiating, state. 

2. In a transition from one stationary state corresponding to a definite energy 

to another stationary state, with an associated energy Wi, radiation will be emitted. 
The frequency of this radiant energy is given by 


/- 


Wt - Wi 


cps 


(9-4) 


where k is Planck’s constant in joule-seconds and where the W'b are expressed in joules. 

Bohr gave the quantitative rule whereby the energies of the stationary 
states could be calculated. Then, upon making use of Eq. (9-4), the 
exact frequencies found in the hydrogen spectrum were obtained (see Prob. 
9-2). This remarkable achievement of the Bohr theory was shadowed by 
the rather mystical nature of the laws involved. Thus it was necessary to 
introduce a separate atomic mechanics, the principles of which differed 
from those of classical mechanics, in order to explain the hydrogen atom. 
It should be pointed out that the semiclassical model of Bohr has since 
been abandoned for the modem wave-mechanical and matrix-mechanical 
(known as qmtUumrmet^nical) methods, which are less pictorial and more 
mathematical than the Bohr theory. 

Justification of Bohr's radical s^umptions can be given in terms of 
these more advanced theories. Furthermore, the newer theories go much 
further than the old. Not only do they explain the spectra of complex 
atoms, but they also furnish an explanation of other related atomic phe- 
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nomena that had remained inexplicable. However, despite the many 
innovations that have been introduced into atomic tlieoiy, the original 
ideas of Bohr as expressed in the two postulates have remained essentially 
unchanged. 

9-2. The Electronic Structure of the Elements. Since mercury vapor is 
the most common gas used in gaseous rectifier tubes, it will be used to serve 
as an illustration of the application of the Bohr postulates. However, the 
mercury atom contains 80 electrons and so is a much more complicated 
system than the hydrogen atom with its 1 electron. 

Hence, as a necessary digression, the electronic struc- 
ture of the elements will be discussed briefly in this 
section. However, to present the mass of direct and 
indirect chemical and physical evidence that supports 
the picture to be described below would take us too 
far astray. Hence, only the conclusions that are drawn 
from this evidence will be presented. 

Normally the atom is neutral in charge, the number 
of electrons that surround the nucleus in the form of 
a ‘‘cloud’* being just sufficient to neutralize the posi- 
tive charge of the nucleus. Such a system is illustrated 
in Fig. 9-1. The exact motions of the electrons in this 
cFoud are of no importance in this discussion. For pur- 
poses of visualization and insight, the individual elec- 
trons may be considered to describe, very approxi- 
mately, the Bohr circles or ellipses. 

If a deficiency of electrons within an atom exists for 
any reason whatsoever, the atom as a whole exhibits 
properties that are characteristic of positively charged 
bodies. If, correspondingly, the atom contains an ex- 
cess of electrons, it then exhibits properties of negatively charged bodies. 
Atoms that have a dearth of electrons, being positively charged bodies, 
are classified as positive ions; those that have an excess of electrons are 
negatively charged and are classified as negative ions. 

Although the constitution of the nucleus is not under survey, it may be 
well to mention that the nucleus consists of protons and neutrons. Each 
proton has associated with it a charge equal to that of the electron, though 
of positive sign. The neutron is an uncharged particle that has a mass 
practically equal to that of the proton (1,837 times the mass of the elec- 
tron). The atomic number Z of an atom gives the number of protons con- 
tained within the nucleus and consequently the number of electrons sur- 
rounding the nucleus under normal conditions. The atomic weight of an 
atom gives the weight of the nucleus, »nce the contribution of the weight 
of the electrons to the total weight is negligible. The difference between 
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Fig. 9-1. The charge 
distribution in the so- 
dium atom. The nu- 
cleus consists of a 
positive core of 11 
electronic units. The 
heavy shading repre- 
sents the 10 tightly 
bound electrons, the 
light shading the 
loosely bound (va- 
lence) electron. {W. 
Shockley; see Fig. 4-1 . ) 
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the total weight of the atom and the weight of the protons contained 
therein is accounted for largely by the weight of the neutrons. 

The electrons surrounding the nucleus orient themselves with respect to 
it in certain groups, called shells. Each shell may contain only a definite 
maximum number of electrons. Once any particular group is filled with 
its maximum possible number of electrons, another shell must be formed. 
The series of shells are located at progressively increasing distances from 
the nucleus. The inner-shell electrons are very strongly bound to an atom 
and cannot be easily removed. 

The electrons that surround the nucleus in the respective shells may 
exist in any one of a number of energy levels. These energy levels are 
similar to those which exist in metals. In the case of the atom, however, 
the separation of the atomic energy levels, which depends upon the particu- 
lar atom, is measured in electron volts, whereas the separation of the elec- 
tronic energy levels in metals may be shown to be a very small fraction of 
an electron volt (of the order of 10“^^ ev). When the electrons in an atom 
occupy the lowest possible energy levels, the atom is said to be in its 
^hormar^ state. 

9-3. Atomic Energy Levels. The amount of energy involved in dis- 
charge devices is seldom large enough to perturb the inner-shell electrons. 
This greatly simplifies the discussion of the behavior of complex atoms. 
For example, most of the activity of the sodium atoms in a sodium-vapOr 
lamp results from the single outermost electron. The other 10 electrons 
remain undisturbed by the discharge. Similarly, 78 of the 80 electrons 
that surround the nucleus of a mercury atom are tightly bound. Hence 
any energy changes that the atom undergoes affect only the two outer- 
most electrons. 

Though it is theoretically possible to calculate the various energy states 
of the atoms of the simpler elements, these energies must be obtained in- 
directly from spectroscopic data in the more complicated cases. Thus, 
starting with the frequencies / of the observed spectral lines, Bohr's rela- 
tionship (9-4) is used to deduce the energy values Wi and W 2 . This 
method of deduction is obviously not a unique one, but the problem that 
the spectroscopist sets for himself is to account for all of the observed lines 
in the spectrum of an element with the minimum number of assumed 
energy states. There are other clues that aid him in this search, although 
they need not concern us here. Several such clues will be mentioned in 
subsequent sections. The result of an analysis of this type applied to 
mercury is shown in Fig. 9-2. This is called an energy-level diagram. 

The numbers to the left of the horizontal lines give the energy these 
levels in electron volts. The arrows represent some of the transitions that 
have been found to exist in actual spectra, the attached numbers giving 
the wave length of the emitted radiation, expressed in angstrom units 
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(IQ-io emitted in these transitions gives rise to the lumi- 

nous character of the gaseous discharge. However, all of the emitted 
radiation need not appear in the form of visible light but may exist in the 
ultraviolet or infrared regions. The meaning of the broken lines will be 
explained in Sec. 9-11. 

It is usual practice to express the energy values of the energy levels in 
electron volts, as has been done, rather than in joules, as expressed in Eq. 



Fig. 9-2. The lower energy levels of atomic mercury. 


(9-4). Also, it is more common to specify the characteristics of the emitted 
radiation in terms of wave length, rather than in terms of the frequency of 
the light. The wave length and the frequency of the radiation are related 
by the expression X/ = c, where X is the wave length in meters, / is the 
frequency in cycles per second, and c is the velocity of light in meters per 
second. If the E^s are expressed in electron volts and X is in angstrom 
units, Eq. (9-4) may be rewritten in the form 


12,400 

E2 — El 


A 


(9-5) 


Since only diffemnces of energy enter into this expression, the zero state 
may be chosen at will. It is convenient and customary to choose the 
lowest energy state as the zero level. This was done in Fig. 9-2, The 
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lowest energy state is called the “normal^^ level, and the other stationary 
states of the atom are called ^‘excited,” “radiating/^ “critical, or “reso- 
nance^^ levels. 

The most intense line in the mercury spectrum is that resulting from 
the transition from the 4.88-ev level to the zero state. The emitted radia- 
tion, as calculated from Eq. (9-5), is 12,400/4.88 = 2,537 A, as indicated 
in the diagram. It is primarily this line that is responsible for the ultra- 
violet burns which arise from mercury discharges. 

9-4. The Photon Nature of Light. The mean life of an excited state 
ranges from 10~^ to 10~^® sec, the excited electron returning to its previous 
state after the lapse of this time.® In this transition, the atom must lose 
an amount of energ>" equal to the difference in energy between the two 
states that it has successively occupied, this energy appearing in the form 
of radiation. According to the principle of Bohr, this energy is emitted in 
the form of a photon of light, the frequency of this radiation being given 
by Eq. (9-4). The term photon denotes an amount of radiant energy equal 
to Planck’s constant h times the frequency. 

The photon concept of radiation may be difficult to comprehend at 
first. Classically, it was believed that the atoms were systems that emitted 
radiation continuously in all directions. According to the foregoing theory, 
however, this is not true, the emission of light by an atom being a discon- 
tinuous process. That is, the atom radiates only when it makes a transi- 
tion from one energy level to a lower energy state. In this transition, it 
emits a definite amount of energy of one particular frequency. That is, it 
emits one photon hf of light. Of course, when a luminous discharge is 
observed, this discontinuous nature of radiation is not suspected because 
of the enormous munber of atoms that are radiating energy and, corre- 
spondingly, because of the inunense number of photons that are emitted 
in unit time. 


Example. Given a 50-watt mercury-vapor lamp. Assume that 0.1 per cent of the 
electrical energy supplied to the lamp appears in the ultraviolet line, 2,537 A. Calculate 
the number of photons per second of this wave length emitted by the lamp. 

Solution. The energy per photon is, according to Eq. (9-6), 

„ 12,400 ^ 

E ev/photon 


The total power being transformed to the 2,537-A line is 0.06 watt, or 0.06 volt X 
coulomb/sec. Since the charge per electron is 1.60 X 10”"^* coulomb, then the power 


radiated is 


0.06 volt X coulomb/sec 
1.60 X lO"”'® coulomb/electron 


3.12 X 10^^ ev/sec 


Hence, the number of photons per second is 


3.12 X lO^^ev/aec 
4.88 ev/photon 


6.40 X 10^® photons/sec 


This is an extremely large number. 
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This calculation shows why the discontinuous nature of light is never 
perceptible when macroscopic (large-scale) phenomena are being con- 
sidered. There are far too many photons for their individuality to be ob- 
served, However, any attempts to understand the generation or absorp- 
tion of light or the interaction between radiation and matter (say, elec- 
trons) are futile if the photon nature of light is not presupposed. 

One must not gain the impression that the photon theory of light orig- 
inated with Bohr. It was invented by Planck in 1900. In fact, the birth 
of the quantum theory occurred when Planck made the fundamental 
assumption that radiant energy can exist only in discrete quantities, in- 
stead of being continuous. With the aid of this concept of quanta of 
magnitude /i/, Planck was able to correlate satisfactorily the theory and 
measurements of infrared radiation. The same fundamental assumption 
was employed by Bohr in order to correlate theory and experiment in the 
field of spectroscopy. Einstein applied the same quantum hypothesis to 
give a description of the phenomena involved in the interaction of light 
and matter and thereby put the mechanism of photoelectricity on a firm 
theoretical basis, as will be described in Chap. 15. So much experimental 
evidence exists in favor of this quantum hypothesis that little doubt exists 
as to its validity. 


TABLE 9-1 


Gas 1 
or 

vapor 

Ionizing 

potential, 

ev 

First 

radiative 

excitation 

potential, 

ev 

First 

resonance 

wave 

length, 

A 

First 

metastable 

excitation 

potential, 

ev 

Discharge 

color 

A 

15.7 

11.6 

1,065 


Blue 

Cd 

8.96 

3.78 

3,260 


Red 

He 

24.5 

20.6 

600 

19.8 

Yellow 

Hg 

10.4 

4.88 

2,537 

4.66 

Purple 

Na 

5.12 

2.09 

5,896 


Yellow 

Ne 

21.5 

16.6 

743 

16.6 

Orange 


9-6. Ionization. It is now possible to obtain a better insight into the 
process of ionization, mention of vftiich has been made on several occa- 
sions. As the most loosely bound electron of an atom is given more and 
more energy, it moves into stationary states which are farther and farther 
away from the nucleus. When its energy is large enough to move com- 
pletely out of t^e field of influence of the ion, it becomes “detached^ ^ from 
it. The energy required for this process to occur is called the ionization 
potential and is represented as the highest state in the energy-level diagram. 
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From an inspection of Fig. 9-2, this is seen to be 10.39 volts for mercury. 
The alkali metals have the lowest ionization potentials, whereas the inert 
gases have the highest values, the ionizing potentials ranging from approx- 
imately 4 to 25 ev. 

Table 9-1 gives the values of the ionization potential, the first excitation 
potential, and the corresponding first resonance wave length of some of 
the elements that play important roles in discharge tubes. 

9-6. Multiple Ionization. Once an atom has been ionized, it is possible 
for it to receive additional energy so that a second electron will be ejected 
from the ion. This gives rise to a doubly ionized atom. If a third electron 
is removed, then a trebly ionized particle remains. Bleakney * has de- 
tected as many as five stages in the ionization of mercury vapor. 

The amount of energy that is necessary to free an electron from an ion 
depends upon the number of electrons that have already been removed 
and also upon the electronic configuration of the resulting ion. Since the 
inner-shell electrons are more tightly bound than those which are at a 
greater distance from the nucleus, each successive ionization requires 
more energy than the previous one. For example, an energy of 10.4 ev 
is required to singly ionize mercury vapor so that Hg“^ is formed, whereas 
an energy of approximately 230 ev is required to produce 

It is not possible for multiple ionization to occur in a discharge device 
unless the physical conditions are properly adjusted. If the excitation 
arises from electron impact with the atom, the pressure of the gas must be 
sufficiently low so that the electron can gain the required high energy 
within a mean free path. 

9-7. Collisions of Electrons with Atoms. The foregoing discussion has 
shown that in order to excite or ionize an atom, energy must be supplied to 
it. This energy may be supplied to the atom in various ways. The most 
important method by which an energy interchange occurs in a gaseous 
discharge is through the medium of electron impact. Other methods of 
ionization or excitation of atoms will be considered below. 

Suppose that an electron is accelerated by the potential field applied to 
a discharge tube. When this electron collides with an atom, one of 
several effects may occur. A slowly moving electron suffers an “elastic/^ 
collision, i.e., one that entails an energy loss only as required by the laws 
of conservation of energy and momentum. The direction of travel of the 
electron will be altered by the collision although its energy remains sub- 
stantially unchanged. This follows frofh the fact that the mass of the gas 
molecule is large compared with that of the electron. 

If the electron possesses sufficient energy, the amount depending upon 
the particular gas or vapor present, it may transfer enough of its energy to 
the atom to elevate the outer-shell electron to one of the higher quantum 
states. Collisions, in whidi all or a portion of the kinetic energy of an 
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incident electron before impact with a gas molecule or atom is used in 
raising an electron in the atom from a state that it normally occupies to a 
higher unoccupied state, are known as collisions of the first kind. The 
amount of energy necessary for this process, when expressed in electron 
volts, is the excitation, or radiation, potential of the atom. If the imping- 
ing electron possesses a higher energy, say an amount at least equal to 
the ionization potential of the gas, it may deliver this energy to an electron 
in the outermost shell of the atom and completely remove it from the 
parent atom. Three charged particles result from such a collision, two 
electrons and a positive ion. 

It must not be presumed that the incident electron must possess an 
energy corresponding exactly to the energy of a stationary state in an atom 
in order to raise the atom into this level. If the bombarding electron has 
gained more than the requisite energy from the electric field to raise an 
atom into a particular energy state, then the 
amount of energy in excess of that required for 
excitation will be retained by the incident elec- 
tron as kinetic energ>^ after the collision. Or if 
the process of ionization has taken place, the ex- 
cess energy divides between the two electrons. 

This is so because the energy gained by the ion ^ 

as a result of the impact is negligible because of experimental 

its large mass compared with the electronic method for determining sta- 

tionary states within an 

atom. 

Shortly after the existence of stationary states 
within an atom was postulated by Bohr, direct experimental confirma- 
tion of this hypothesis was obtained by Franck and Hertz ® using a method 
of electronic collisions based on the foregoing discussion. The circuit, in 
simplified form, is shown in Fig. 9-3. Electrons from a hot cathode K 
are accelerated by means of the potential Ea toward the grid G. A small 
retarding potential Er (say, 0.5 volt) is applied between the grid and the 
plate. The experiment ® consists in observing the current indicated by 
the meter M in the plate circuit as the accelerating potential Ea is in- 
creased from zero. 

According to Bohr^s theory, the electrons must make elastic collisions 
for all values of Ea below the first excitation potential. Hence, as Ea is 
varied from 0.5 volt upward to the first critical energy, the electrons are 
able to surmount the potential retardation between G and A and are 
recorded by the plate meter. The current thus rises continuously as Ea 
increases. However, when the potential Ea reaches the first excitation 
potential, some of the electrons transfer their energy to atoms, thereby 
exciting them. As a result of the collision process, these bombarding elec- 
trons no longer possess sufficient energy to overcome the retarding field Er- 
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Hence the current indicated by the meter M decreases, since these elec- 
trons do not reach the plate. 

As Ea is further increased, the residual energy of the electrons increases 
and these electrons again reach the plate despite the inelastic collision that 
they have made. Thus the curve of current vs. accelerating potential 
rises until the lowest excitation potential is reached, when it takes a sud- 
den dip and then commences to rise again. When Fa reaches the second 
excitation potential, a second dip occurs in the curve. At this point, 
some of the electrons lose most of their energy and so cannot surmount 
the retarding-potential barrier between the grid and the plate. It is pos- 
sible to detect several of the critical potentials in this way. 

A slight modification of the experimental arrangement shown in Fig. 9-3 
must be made in order to observe the ionization potential of the gas di- 
rectly.® The anode is now made 0.5 volt negative with respect to the cath- 
ode, instead of being negative with respect to the grid. Hence no electrons 
emitted from the cathode can reach the plate. However, any positive ions 
that are formed in the gas will be recorded by the meter M. Of course, 
very few ions exist in the tube until is made equal to the ionization 
potential, when ionization occurs suddenly and the meter reading in- 
creases rapidly. 

As soon as the first excitation voltage has been reached in the above 
experiment, photons will be emitted by the gas. Some of this radiation 
will be intercepted by the plate, resulting in photoemission of electrons, 
which will then proceed to the cathode (since this electrode is positive 
with respect to the plate). This is equivalent to a flow of positive charges 
toward the plate. Hence the photocurrent wHl add to the positive-ion 
current due to ionization. In order to separate the true ionization cur- 
rent from the photocurrent, Davis and Goucher ’ added a screen grid to 
the tube. If this screen is maintained slightly negative with respect to 
the plate, any photoelectrons emitted from the plate are repelled by the 
screen and return to the plate and are not recorded as a current. Any 
photoelectrons emitted by the screen are collected by the plate and are 
recorded as a negative current. However, when ionization sets in, the posi- 
tive ions traveling to the plate are recorded as a 'positive current. The 
onset of ionization is very marked in this experiment, the slope of the volt- 
ampere characteristic changing abruptly from negative to positive at this 
potential. 

9-8* Collisions of Photons with Atoms. Another important method by 
which an atom may be elevated into an excited energy state is to have 
radiation fall on the gas. This possibility has probably been predicted 
by the reader on the basis of the Bohr transition rule. An atom may 
absorb a photon of frequency / and thereby be elevated from the level of 
energy Wi to the higher energy level W 2 , where W 2 » + h/ joules* 
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That such a process does occur is made evident from the results of {he 
following experiment;® Nonluminous ('"cold”) sodium vapor is illumi- 
nated by a collimated beam of radiation of wave lengths 5,890 and 5,896 A, 
the strong yellow lines in the sodium spectrum. It is then found that. Uie 
vapor becomes luminous, yellow light being emitted in all directions. 
This ^^scattering^^ of the original beam is readily explained on the hypoth- 
esis that the photons of the incident light are absorbed by the vapor, some 
of the atoms of which are raised to excited levels. After the lapse of an 
extremely short time (the mean life of the excited state), the excited atoms 
return to the normal state, the liberated energy appearing as radiation 
having the same wave length as that of the absorbed radiation. The 
emitted beam is no longer collimated, and the vapor appears luminous. 

A continuous spectrum may be obtained from an incandescent solid, for 
example, a heated tungsten filament. The energy levels of the electrons 
in a solid are so close together that upon excitation an enormous number 
of lines in all parts of the spectrum are emitted. These lines are so close 
together that the resulting spectrum is said to be continuous. 

Another experiment suggests itself. Instead of using a source of mono- 
chromatic light, suppose that the vapor is illuminated ^vith radiation of 
all frequencies, i.e., a continuous spectrum. The light transmitted through 
the vapor is then passed through a spectroscope. It is found that the trans- 
mitted radiation has certain lines missing. For example, if the gas under 
consideration is sodium vapor, then the yellow lines 5,890 and 5,896 A, 
among others, will not be present in the emerging beam. In fact, all the 
lines that result from transitions from excited states to the normal level of 
sodium will be absent. Such a spectrum is called an “absorption spec- 
trum.^' Such absorption spectra are extremely useful in locating and as- 
signing the various energy levels within an atom, since the absorption lines 
are those that result from transitions from the normal level {of energy zero) to 
a higher state. Under these circumstances, the energy of an excited state 
Ex is specified by the expression 12,400/Xar, where X* is the wave length of 
the observed missing line. 

Actually, however, the excited atoms will emit the energy that has been 
absorbed from the continuous spectrum. Since a fraction of this energy 
will be in the direction of the spectroscope, then the beam of light that has 
been transmitted through the vapor will emerge with certain of the lines 
greatly reduced in intensity. It is these absorption lines that are said to 
be “missing." In fact, the “dark" lines in the spectrum of the sun, which 
were first observed by Fraunhofer, find their explanation in this theory. 
The absorbing atoms are those in the cooler vapor that surrounds the hot 
core of the sim. 

When a photon is absorbed by an atom, the excited atom may return 
to its normal state in one jump, as has already been discussed, or it may 
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do so in more than one step. If the atom falls into one or more excitation 
levels before finally reaching the normal state, then it will emit several 
photons. These will correspond to energy differences between the suc- 
cessive excited levels into which the atom falls. None of the emitted pho- 
tons will have the frequency of the absorbed radiation! This flvAyrescence 
cannot be explained by classical theory but is readily understood once 
Bohr's postulates are accepted. 

If the absorbing vapor is itself a region of a discharge, then many excited 
atoms will be present. Under this condition many more lines of the ab- 
sorption spectrum will be missing than if the absorbing gas were ‘^cold." 
The additional missing lines result from the transitions that take place 
from one excited level to another. 

It is possible for the photons that induce the excitation of certain atoms 
to originate within the discharge itself. That is, not all of the photons 
must originate external to the discharge. For example, the following chain 
process has been observed to occur in mercury vapor: An atom near the 
center of a discharge tube emits the ultraviolet 2,537-A line. This photon 
is captured by a neighboring atom, thereby exciting it to the first resonance 
potential. About sec later, this excited atom returns to its normal 
state with the emission of a 2,537-A photon. This new photon in turn 
excites another atom, with the subsequent reemission of a 2,537-A photon. 
This absorption and emission process may occur several thousand times 
before an atom near the boundary of the discharge emits a photon that 
escapes from the discharge. This process has been called the “imprison- 
ment of radiation'' in a discharge tube.® 

An extremely important feature of excitation by photon capture is that 
the photon will not he absorbed unless its energy corresponds exactly to the 
energy difference between two stationary levels of the atom with which it collides. 
Consider, for example, the following experiment: The 2,537-A mercury 
radiation falls on sodium vapor in the normal state. What is the result of 
this irradiation? The impinging photons have an energy of 12,400/2,537 
= 4.88 ev, whereas the first excitation potential of sodium is only 2.09 ev. 
It is conceivable that the sodium atom may be excited and that the excess 
energy 4.88 — 2.09 = 2.79 ev would appear as another photon of wave 
length 12,400/2.79 = 4,440 A. Actually, however, the 2,537-A line is 
transmitted without absorption through the sodium vapor, neither of the 
two lines appearing. It must be concluded, therefore, that the probability 
of excitation of a gas by photon absorption is negligible unless the energy 
of the photon corresponds exactly to the energy difference between two 
stationary states of the atoms of the gas. 

If the frequency of the impinging photon is sufficiently high, it may 
have enough energy to ionize the gas. The photon vanishes, with the 
appearance of an electron and a positive ion. Unlike the case of photo- 
excitation, the photon need not possess an energy corresponding exactly 
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to the ionizing energy of the atom. It need merely possess at hast this 
much energy. If it possesses more than ionizing energy, the excess energy 
will appear as the kinetic energy of the emitted electron and positive ion. 
Jt is found by experiment that the maximum probability of photoioniza- 
tion occurs when the energy of the photon is equal to the ionization poten- 
tial, the probability decreasing rapidly for higher photon energies. 

The phenomena of photoexcitation and photoionization discussed above 
are frequently referred to as the ^‘photoelectric^* effect in gases. 

9-9. Collisions of Positive Ions with Atoms. One might expect that a 
certain amount of excitation and ionization will result from collisions 
between positive ions and neutral gas atoms with which they may collide. 
Actually, however, the probability of ionization by such a collision is very 
much smaller than that for an electron collision,^® so that this process plays 
a minor role in the formation of additional ions. It has been found that 
it is only when ions have speeds of the order of the speeds of electrons that 
possess ionizing energy that the probability of ionization by ion impact be- 
comes appreciable. This requires that the energy of the ions be 1,000 ev 
or more to l>e able to produce ionization, although ionization of Hg by 
Na"^ ions having 35 ev of energy has been observed. “ 

Unless, therefore, an ion can acquire enough energy between collisions 
with atoms, it cannot produce ionization. Since the fields in most dis- 
charges are much too small to supply a high energy to the ions, the con- 
tribution of this process to the production of secondary ionization in gases 
may be neglected. 

9-10, Other Ionizing Agents. Minute traces of radioactive contamina- 
tion are always present in all materials. These emit particles and radia- 
tions that are capable of producing ionization. Ultraviolet rays, X rays, 
and cosmic rays can also produce ionization. Because one or more of 
these ionizing agents is always present, then a (very small) percentage of 
any gas is ionized. These few free electrons play a most important role 
in some types of discharge, as will be seen in the next chapter. 

Since the average thermal energy of a gas molecule is ZEt/2 = T/7,730 
ev, then at the temperatures that are prevalent in most discharges this 
quantity is smaller than the lowest excitation potential of any atom. 
However, owing to the wide distribution in energies of the particles in a 
gaseous discharge, some few may possess enough energy to excite or even 
to ionize the atoms with which they collide. This condition plays an in- 
significant foie, however, except in very high-temperature high-pressure 
arcs. 

9-11. Metastable States. The features of the experiment by which 
Franck and Hertz showed the existence of stationary states within an 
atom were discussed in Sec. 9-7. When this experiment is performed on 
mercury vapor, it is found that the first dip in the curve, indicating the 
point at which the electrons make inelastic collisions with the mercury 
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atoms, occurs at 4.66 volts. A transition between this stationary state 
and the ground level should give rise to radiation having a wave length 
12,400/4.66 = 2,656 A. However, no such line exists in the spectnim of 
mercury. Moreover, no absorption line of this wave length is present in 
the absorption spectrum of mercury. 

It is evident, therefore, that stationary states may exist which can be 
excited by electron bombardment, but not by photoexcitation. Levels 
from which transitions to the normal state, with the resultant emission of 
radiation, are forbidden are called metastahle states. The two metastable 
states of extreme importance in the mercury spectrum are indicated on 
Fig. 9-2. The forbidden transitions are indicated by dotted arrows on the 
energy-level diagram. Transitions from higher levels to a metastable 
state are permitted. Some of these are shown in Fig. 9-2. 

The mean life of a metastable state is found to be very much longer than 
the mean life of a radiating level. Representative times are to 10“^ 
sec for metastable states and 10*“^ to sec for radiating levels. The 

long lifetime of the metastable states arises from the fact that a transition 
to the normal state with the emission of a photon is forbidden. How then 
can the energy of a metastable state be expended so that the atom may 
return to its normal state? One method is for the metastable atom to 
collide with another molecule and give up its energy to the other molecule 
as kinetic energy of translation, or potential energy of excitation. It may 
even ionize the molecule with which it collides (see the next section). 
Another method is that by which the electron in the metastable state re- 
ceives additional energy by any of the processes enumerated in the pre- 
ceding sections. The metastable atom may thereby be elevated to a 
higher energy state from which a transition to the normal level can take 
place, or else it may be ionized. If the metastable atom diffuses to the 
walls of the discharge tube or to any of the electrodes therein, either it 
may expend its energy in the form of heat or the metastable atoms might 
induce secondary emission. Because of various methods whereby the 
metastable atom can lose its energy, the mean life of the metastable state 
depends upon the surroundings in which the atom finds itself. 

Owing to the relatively long lifetime of a metastable state, the probabil- 
ity of cumulative ionization is greatly increased. It is very common in an 
arc discharge to have ionization take place at a voltage that is appreciably 
lower than the ionization potential of the gas. For example, the drop 
across a mercury-arc tube may be considerably less than 10.4 volts. Thus 
any electron that has fallen through a potential greater than only 5.73 
volts which collides with an atom in the 4.66-ev metastable state can 
ionize the atom (since 5.73 + 4.66 » 10.39). 

9-12« Collisioiis of the Second Slind. What happens when an excited 
atom collides with another atom, this atom being either in the normal 
state or else in an excited state? Severn resulting processes are possible. 
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The excited atom may receive sufficient additional energy in this collision 
to detach an electron, thereby becoming ionized. It may be raised to a 
higher excited state from which the transition to the normal statue may 
follow. Or the excited atom may fall to a lower state as a result of the 
impact. The energy released as a result of this transition may cause the 
unexcited atom to be raised to a higher level or may simply give extra 
kinetic energy to the colliding atoms. Reactions also occur in which an 
excited atom collides with a molecule and yields its excitation energy to 
dissociate the molecule into the constituent atoms. 

A collision in which one of the atoms is in an excited quantum state 
and as a result of an impact falls to a loAver state without the emission of 
radiation is known as a collision of the second kind. Collisions of the second 
kind sometimes play an important part in certain types of excitation phe- 
nomena. Direct experimental evidence of this has been found. These 
experiments show that when the 2,537-A radiation from a mercury dis- 
charge falls on the vapors of thallium or silver none of this radiation is 
absorbed. This is in accord with the discussion of Sec. 9-8. However, 
when a small amount of mercury vapor is mixed with the thallium or the 
silver vapors and the mixed vapors are irradiated with the 2,537-A pho- 
tons, not only is radiation of 2,537 A emitted, but many lines in the thallium 
or silver spectra are also excited. This showed with certainty that the 
thallium or silver lines were excited only when excited Hg atoms were 
present in the mixed vapors. This excitation could occur only by collisions 
of the second kind. Of course, the excess energy of a collision (the differ- 
ence between the 4.88 volts energy of the excited Hg atom and the energy 
of the emitted radiation of the thallium or silver atom) appears as kinetic 
energy after the collision. 

Another illustration of collisions of the second kind, of some practical 
importance, is the Penning effect^^ Penning found that neon, to which a 
little argon had been added, has a lower sparking potential than pure 
neon. The explanation is that neon has a metastable level at 16.6 ev, 
which is higher than the ionization level of 15.7 ev of argon. Hence a 
metastable neon atom may ionize an argon atom with which it collides. 

As a check on the above explanation Penning illuminated the discharge 
with strong light from a glow discharge in neon. The emitted photons 
can be absorbed by the metastable neon atoms, which are thus removed 
from their metastable states. Hence ionizing collisions of the second kind 
with argon become less frequent, and it is found that the breakdown volt- 
age is increased. 

9-13. Recombination. It is de8ii*ed to examine whether an electron and 
an ion may combine in the body of a discharge. In such a process an 
amount of energy equal to the ionization potential is released. Hence, by 
the principle of conservation of energy, the resulting neutral molecule 
must have an energy equal to the sum of the energies of the electron, the 
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ion, and the ionization potential. Moreover, since momentum must also 
be conserved, the momentum of the molecule after neutralization must 
equal the sum of the momentum of the electron and the ion. These two 
principles result in two equations for the one unknown (the velocity of 
the molecule), and a solution is not possible. In other words, in the body 
of the discharge simple electron and ion recombination does not take 
place. Clearly, recombination may occur if a third body is involved in 
the process. 

Suppose that the third particle in the recombination process is a photon. 
The laws of conservation of energy and momentum can be satisfied, and 
such a process is theoretically possible. Actually recombination with the 
emission of radiation (apart from the regular spectral lines of the molecule 
in question) has been observed,*'* but the intensity of these lines is weak, 
indicating that this process is an improbable one. 

The third body might be another electron, an ion, or a molecule that is 
present in the gas. However, the probability of such a triple encounter 
is not very great, except at very high pressures. 

Recombination is possible when a positive ion and a negative ion (a 
neutral molecule to which an electron has become attached) interact with 
each other. The result of such an encounter is the formation of two neu- 
tral molecules. 

Each of the foregoing processes has a low probability of occurrence, and 
it must be concluded that very little deionization takes place in the body of 
the gas. 

Recombination takes place principally at the surface of the container. 
Thus, when the excitation is removed from a gaseous discharge, the ions 
diffuse to the walls or to any surfaces in the gas. They also drift to the 
electrodes if any field is present. The presence of the ion, the electron, 
and the surface permits satisfying both conservation of energy and mo- 
mentum, with the consequent neutralization of the ion. 

9-14. Collision Probabilities. Suppose that a beam of electrons is 
directed into a gas; the probability of collision Pc * of an electron with a 
molecule is determined from Eqs. (8-15), (8-20), and (8-21), viz,^ 

n = no€“*^** (9-6) 

where the pressure p is in millimeters Hg and where Pc is specified at 1 mm 
Hg and 0®C. Although this expression was deduced on the basis of the 
kinetic theory of gases, which views the molecule as a rigid sphere, never- 
theless the derivation of this expression did not explicitly involve the 
molecular model. The equation was based merely on the definition of 

* In the literature Pc is given as the number of collisions per centimeter at 1 mm Hg 
and 0*^0. Hence in this and the next section the unit of leng^ is the centimeter instead 
of the meter. 
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l/lo « Pc as the number of collisions made by an electron in traveling 
1 cm through a gas that is at a pressure of 1 mm Hg and at 0®C. The 
value of Pc may therefore be determined from this expression. 

An experimental apparatus for this determination consists of an electron 
gun that projects a sharply defined beam of electrons of known energy into 
a gas at a pressure pi and known temperature. A collector at a distance x 
away from the electron source is used to measure the current^ arising 



Fig. 9-4. The probability of colli- 
sion of Hg, A, He, and Ne as a func- 
tion of the velocity of the impinging 
electrons. (/2. B. Brode.) 
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Fig. 9-5. Apparatus for measuring 
collision probabilities. A magnetic 
field perpendicular to the paper causes 
the electrons (which do noi make col- 
lisions) to move in a circular arc from 
the electron gun G to the collector C. 


from those electrons which have not made a collision in this distance. The 
gas pressure is then changed to p 2 j aiid the new current t 2 to the collector 
is recorded. Then, 




-P\Pa 


- ptPcX 


_ ^(p2-pi)jPe* 


(9-7) 


from which Pc can be calculated, since all the other quantities in the 
equation are known. 

The experimental technique involved in making these measurements 
and the results of some of these experiments, some of which are illustrated 
in Fig. 9-4, can be found in the review of this subject by Brode. The 
type of apparatus used by many investigators is shown schematically in 
Fig. 9-5. The electrons leaving the electron gun G are directed to travel in 
a circular path by means of a transverse magnetic field. The gas container 
is partitioned, as shown, so that only those electrons which pass through 
the slits /St, •••, 8$, enter the collecting chamber C. If an electron has 
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made a collision with a gas atom, so that it is deflected through even a 
small angle, it will strike one of the baffles and will not be collected. Fur- 
thermore, if the electron has made an inelastic collision, it will suffer a loss 
of energy and the radius of its resulting path, for the given magnetic-field 
intensity, will be smaller (in accordance with the results of Sec. 2-11). 
Because of the altered radius of curvature, these electrons will likewise 
strike the J3affles. Therefore any collision, elastic or inelastic, removes 
the colliding electron from the incident beam. The distance x in Eq. (9-7) 
for such an apparatus is the total length of the curved path (shown as the 
broken semicircle in Fig. 9-5). The experimentally obtained results for 
the probability of collision in Hg, A, He, and Ne are shown in Fig. 9-4. 

It is observ^ed that Pc depends very markedly upon the velocity with 
which the electrons are traveling. In view of the foregoing discussion, 
this was to be expected. A collision can no longer be visualized as the 
impact of a “point” electron with a solid spherical atom. Instead the 
term “collision” now refers to that type of encounter in which a change of 
direction and energy takes place. For charged particles, the deflection 
occurs because the impinging electron enters the electric field of the nu- 
cleus and the surrounding cloud of electrons. If the scattered electron 
emerges with practically no loss of energy, an elastic collision has taken 
place. However, if the initial energy of the electron is greater than the 
critical potentials of the gas, then excitation or even ionization may take 
place. The total collision probability Pc, as measured, includes both 
elastic and inelastic encounters, since the apparatus shown in Fig. 9-5 does 
not discriminate between the different collision processes. 

The shapes of the curves of Pc vs. energy of incident electron vary 
markedly from element to element. However, those atoms in the same 
column of the periodic table have been found to exhibit similar collision 
probabilities. The inert gases (Ne, A, Kr, Xe, He) offer very little hin- 
drance to very slowly moving electrons, and Pc increases to a maximum 
and falls off as the energy of the electrons is increased. This behavior is 
known as the Ramsauer effect The alkalies (Na, K, Rb, Cs) follow curves 
that are somewhat similar to those of the inert gases, except that the max- 
imum is extremely sharp and occurs at a much smaller value of energy 
(about 2 volts). Also, the probability of collision for the alkalies is roughly 
ten times as great as those illustrated in Fig. 9-4. The elements Zn and 
Cd have curves similar to that of Hg. They exhibit no maximum but de- 
crease monotonically with velocity. Unlike most other elements, the 
probability of collision for slowly moving electrons in mercury is very 
high. The theoretical explanation of these curves can be given in terms 
of wave mechanics.^® 

It was shown in Sec. 8-6 that the probability of collision Pc, on the 
assumption that the molecules were rigid spheres, was equal to the 
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total projected area of all of the atoms in 1 cm® of the gas, which is main- 
tained at a pressure of 1 mm Hg and at 0®C. It is found convenient to retain 
this relationship, even though the kinetic-theory concept of a gas is not 
valid. Thus, by definition, the collision cross section <r of an atom is such 
that Pc = As a consequence of this definition, the curves of Fig. 9-4 
are frequently referred to as the ‘^collision cross-section curves.” They 
yield direct information regarding the variation of mean free path Zq with 
electronic speed, since Iq = 1/Pc. 

9-15. Ionization Probabilities.^^ A question of the utmost importance 
in discharge devices is the following: How many of the collisions repre- 
sented by Pc cause ionization? The ex- 
perimentally determined answer is shown 
in Fig. 9-6 for those elements for which Pc 
has been given in Fig. 9-4. The ordinates 
represent the probability of ionization P*, 
which is defined as the number of ioniz- 
ing collisions made per centimeter of path 
through a gas at 1 mm Ilg pressure and 
0®C. This quantity is also known as the 
cross section for ionization. 

It is seen that the probability of ioniza- 
tion is zero for potentials below the ioniza- 
tion energy of the gas, as is to be ex- 
pected. The curves then rise approxi- 
mately linearly, reach maxima, and then 
fall slowly. This means that if an electron 
has an energy that is much larger than the 
ionization energy the chance of its making an ionizing collision is very 
small. 

It should be further noted that the value of Pc for a given electron 
energy is larger than the corresponding value of P,. This is to be expected, 
since Pc includes exciting and elastic collisions as well as the ionizing colli- 
sions. 



Energy of electron, volfs 

Fig. 9-6. The probability of ioniza' 
tion by electron bombardment of 
Hg, A, Ne, and He as a function of 
the energy of the impinging elec- 
trons. {R. B. Erode.) 


PROBLEMS 

9-X. Show that the time for one revolution of the electron in the hydrogen atom in a 
circular path about the nucleus is 

where the symbols are dehned in Sec. 9-1. 

9 - 2 . Bohr postulated that the stationary states are determined by the condition that 
the angular momentum must be an integral multiple of ^/2ir, where h is Planck^s constant. 
For the hydrogen atom show that (in mks units) 
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a. The |>ossible radii are given by 

r ■■ r meters 

T?ne^ 


where n is any integer but not zero, 
is 0.53 A. 

b. The energy levels are given by 
Wn = 


For the ground state (n 


me* 1 


1) show that the radius 


c. The reciprocal of the wave length (called the wave number) of the spectral lines 
is given by 

1 r. / 1 1 \ 

- /c ( — 5 5 ) waves/m 

X \n2^ nr/ 

where ni and n2 are integers with ni greater than n2 and R » me^/Seo^hh * 1.10 X 

10^ /m is called the Rydberg constant. 

If 712 ” 1, this formula gives a series of lines in the ultraviolet called the Lyman series. 
If 712 *= 2, the formula gives a series of lines in the visible, called the Balmer series. 
Similarly the series for 712 = 3 is called the Paschen series. These predicted lines are 
observed in the hydrogen spectrum. 

9 - 8 . Show that Eq. (9-5) follows from Eq. (9-4). 

9 - 4 . A photon of wave length 1,400 A is absorbed by cold mercury vapor, and two 
other photons are emitted. If one of these is the 1,850-A line, what is the wave length 
of the second photon? 

9 - 6 , Cold mercury vapor is bombarded with radiation from a mercury arc, and as a 
result the fluorescent lines 2,537 A and 4,078 A appear. What wave length must have 
been present in the bombarding radiation? 

9 - 6 . The six lowest energy levels of hydrogen are 0, 10.19, 12.07, 12.73, 13.04, and 13.20 
ev. If cold hydrogen vapor absorbs the ultraviolet 972-A line, what possible fluorescent 
lines may appear? 

9 - 7 . The seven lowest energy levels of sodium vapor are 0, 2.10, 3.19, 3.60, 3.75, 
4.10, and 4.26 ev. A photon of wave length 3,300 A is absorbed by an atom of the vapor, 
and three other photons are emitted. 

a. If one of these is the 11,380-A line, what are the wave lengths of the other two 
photons? 

b. Between what energy states do the transitions take place in order to produce 
these lines? 

9 - 8 . Wliat might happen if cold mercury vapor is bombarded with 

o. One 5.00-ev photon? 

b. One 5.00-ev electron? 

c. One 5.46-ev photon? 

9 - 9 . a. With what speed must an electron be traveling in a sodium-vapor lamp in 
order to excite the yellow line whose wave length is 5,893 A? 

6. Could electrons with this speed excite the 2,637-A line of Hg? 

9 - 10 . a. What is the minimum speed with which an electron must be traveling in 
order that a collision between it and an unexcited neon atom may result in ionization 
of this atom? 

6. What is the minimum frequency that a photon can have and still be able to cause 
photoionization of a neon atom? 

9<^11. An X-ray tube is essentially a high-voltage diode. The electrons from the hot 
filament are acodbrated by the plate supply voltage so that they fall upon the anode 
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with considerable energy. They are thus able t-o effect transitions among the tightly 
bound electrons of the atoms in the solid of which the target (the anode) is constructed. 

а. What is the minimum voltage that must be applied across the tube in order to 
produce X rays having a wave length of 0.5 A? 

б. What is the minimum wave length in the spectrum of an X-ray tube across which 
is maintained 60 kv? 

9-12. An electron possessing a kinetic energy of 18 ev is moving in Hg vapor. If it 
collides with an atom that is in its lowest metastable state, causing the atom to become 
ionized, can the electron induce ionization in a subsequent collision? 

9-18. An electron, after falling through a potential of 10 volts, collides with a mercury 
atom that is in its lowest metastable state. As a result of the impact the atom is elevated 
to its 7.73-volt level. What is the energy in joules of the impinging electron after the 
collision? Assume that the kinetic energy of the atom is unaffected by the colli- 
sion. 

9-14. Argon resonance radiation falls upon sodium vapor. If a photon ionizes an 
unexcited sodium atom, with what speed L th(.‘ electron ejected? 

9-15. A metastable neon atom possessing 16.6 volts energy “collides” with an un- 
excited argon atom and ionizes this atom. If the atoms are at rest before and after the 
impact, calculate the energy with which the electron is emitted. 

9-16. Using the kinetic-theory values of the radii of Hg, A, and Ne (Table 8-1), 
calculate the probabilitj^ of collision for these atoms. Compare these values with the 
experimentally determined probabilities of Fig. 9-4. 

9-17. A low- voltage gas-filled cathode-ray tube contains argon gas at room tempera- 
ture. The cathode-to-anode voltage is 100 volts, and the distance from the anode to 
the screen is 20 cm. What must the pressure of the argon gas be if 10 per cent of the 
electrons in the beam are to make collisions in their passage from the anode to the screen? 

9-18. The pressure of the argon in a cathode-ray tube is 0.01 mm Hg. The length 
of the tube is 20 cm. The beam current is 50 fia. The accelerating voltage is 400 volts. 
The tube operates at room temperature. 

а. Find the total number of ions formed per second over the entire length of the tube. 

б. How many electrons per second do not make ionizing collisions on their way to 
the screen? 
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CHAPTER 10 


ELECTRICAL DISCHARGES IN GASES 


In order to study any of the individual processes that can occur in a 
gaseous-discharge tube, an experimental arrangement is usually employed 
in which only the process under survey is important. This permits the 
particular characteristics of interest to be investigated without the presence 
of complicating secondary phenomena. Under ordinary circumstances, the 
discharges usually encountered in practice (for example, arc and glow dis- 
charges) involve the simultaneous existence of several fundamental proc- 
esses. Therefore, it is not always possible to give a complete explanation 
of the observed phenomena. However, the characteristics of the dis- 
charges to be considered in this chapter will be discussed wherever possible 
in the light of the fundamental processes already considered in Chap. 9. 

10-1. Electrical Character of Discharges. The most convenient way of 
distinguishing among the various possible electrical discharges in gases is 
to study the volt-ampere characteristics of these discharges. Consider a 
tube containing two cold plane-par- 
allel electrodes between which is con- 
tained a fixed quantity of gas at a low 
pressure (say, a few millimeters Hg). 

An adjustable source of potential in 
series with a resistor is connected 
across the tube. The current through 
the tube is observed as a function 
of the voltage across it, as either the 
magnitude of the voltage or the mag- 
nitude of the resistor is varied. The general form of the characteristic so 
obtained is given in Fig. 10-1. 

The current is found to vary gradually with variations in potential from 
the point 0 to the point A, Further increases in potential in the region 
from A to B results in no further increase in current through the tube, and 
the horizontal portion of the curve from A to B is obtained. As the voltage 
is increased beyond the value corresponding to B, the current is found to 
increase rapidly to the point C, somewhat as shown. For reasons which 
will appear in the next section, this discharge is called a non-self -‘TnairUained, 
a field-ifUemified^ or a Toumsend discharge. If an attempt is made to ob- 

257 



Fig. 10-1. Volt-ampere characteristics 
of a non-self-maintained discharge. 
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teXa the characteristic beyond point C, the entire character of the dis- 
charge changes suddenly. The voltage is found to decrease rapidly. The 
gas in the tube suddenly begins to glow, the color of the luminous region 
being a function of the gas or gases contained in the tube. Also, the cur- 
rent through the tube rises very rapidly, the magnitude of the current that 
flows through the tube being determined by the magnitude of the potential 
and by the size of the current-limiting resistor in the external circuit. The 
gas in the tube is said to have broken doum, and the voltage at C is the 
sparking potential. The discharge becomes a glow or an arc. The theory 
of the Townsend discharge will now be given. Conditions after breakdown 
are studied in later sections. 

10-2. Non-self-maintained Discharge. A gas is always in a state of par- 
tial ionization because of the action of a number of natural ionizing sources, 
as explained in Sec. 9-10. If, therefore, a voltage is applied to two elec- 
trodes sealed in a tube containing a gas, a few ions will drift to the cathode 
and some electrons will be transported to the anode. This will result in 
the flow of a minute current. If it is assumed, as is generally true, that the 
rate of production of the ions by the ionizing agent is a constant, then the 
current is independent of voltage over a range of voltages. This is so be- 
cause the ions and free electrons are swept out of the field immediately 
upon formation. This is the region AB of Fig. 10-1. The external radiat- 
ing agents produce saturation current densities of the order of 10~^^ 
amp/m^. 

In order to explain the rapidly rising portion of the characteristic, the 
region BC of the figure, suppose that the potential Ei at the point B repre- 
sents the ionization potential of the gas. Then in the region beyond B the 
potential through which the electron falls from the time of its liberation by 
the external ionizing agent until it collides with a gas molecule in its path 
a short distance away may be sufficient to give it an energy adequate to 
cause ionization of the molecule. That is, the potential per mean free path 
of the electron is sufficient to cause ionization. If it ionizes the molecule, 
it will liberate, say, one electron. Now two electrons exist to cause further 
ionization. It is then evident that this process, which is cumulative, may 
result in very large currents in the tube. An analytical representation of 
this process is possible. 

Suppose that n© electrons are ejected from the cathode per second (see 
Fig. 10-2). If n denotes the number of electrons per second at any dis- 
tance X from the cathode, then dn new electrons per second will be formed 
in the distance dx owing to the ionization that occurs. If a represents tke 
number of new electrons {or ions) formed by one electron in tramling a distance 
of I m l^rou^ the gas, then 


dn ^ cm dx 
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The parameter a is frequently called the first Townsend coefficient. This 
leads, upon integration, to 

n = no€“* (10~1) 

provided that a is independent of x. Thus, for every electron produced at 
the cathode, electrons reach the anode a distance d away. The progeny 
of electrons produced by one electron is called an electron avalanche. 

By multiplying both sides of Eq. (10-1) by the electronic charge, tlie 
expression is transformed into an equation for the current. It is 

h - /o€“^ (10-2) 

where /6 is the current to the collector and Iq represents the current at the 
cathode resulting from the effects of the external ionizing agents. If Iq 



Fig. 10-2. Because of ionization, dn new Fig. 10*3. The current in a discharge tube 
electrons are formed in the distance dx. consists of electrons traveling toward the 

anode and positive ions traveling toward 
the cathode. 

drops to zero, so also does /?,. In other words, if the external excitation is 
removed the discharge stops. This is why the discharge is termed non-self-- 
maintained. 

In a discharge the current is made up of electrons traveling toward the 
anode and positive ions moving toward the cathode. The net current at any 
plane must be a constant because otherwise there would be a continuous 
piling up (or perhaps a depletion) of charge with time, which is not possible 
if a steady-state condition has been reached. In Fig. 10-3 a positive super- 
script is used for positive ions and a negative superscript for electrons. 
The arrows indicate the direction of travel of the particles. The current 
everywhere is /(». Note, in particular, that this current at the anode is due 
entirely to electrons which have entered the collector from the discharge. 
These electrons flow in the external circuit to the junction of the cathode 
and tiie gas. Here a certain number of them per second neutralize the 
positive-ion ciurent (/^ — Iq). The remainder, /o, is the electron current 
entering the discharge under the influence of the external excitation. 
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10-3. The Parameters a and i;. Because of the small values of result- 
ing from the natural ionizing agents, it is difficult to obtain accurate meas- 
urements of the currents' in the region BC of Fig. 10-1. It is possible, how- 
ever, to investigate this theory and that of the next section by using a tube 
that is provided with a photosensitive cathode, as the current in such a 
device (of the order of microamperes) may readily be measured. Except 
for the fact that the initial electrons are produced photoelectrically instead 
of by natural ionizing agents, the conditions of gas amplification are the 
same. The volt-ampere curve of an ai^on-filled phototube (General Elec- 
tric PJ 23) is given in Fig. 15-9. Its shape is exactly that of the curve of 
Fig. 10-1. 

The number of electrons formed per electron per meter of path (the 
value of a) will depend both upon the number of collisions that the incident 
electron makes in traversing this unit path and also upon the energy that 
the incident electron possesses when it collides with the gas molecules. But 
the number of collisions made by an electron per meter of its path, which is 
the inverse of the electronic mean free path, will be directly proportional 
to the pressure of the gas. Also, the energy that an impinging electron 
possesses at the time of collision with a molecule will depend both upon the 
electric-field intensity and upon the mean free path. That is, the energy 
per mean free path is given by the product 8Z. Since the mean free path 
varies inversely with the pressure, then may be written proportional to 
8/p. Thus a is proportional to p and also to some function of 8/p. Math- 
ematically, these results may be expressed in the form 



where /(8/p) is some undetermined function which remains constant when 
the ratio 6/p is constant. Consequently, a will be independent of a: if 8 
and p do not depend upon x. 

In order to obtain data for the investigation of these matters, it is neces- 
sary that the experiments be performed with a tube that is provided with 
plane-parallel electrodes the spacing between which may be varied.^ The 
pressure of the gas p is maintained constant, and the applied potential is 
increased in proportion to d so that the electric-field intensity 8 remains 
ocmstant. (The current density is kept sufficiently low so that the space 
dbarge is negligible.) Under these conditions a is independent of x, and 
Eq. (10-2) should be valid. A plot of log Ib vs. d from these experiments is 
found to be linear, this equation being thus verified. The s^ope of this 
straight line gives a for the fixed value of p and 8. The pressure or the elec- 
tric-field intensity is then varied, and a new value of a is obtained from the 
slope of the new logarithmic plot. In this manner, a is determined as a 
function ei p and 6. The data are expressed by plotting a/p as a function 
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of S/p. The results so obtained lie on a smooth curve as illustrated in 
Fig. 10-4.* This verifies the functional relationship (10-3). 

A theoretical calculation of the shape of the function /(S/p) is extremely 
difficult since it depends upon such factors as the energy distribution of 
the electrons and the probability of ionization, neither of which is accu- 
rately known. Furthermore, these terms cannot be predicted with any 



Fig. 10-4. Values of a/p, 1/cm X mm for neon, argon, krypton, and xenon as a func- 
tion of S/p, volts/cm X mm. {After A, A. Kruithof, Physica, 7, 519, 1940.) 

certainty.®- * An approximation which can be made to fit the data over a 
limited range by the proper choice of the parameters A and B for each 
gas is ^ 

- = (104) 

V 

The ionization coefficient 17 ie defined as the nuwber of ions formed by one 
electron in fading through one volt. Since a is the number of ions form^ by 
an electron in traveling a distance of 1 m and S is the electric-field intensity 
in volts per meter, then, clearly, 

17 ~ (10-5) 

S 

* In the literature values of a and € are given in terms of the centimeter as the unit 
of length and the millimeter of Hg as the unit of pressure. This practice has been 
followed in Figs. 104, 10-5, 10-7, and 10-S. 



262 ELECTRONICS 

and from Eq. (10-3) 



so that 7/ is a function of S/p. 

The current is given by Eq. (10-2), or 


h = = /oe”^ 


( 10 - 6 ) 


(10-7) 


where == 8(i is the applied voltage. 

This equation is based on the assumption that If, — Iq at d = 0 or 
E = 0. Actually the current remains equal to Iq until a voltage Eq ap- 


Volfs“‘ 



Fig. 10-6. The ionization coefficient rj a/S for neon, argon, krypton, and xenon. 
(After A. A. Kruithof, Phynica, 7, 519, 1940.) 


proximately equal to the ionization potential is reached (point B of Fig. 
10-1). Hence Eq. (10-7) should more properly be modified to 

/j = (10-8) 

whei’e Eq is a f onstant approximately equal to the ionization potential. 

Curves of 97 as a function of S/p are given in Fig. 10-5, and they exhibit 
a maximum. Thus at a given S there ^ould be an optimum pressure for a 
gas photocell (correi^nding to the peak in Fig. l(V-5). This is Stoletow’s 
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law and is verified by experiment.® For an argon-filled tube operating at 
an electric-field intensity of the* order of 100 volts/cm, the maximum re- 
sponse is very flat and occurs at pressures between approximately 1 and 
0.2 mm Hg. This is the correct order of magnitude for the pressure in a 
gas photocell. 

10-4. Breakdown. If the potential across the phototube is made too 
high, the gas in the tube will ‘‘break down^^ and will begin to glow. The 
current in the tube will rise to a high value and will be limited principally 
by the resistance in the external circuit. If, following breakdown, the light 
source is removed so that the photocathode is no longer illuminated, the 
current nevertheless continues. Such 
discharges are called self-sustained or 
self-maintained discharges. Although 
external agencies may assist in start- 
ing the discharge, once it has been 
initiated it will maintain itself with- 
out any external source. 

For breakdown to take place there 
must be some mechanism of electron 
production in the tube which has not 
yet been mentioned. The most likely 
process is that of electron emission at 
the cathode due to the positive-ion bombardment (often called secondary 
emission by positive ions). This electron curi'ent is designated by /«, the 
electron current due to the external excitation by le, and the total electron 
current at the cathode by Iq. Thus 





I 1||| ,/VWV' 1 

Fig. 10-6. When positive ions strike the 
cathode, they liberate electrons, (in ad- 
dition to those liberated from the cathode 
by the external source, /e). 


^0 = (10-9) 

If Ib is the plate current, then by the principle outlined in the preceding 
section, the total current anywhere in the tube is h- Since the total elec- 
tron current at the cathode is /q, then the ion current at this electrode must 
be /& — Iq. The situation is as pictured in Fig. 10-6, w^hich is identical 
with Fig. 10-3 except that the total electron current Iq at the cathode now 
consists of two terms. Hence, Eq, (10-2) is still valid provided only that 
Iq is given by Eq. (10-9). 

If on ike average y electrons are liberated from the cathode by one positive ion, 
then 

/. = y{h - h) ( 10 - 10 ) 

By combining Eqs. (10-2), (10-9), and (10-10) there results 

lb »= 

I + 7 ~ 7*““* 


( 10 - 11 ) 
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Since the production of electrons by positive-ion bombardment of the 
cathode is a rather inefficient process, then 7 is a small quantity. Repre- 
sentative values ® range from 0.20 to 0.001, meaning that on the average 
somewhere between 5 and 1,000 positive ions must strike the cathode be- 
fore a single electron is liberated. Figure 10-7 shows curves of 7 as a func- 
tion of £/p. The shape and average height of the curves are strongly de- 



Fig. 10-7. The coefficient 7 for neon, argon, krypton, and xenon, with a copper cathode. 
The two curves for A correspond to two different states of the cathode. (After A. A. 
Kruiikof, Physica, 7, 519, 1940.) 

pendent upon the cathode material and the state of the cathode. Note that 
7 is a much less sensitive function of 6/p than is rj. 

Equation (10-11) predicts a more rapid increase of current with electrode 
separation than the simple exponential expression (10-2). This results 
from the additional electrons that are liberated from the cathode by the 
positive-ion bombardment. A plot of log /& vs. d is found to be a straight 
line for small values of d but rises more rapidly for large values of d. The 
values of a and 7 are chosen to give the best agreement between the ex- 
perimental results and those calculated from Eq. (10-11).’ An approxi- 
mate value of a is obtained from the straight-line portion of the plot, as 
outlined in the last section. It is to be noted that since the number of 
secondary electrons emitted from the cathode depends upon the energy of 
the impinging ions, then 7 should be a function of the energy gained by the 
ion in its last free path before striking the cathode. Hence, 7 should be a 
function of 8/„j, or 6/p, and should not depend upon 6 or p individually. 
This conclusion is verified by experiment. 

Mathematically, it follows that the current will increase without limit 
when the denominator of Eq. (10-11) becomes zero. That is, breakdown 
occurs when 


=1-1-7 


( 10 - 12 ) 
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Physically, of course, the current can never increase without limit; but 
rather, as the left-hand term of this expression approaches 1 + y, an enor- 
mous increase in the current will occur, and the transition from the non- 
self-maintained to the self-maintained discharge takes place. 

The existence of a self-maintained discharge requires that the number of 
ions which are produced by an electron in moving from the cathode to the 
anode must regenerate one electron when they strike the cathode. This 
criterion is actually expressed by Eq. (10-12). To verify this, it is noted 
that if no electrons per second leave the cathode, then these produce 
— no) positive ions per second in their passage to the anode. There- 
fore, when one electron leaves the cathode, it produces — 1) positive 
ions in the body of the gas. These positive ions eject, in turn, by the y 
process at the cathode, 7 (c“‘^ — 1) electrons. Evidently, if this quantity 
just equals unity, then the one electron originally emitted from the cathode 
has caused another electron to leave the cathode. This new electron will 
likewise cause the production of a third electron, and so on indefinitely. In 
other words, the discharge will no longer require an external agent for its 
maintenance. The criterion for this condition is 

- 1 ) = 1 

which is seen to be equivalent to Eq. (10-12). 

In this theory, which is due to J. J. Thomson, it has been assumed that 
the additional electrons were produced by the action of the positive-ion 
bombardment of the cathode.® However, many other types of electron- 
producing collision processes are possible, as discussed in the preceding 
chapter. Thus one may expect that a certain amount of ionization will 
result from collisions between the ions moving toward the cathode and the 
neutral gas molecules with which they may collide. However, experiment 
shows that this process is so inefficient as to be completely negligible. 
Electrons may arise from the presence of metastable atoms in the region of 
the cathode resulting from ionization by impact between several of these 
atoms. There may be photoemission from the cathode due to radiation 
from excited gas atoms. Further, photoionization of the gas molecules 
may produce some electrons. For a detailed discussion erf the theories of 
electron multiplication before breakdown, see Ref. 8. 

A method of separating y into its component processes * is based upon 
the fact that these individual mechanisms require different times. Hius 
with reasonable values of electric field, spacing, and pressure the formative 
times are approximately as follows: Electrons released by ionization reach 
the anode in 10“^ sec. Photoemission takes 10*^ sec. Ions drifting under 
the influence of the Applied field reach the cathode in 10^ sec, whereas 
metastable atoms, which must arrive at the cathode by diffusion, take 
10*^ sec. The transient current resulting from the liberatimi of a very 
short (0.2 Msec) pulse of photoelectrons at the cathode is observed experi- 
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mentally. This technique should yield very valuable informaticm with 
respect to the fundament^ processes involved. At the time of this writ- 
ing (1950), this microsecond Townsend discharge is being actively investi- 
gated at the Bell Telephone Laboratories. 

10-6. Paschen’s Law. Many terms are used synonymously with the 
term ‘^breakdown voltage. Some of them are ^^sparking,’^ *4gnition,’' 
‘^starting, or ‘^striking” potential. The factors which determine the 
sparking potential will now be investigated. 

If the coefficient ij is used in place of a and if the constant Eq is introduced 
as in Eq. (10-8), then Eq. (10-11) takes the form 


h 




1 -h 7 “ 


(10-13) 


The condition for sparking is obtained, as before, by setting the denom- 
inator of the above equation equal to zero when E equals the sparking 
voltage Eg. Thus 

^^v(E.-Eo) = 1 + ^ (10-14) 


Since y and ri are functions of 8/p, this equation predicts that Eg is a 
function of the ratio 8/p. Furthermore, since 

8 8d Eg 
p pd pd 


then Eq. (10-14) contains only two parameters, namely. Eg and the product 
pd. Thus, one is led to the conclusion that the breakdown voltage is a 
function only of the product of the pressure and the interelectrode spacing 
and does not depend upon these two parameters separately. This conclu- 
sion is verified by experiment. Thus, if the pressure is doubled but the in- 
terelectrode spacing is halved, the breakdown voltage remains unchanged. 
This is known as Paachen^s law. Expressed mathematically, Paschen's law 
states that E. = ^(j>d) (10-15) 


Clearly, from the above discussion, the sparking voltage also depends upon 
the cathode material and the type of gas. These conclusions are verified by 
experiment as can be seen from Fig. 10-8. In curves a the effect of the cath- 
ode material is in evidence because three different t3rpes of cathodes are 
used with the same gas. Also, the fact that Eg is a function only of pd and 
not p or d separately is demonstrated because curves for the same gas and 
the same cathode coincide (roughly) even if different distances are used. 
In curves h the effect of different gases with the same cathode is demon- 
strated. Curve c shows breakdown in air for a very wide range of pd. 

For electrodes of a given area, the volume of gas contained between them 
is proportional to the separation d. Also, since the concentration is propor- 
tional to the pressure, then tiiie product pd is proportional to the number 
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of molecules between the electrodes. Hence, Paschen^s law states that the 
ignition voltage depends only upon the total number of molecules of gas 
between the cathode and the anode, for a given cathode material and a 
given gas. 





Q>) 


(c) 


Fig. 10-8. Sparking potential between plane-parallel electrodes as a function of the 
product of pressure times distance, (a) Barium, magnesium, and aluminum in argon 
(with distance as a parameter). (After H. Jacobs a,nd A. P. LaRocqve, J. Applied Phys., 
18 , 199, 1947.) (6) Argon and neon with a copper cathode. (After A. A. Kruithof, 

Physica, 7, 619, 1940.) (c) Air with a brass cathode. (After M. J. Dryvesteyn and 

F. M. Penning, Revs, Modem Phys., 12 , 87, 1940.) 


The experimentally determined curves of sparking potential vs. the 
product pd show a minimum, the voltage being high for very low and very 
high values of pd. Refer to Fig. 10-8c, which is for plane-parallel elec- 
trodes in air. The minimum value of the product pd is 0.6 mm X cm. 
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Note that regardless of the pressure or spacing, it is impossible to cause 
breakdown to occur between parallel electrodes in air at voltages less than 
350 volts. 

The reason for the existence of a minimum in the sparking-pot^ntial 
curve is easy to discover. Consider, for example, that the spacing is fixed 
and that p is varied. At very low pressures, there are so few^ molecules 
present that enough secondary electrons can be produced only if the ener- 
gies of the impinging electrons are high. This means that a high voltage 
must be applied. On the other hand, if the pressure is high, then the 
number of collisions is so large that the energy gained by each electron per 
mean free path is small unless the applied potential is high. For ionization 
to take place, the energy per mean free path must exceed a certain minimum 
amount (the ionization potential of the gas), and so a high potential will be 
necessary. Between these two extremes of pressure will be a pressure at 
which a minimum sparking potential will be necessary. 

Although the foregoing discussion has been confined to the case of plane- 
parallel electrodes, the discussion is generally true for systems with elec- 
trodes of any shape. This is so because the energy of the electrons per 
mean free path determines the ionizing abilities of the electrons and the 
ions and therefore the breakdo^vn potential. A generalization of Paschen’s 
law is based upon this fact. Thus, if all the linear dimensions of a dis- 
charge system are multiplied by a factor a and if the pressure is multiplied 
by the factor 1 /a, the breakdown voltage remains unchanged. This fol- 
lows, of course, from the fact that the energy per mean free path remains 
unchanged. Also, since the mean free path I varies inversely as the pres- 
sure, the breakdown voltage is a function only of the ratio Z/p. In fact, 
the quantities a, 7 , and E, are usually plotted as functions of Z/p in the 
literature. 

10-6. Breakdown by Streamer Propagation.^^ ♦ Loeb feels that the 
Townsend theory discussed in Sec. 10-4 is inadequate at the higher 
pressures and longer gap lengths, for many rettsons, four of which 
follow: 

1 . On the basis of the transit time of the positive ions in such fields, and for the usual 
gap lengths, the time lag in sparking should be 10*~^ sec or longer, whereas it is foimd 
that the formative time lag of sparks at atmospheric pressure is of the order of 10^^ sec 
or less at moderate overvoltages (1 to 2 per cent). 

2. At high values of pd the cathode seems to play no important role in the breakdown 
mechanism since the same sparking voltage is obtained with different cathodes. 

3. There are gaseous discharges (like the lightning stroke or the positive-point corona) 
where the cathode is not involved at all. 

* The authors aie indebted to Professor L. B. Loeb for reading and oorreoting this 
section and, in particular, for adding the last two paragraphs. It idiould be noted 
that this streamer theory is not generally accepted. See, for example, liewdlyn- 
Jones, F. and A. B, Parker Naiurt^ 166, 960, 1950. 
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4. It is observed that at high pressures sparks occur along very narrow filamentary 
channels which may be branched and irregular in shape. 

Tlie Townaend mechanism cannot account for such sparks. A quaJitar 
tive mechanism of sparking, known as the streamer theory, which is in ac- 
cord with experiment was arrived at independently by Raether and by 


A no cfc 



Fig. 10-9. A pictorial representation of the advance of an electron avalanche in a gas 
discharge. (After L. B. Loeb and J. M. Meek, **The Mechanism of the Electric Spark” 
Stanford University Press, Stanford University, Calif., 1941.) (A) Electron multiplication. 
(B) Development and structure of the avalanche. Positive ions lag behind electrons 
at tip. (C) Avalanche has crossed the gap. (D) Later history of the avalanche. Elec- 
trons have disappeared into the anode. 


Loeb. A semiempirical quantitative criterion based on this theory was 
given by Meek for the positive streamer spark. 

To understand this streamer theory, consider a plane-parallel gap at 
atmospheric pressure, 1 cm in length, between which is applied the spark- 
ing voltage. Suppose that the cathode is illuminated by ultraviolet light 
of such an intensity that one electron per microsecond per square centi- 
meter leaves the cathode. As before, in traversing a distance x, each elec- 
tron produces an electron avalanche of 6®* electrons. The c®* positive ions 
that are produced during the avalanche formation remain virtually sta- 
tionary during the 10""^ sec required for the avalanche to advance across 
the gap. Owing to the random diffuse movement of the electrons during 
the process of ionization by electron bombardment, the tip of the avalanche 
spreads as the avidanche advances. The general features of the process are 
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shown schematically in Fig. 10-9. In traversing the 1-cm path under the 
conditions specified, approximately, 2.4 X 10^ positive ions are produced. 
However, such a distribution of ions does not make a conducting filament 
of charges across the gap, and the avalanche that has crossed the gap does 
not in itself constitute a breakdown. 

In addition to the positive ions that are formed during the electron 
avalanche, from four to ten times this number of excited atoms and mol- 
ecules also result. These excited atoms emit ultraviolet radiation, the emis- 
sion time being approximately 10~® sec after excitation. The ultraviolet 
radiation is absorbed in the gas and leads to additional photoionization. 



(a) (b) 

Fig. 10-10, (a) The potential distribution due to a streamer at the anode. The positive 
ions cause the potential to rise more rapidly than the space-ciiarge-free straight Hik^ 
(shown broken). (6) The mid-gap streamer distribution. 

These new photoelectrons, which arise almost instantaneously in the whole 
gap, will begin to ionize cumulatively, producing other avalanches. How- 
ever, these are usually smaller and occur later than the parent avalanche. 
Moreover, those at remote distances from the primary avalanche ordinarily 
do not contribute to the breakdown. 

Those photoelectron avalanches that are produced near the positive-ion 
channel and particularly near the anode are in a combined applied and space- 
charge field of the positive ions. This space-charge field is quite large, ow- 
ing to the large space-charge density, and (slightly above the threshold) is 
comparable with the applied sparking field. This field distorts the applied 
field along the avalanche axis as shown in Fig. lO-lOa. As a result, these 
photoelectrons are drawn into the positive space-charge region, which now 
becomes a conducting region which starts at the anode. The positive ions 
that are left behind by these electrons will extend the space charge toward 
the cathode. These new electrons also create photons, which produce more 
electrons, to continue this process. In this way, the positive space charge 
develops toward the cathode from the anode as a self-propagating positive 
space-charge streamer. Since this propagating positive space charge de- 
pends on the photoionization in the gaa, with very much enhanced fields, 
the velocity of propagation of this space-charge streamer is larger than the 
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avalanche and increases as the streamer progresses. The general aspects 
of streamer formation are illustrated in Fig. 10-11. 

The streamer produces a filamentary region of intense space-charge 
distortion, a steep gradient existing at the cathode end of the streamer tip. 
As this advances toward the cathode, the photoelectron avalanches pro- 
duced by the radiation at the cathode begin to produce intense ionization 
here. The positive ions created there bombard the cathode and increase 



Cathode 


Fig. 10-11. The pictorial representation of streamer formation in a gas discharge. 
{Ajier L, B, Loeb and J, M. Meek, **The Mechanism of the Electric Spark” Stanford 
University Press, Stanford University, Calif., 1941.) {A) Channel of plasma which is 

advancing toward cathode. (B) The streamer approaches cathode. 

the electron emission. Thus as the space-charge streamer approaches the 
cathode, a cathode spot is forming. When the streamer reaches the cathode, 
a conducting filament bridges the gap, and because of the high field distri- 
bution on junction, there is a rush of electrons toward the anode. 

Now, owing to the high-voltage wave front that passes along the ionized 
conducting channel to the anode, additional intense ionization of the order 
of 10^® to 10^® electrons per cubic meter in the streamer channel occurs, 
and the channel is rendered highly conducting. It is this intense increase 
in ionization by the potential wave that gives the highly conducting chan- 
nel (with as many as -J- the molecules ionized) the characteristic of the 
spark. The velocity of propagation of this returning wave of ionization 
along the ionized channel is high, and reaches 10® m/sec in the return 
stroke in a lightning discharge. This process produces the brilliant and 
noisy phase of the spark. 



272 


ELECTRONICS 


It should be noted that only about 1 in 10® avalanches leads to streamer 
formation with subsequent sparking at the threshold. Overvoltage in- 
creases this markedly and also reduces the formative time lag. These 
formative time lags amount to from 0.5 X 10^ to 10~^ sec for the time 
for the avalanche to cross a 1-cm gap, and a smaller but roughly comparable 
time for the crossing of the anode streamer. Of course, if the applied volt- 
age is less than the breakdown voltage, the avalanche will leave the cathode 
and cross the gap. However, no streamers will form, and the gap will not 
break down. 

According to Meek^s equation, the breakdown voltage should be a func- 
tion of the distance as well as the product pd. However, this deviation 
from Paschen’s law is not great. For example, for pd = 760 mm X cm, a 
variation in sparking voltage of less than 5 per cent is predicted by this 
theory for variations in d from 0.1 to 10 cm. 

If the pressure of the gas is reduced, the corresponding density of pho- 
toionization that is produced will become too small for the streamer 
mechanism to operate. Under these circumstances, the streamer mech- 
anism is replaced by the more efficient diffuse Townsend mechanism. 
This transition point for air has not been clearly established but it is less 
than 80 mm X cm. Thus, over most of Fig. 10-8, the breakdown is due to 
the 7 process, rather than the streamer mechanism. 

The foregoing describes the streamer mechanism of spark breakdown, 
and this original picture following Loeb and Meek permits of a simple 
introduction. Very recent experiments on spark breakdown by Fisher and 
Bederson and by B. Gaenger indicate that the very short formative time 
lags of 10 sec which led to the streamer theory occur only at overvolt- 
ages of the order of 2 per cent and above. Carrying time-lag measurements 
do\vn to of the order of 0.1 per cent overvoltage, the spark lag continuously 
increased to 100 Msec or more. Increasing overvoltage decreased the time 
lags continuously. This extended from pressures of the order of 80 mm 
and a 1-cm gap on up. The uniformity of the process and the filamentary 
character of the spark leave no doubt about these being streamer break- 
downs and that these extend well below the pd = 200 mm X cm originally 
postulated. The tentative explanation is that the electrical-image force 
held of the avalanche just crossing the gap at streamer-forming magnitudes 
has its field too weak to give the cathode-directed streamer. In fact, 
Raether never observed a cathode-directed streamer starting right at the 
anode. Thus, the streamer process must come from avalanches so dense 
that the streamers start neaier midgap. This i^equires some overvoltage. 
At the thresliold it is believed by Loeb, and Fisher and Bederson, that a 
low-grade diffuse self-sustaining Townsend discharge functioning pri- 
marily by photoelectric effect at ^e cathode sets in. Such discharges 
under the field strengths and pressures normally considered in air can 
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build up a space-charge distortion of positive ions that will lead to break- 
down by means of streamer processes occurring in midgap. 

The streamer breakdown with midgap streamers according to Raether’s 
pictures consists of two streamers, the cathode-directed positive streamer 
of Loeb and Meek and a simultaneous anode-directed electron cloud 
streamer as indicated in Fig, 10-106. For streamers starting fairly close 
but not at the anode, the electron-cloud negative anode-directed streamer 
starts first. For streamers starting from nearer midgap, the cathode- 
directed positive streamer starts first. For positive points the streamer 
can start right at, or very close to, the surface because of the high fields. 
Negative points require higher potentials and produce anode-directed 
streamers, which explain the negative pilot streamer in most lightning 
discharges. Raether developed the quantitative theory for the negative 
anode-directed streamer, and Meek did the same for the positive cathode- 
streamer. The theories are similar but both are inaccurate and neither 
includes the factors for photoionization needed in a complete theory. 
Townsend type self-sustaining discharges thus precede breakdown at 
threshold for streamers, and when pressures are low and fields high, con- 
stitute the diffuse glowlike sparks. These have time lags ranging from 
milliseconds or more to tens of microseconds. 

lG-7. Corona and Brush Discharges. Suppose that the two electrodes 
to which the potential is applied are not parallel plates and are well sep- 
arated in space. Under these circumstances, the field at these electrodes 
may become sufficiently high for breakdown to occur in the neighborhood 
of the electrodes long before a spark will pass between the electrodes across 
the gap space. The localized discharge is accompanied by the emission of 
some light, by audible noises of a “sizzling^^ character, and by the propa- 
gation of some energy which appears as radio interference. 

If the discharge occurs at atmospheric pressure, the luminosity is limited 
in extent. This is known as a ‘^corona^' discharge and is explained by the 
sti’eamer theory. At lower pressures the luminosity extends farther into 
the gap and is called a ‘^brush'^ discharge. 

10-8. Glow Discharge. Now return to the consideration of a low-pres- 
sure discharge after breakdown. This discharge, which is known as the 
glaw discharge, is visually characterized by brightly but differently coloi'ed 
luminous legions in the gas. Electrically, it is characterized both by a 
low current density and by a high voltage drop. This maintaining voltage is 
considerably higher than the ionizing potential of the gas present, but 
lower than the sparking potential. The volt-ampere characteristic of this 
portion of the discharge is given in Fig. 10-12. The region FK has been 
separated into two portions FH and HK in order to call attention to a con- 
dition which is apparent by visual inspection of the tube while under 
operation. This condition is the following: Only a small part of the cath- 
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ode is covered with glow for low values of total current. In fact, as the 
current through the tube increases, the portion of the cathode surface that 
is covered with glow increases linearly with the current. This indicates 

that the current density remains constant. 
This constant value is known as the nor- 
mal current density. Normal current den- 
sities are of the order of 1 arap/m^ at a 
pressure of I mm Hg. The region FH, 
\vhi(‘h is characterized by a fairly high 
though more or less constant potential, is 
known as the normal glow discharge. 

The variation of potential from cath- 
ode to anode has the general form shown 
in Fig. 10-13. The region adjacent to 
the anode and extending over the major 
portion of the tube is called the plasma, 
because it contains approximately equal 

„ xr u u . concentrations of positive and negative 

Fig. 10-12. Volt -ampere character- , . * ” 

istic of a glow discharge. charge. The formation of the plasma is 

discussed in detail in Sec. 10-15. It is 
sufficient for the present to point out that since the net charge density is 
zero, the potential must vary linearly with distance (according to Pois- 
son^s equation). Actually the variation is often found to be very small. 




and in what follows the plasma will be taken as an equipotential region at 
the anode voltage. Almost all of the voltage across the tube appears in 
the small distance between the cathode and the boundary of the plasma, 
called the cathode^faU region. 
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10-9. Conditions at the Cathode. The cathode fall, which represents 
the potential through which the positive ions ^Tair^ in passing to the 
cathode, is the most important part of the discharge. It is found experi- 
mentally that the magnitude of this voltage is of the order of (but some- 
what less than) the minimum value of the breakdown voltage for the given 
gas and the given cathode material.^* There appears to be no theoretical 
explanation for this coincidence. Another important experimentally de- 
termined feature is that the cathode fall is substantially independent of 
the pressure. This means that the distance dk covered by the cathode fall 
adjusts itself so as to yield the correct value of pdk at which the minimum 
breakdown voltage occurs. That is to say, Paschen^s law applies here, 
with d replaced by dk. This is verified by observing that as the pressure 
is varied the cathode-fall potential remains constant, and dk varies in- 
versely as the pressure. Also, the criterion for the establishment of a self- 
maintained discharge [Eq. (10-12)), with dk replacing d, has been success- 
fully applied to the cathode fall of a glow discharge. 

Normal values for cathode-fall voltages range between about 59 volts 
(a potassium surface and helium gas) and 350 volts. The presence of a 
low-work-function coating on the cathode tends to give a low cathode fall 
with any gas.^^ Also, the use of one of the inert gases (He, Ne, A, etc.) 
results in a low cathode fall with any cathode material. Of course, the 
presence of small amounts of impurities in either the gas or the cathode will 
result in a considerably modified value of cathode fall. It is the charac- 
teristics of a substantially constant cathode fall over a rather wide range 
in currents that account for the use of glow-discharge tubes as ballast tubes. 

It has been noted that the discharge is maintained by electron emission 
by positive-ion bombardment at the cathode. Since it takes a large num- 
ber of positive ions to produce one electron by this y process, the cathode 
fall must be a region containing many positive ions. If the small electron 
current at the cathode is neglected, then a positive-ion current only exists 
in this region. The conditions in this region are then precisely analogous 
to those which prevail in a vacuum tube under the conditions of a negative 
space charge resulting from an excess of electrons. Consequently, Eq. 
(7-15), which relates the current density (in this case a positive-ion cur- 
rent density) with the potential, must be valid. Thus 

E ^ 

(10-16) 

where Ek is the cathode-fall potential and dk is the distance from the cath- 
ode to the edge of the negative glow. 

This equation dontains an explanation of the ‘‘normal'^ i*egion of the 
glow discharge. Suppose, for example, that the current through a glow 
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tube is measured for a given applied potential and external series resistor. 
According to the foregoing discussion Ek is approximately the minimum 
breakdown voltage, and dk is the distance at which this minimum occurs 
for the given pressure. This fixes both Ek and dk in Eq. (10-16), and thus 
J may be calculated. Consequently, the area of the glow I/J is known. 
However, as the magnitude of the external resistor is varied, the magni- 
tude of the current is changed and Ek, dk, and so J remain constant, 
whence the area of the glow on the cathode increases directly with the 
magnitude of the current. This accounts for the ^‘normal^^ discharge re- 
gion and for the normal current density that exists in such discharges. 

If dk varies inversely as p, then it follows from Eq. (10-16) that J varies 
directly as the square of the pressure. This has been verified experimentally. 

Once the entire cathode is covered with glow, then further increases in 
current can be obtained only by a corresponding increase in the current 
density. This requires an increase in Ek and a decrease in dk. This region 
is called the ‘^abnormar’ glow and is the region HK of Fig. 10-12. 

It is not possible to maintain a glow discharge simply by applying the 
breakdown voltage between the electrodes, if the spacing is too small for 
a given pressure. Thus, if sparking occurs to the left of the minimum of 
the Paschen’s curves (Fig. 10-8), then the breakdown voltage will be equal 
to the cathode-fall voltage, since this fall will occupy the entire tube. In 
order to be able to draw any current from the tube, a voltage in excess of 
the breakdown potential must be applied. 

No adequate quantitative theory of the glow discharge has been given, 
and the above description certainly is not intended as such. However, 
the discussion is useful because it shows in a semiquantitative way ap- 
proximately what takes place in the cathodic part of the discharge. 

10-10. Details of the Glow Discharge. The results of a very careful 
examination of the discharge both visually and electrically are illustrated 
in the diagrams of Fig. 10-14. These diagrams show the variations of 
light intensity, potential, field strength, space-charge densities, and cur- 
rent density as a function of the distance between the electrodes. The 
various portions of the glow discharge will be considered in some detail. 
The reader can best follow the discussion by making constant reference to 
Fig. 10-14. 

Very close to the cathode, there is a narrow dark region which is known 
as the Aston dark space. The velvety glow adjacent to this, which is often 
brightly but differently colored, is known as the cathode glow. (Both these 
regions are often missing in a discharge.) The Crookes dark space, which 
emits very little or no light (it is faintly blue in air), extends outward for 
some distance from the cathode glow. This region is also known as the 
cathode, or Hittorf, dark space. Adjacent to the Crookes dark space is a 
luminous region known as the negative glow, which starts quite abruptly 
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and gradually fades into the region known as the Faraday dark space. 
The Faraday dark space merges into the luminous positive column, or 
plasma, which is pink in air. This terminates in the anode glow, which is 
separated from the anode by a narrow anode dark space. 

Crookes /inode 





Fig. 10-14. Electrical and visual characteristics of a glow discharge. {Reprinted by 
permission from ** Fundamental Processes of Electrical Discharges in Gases^^ by L. B. Loeb, 
published by John Wiley <fc Sans, Inc.) 

The Cathode Region. Since the glow is a self-maintained discharge, it is 
necessary that the electrons regenerate themselves. This is done through 
the process of inducing sufficient cumulative ionization so that the ions, in 
addition to being neutralized at the cathode as a result of the bombard- 
ment, liberate enough other electrons to maintain the discharge. These 
electrons are emitted with essentially zero initial velocities. This accounts 
for the small negative charge density right at the cathode. Since these 






278 


ELECTRONICS 


electrons do not possess enough energy to cause excitation, this will be a 
dark region. This is the Aston dark space. 

The mechanism of the cathode glow is not clearly understood, it has 
been suggested that after passing through the Aston dark space the elec- 
trons emitted from the cathode gain enough energy to cause excitation and 
so give rise to the cathode glow. This theory is offset, however, by the 
fact that not enough electrons leave the cathode to give rise to as much 
light as is observed. This is so because the current at the cathode is almost 
entirely positive-ion current, the positive ions traveling through the 
cathode-fall potential toward the cathode. Furthermore, the spectrum 
of the emitted light does not correspond to the light expected from the 
first excitation potential of the gas. It is possible that the cathode glow 
results largely from the recombination of the positive ions at the surface 
of the cathode. 

The electrons constituting the electron current at the cathode resulting 
from the positive-ion bombardment leave the cathode with very small 
velocities but are accelerated very rapidly through the cathode-fall space. 
Although the number of these electrons at the cathode is small, the num- 
ber of electrons increases rapidly with the distance from the cathode, since 
at each ionizing collision a new electron is generated. The electric-field 
intensity is very high at distances close to the cathode, and so the new 
electrons quickly gain energy from the field. However, because of their 
large energy, the probability of excitation and ionization (see Fig. 9-6) 
will be rather small. Consequently, there is very little light emitted from 
the region of the cathode-fall space. This follows from the fact that there 
are few electrons in the region near the cathode, where the collision prob- 
ability is high; and in the rest of the cathode fall, where the electron 
density increases, the probability is low. 

So many electrons are being produced at the edge of the cathode-fall 
space that the net charge density drops to zero and may even become 
negative. As a result, the field is in such a direction as to slow the electrons 
down. Furthermore, the electrons formed near the anode side of the cath- 
ode fall travel but a short distance before reaching the negative glow and 
so do not gain much energy from the field. Thus a large number of rela- 
tively slow-moving electrons exist in this region, and so a great deal of 
excitation will take place here. Because of this, the intense negative glow 
on the cathode side of the discharge starts rather abruptly. The spectrum 
of this light contains many blue lines, which represent high-energy transi- 
tions. This is to be expected since some of the colliding electrons produc- 
ing excitation and ionization have acquired large energies in the cathode- 
fall region. 

The Plasnui Region. The field in the negative glow is in such a direction 
as to slow down even the fastest electrons, and they thereby lose their 
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excitation and ionization abilities. Thus, in passing through the negative- 
glow region, the intensity of the luminous region decreases. This corre- 
sponds to the beginning of the Faraday (iark space, which does not have 
particularly marked boundaries. In this region the charge is negative, as 
illustrated, and consists of electrons that are drawn from the negative 
glow. Since only a few positive ions exist in this region, the negative 
(*harge tends to increase the field between the dark space and the positive 
anode. This field increases until the electrons that exist in this field are 
given sufficient energy to produce ionization by collision, the luminosity 
resulting therefrom marking the beginning of the positive column, or plasma 

The field in the positive column, or plasma, remains substantially con- 
stant owing to the existence of equal (concentrations of electrons and posi 
tive ions, so that ionization by collision will occur along its whole length, 
and a uniform region of light results. If an accumulation of positive ions 
should occur at any point in the plasma, the variation of the field may be 
sufficient to cause the discharge to be dark at that point. As in the case 
of the Faraday dark space, this loss of ionizing power will result in the 
existence of an accumiiiation of negative charge in the dark space with a 
consequent increase in the field. Thus a series of bright and dark stria 
tions may exist in the positive column, a condition that frecjuently arises. 
It is found that striations exist mainly in mixed or impure gases. 

The Anode Region. That the anode region plays a relatively insignificant 
part in the maintenance of a glow discharge is made evident by the follow- 
ing experiment: At a given pressure, a discharge is established in a tube 
that is provided with a movable anode. As the anode is brought closer to 
the cathode, it is found that no changes occur at the cathode, although 
the voltage across the entire tube decreases by the small voltage difference 
across the plasma. This continues until the ancxie passes through the 
plasma, the Faraday dark space, and the negative glow. Once the anode 
reaches the region of the cathode dark space, the voltage across the tube 
rises. The reason for this is clear. Once the anode is in the cathode dark 
space, the tube will be operating to the left of the minimum point on the 
vs. pd curve of Fig. 10-8, and the potential across the tube must rise 
in order to maintain the discharge. 

The anode fall of potential may be positive, zero, or negative. In any 
case, it seldom exceeds several volts. If the current demanded by the cir- 
cuit is larger than the random electron current at the surface of the ancxle, 
the anode fall must be positive, as indicated in Fig. 10-14. Positive ions 
in the immediate neighborhood of the anode will be repelled under these 
conditions, and there will be an electron boundary, or sheath, separating 
the plasma from the anode. If, on the other hand, the random electron 
current is greater than the anode current, the anode fall must be negative 
and a concentration of positive charge exists outside the anode. 
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That the conditions are as here discussed has been experimentally 
verified by Pupp.’® His investigations showed that the anode fall can be 
changed from positive to negative by controlling the positive-ion concen- 
tration in the neighborhood of the anode. This was accomplished by 
placing an auxiliary artificial ion source near the anode. 

10-11. Cathode Sputtering. The bombardment of the cathode surface 
by the positive ions as they are neutralized by the electrons liberated 
from the cathode is often intense enough to cause the material of the sur- 
face to wear away gradually. Whether this sputtering occurs as a result 
of evaporation or by a destructive process that actually tears small por- 
tions of the cathode material away is unknown. The result of this positive- 
ion bombardment is to wear away the electrodes and thus limit their life. 
Since this sputtered metal forms a deposit on the glass walls, it tends both 
to decrease the luminosity of the tube owing to the opacity of the film and 
to increase the chance for electrical leakage along the inner surface of the 
glass envelope. 

There is a removal of molecules from the gas because of ion penetration 
of the cathode. This is known as gas cleanup. To a smaller extent the 
sputtering of the cathode material during its deposition on the glass walls 

also takes with it some of the gas of 
the tube. Cleanup will tend to alter 
the active pressure of the gas and so 
may affect the operation of the dis- 
charge. 

10-12. Arcs.^’ Upon increasing the 
current through a discharge tube con- 
taining a gas beyond the region where 
the normal current density prevails, 
the abnormal glow sets in. This re- 
gion is characterized by an increasing 
current density and an increasing tube 
drop. Eventually, a sudden transition 
takes place in which the voltage drop 
decreases markedly, the current density 
increases until the current concen- 
trates itself in a small spot on the cath- 
ode, and the discharge becomes an arc. 
The current through the system is con- 
trolled wholly by the external circuit. 
Figure 10-15 shows the volt-ampere characteristic starting with a non- 
seh-sustained Townsend discharge and progressing through the glow to 
the arc. The tremendous current range covered should be noted (a loga- 
rithmic current scale is used). 



Fig. 10-16. Volt-ampere characteris- 
tics of a gaseous discharge. {After M. 
J. Druyvesteyn and F. M, Penning^ Reve. 
Modem Phy%,, 12, 87, 1940.) 
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Electric arcs are generally associated with the flow of large currents at 
low voltage or with very high current densities at the cathode, and with 
a volt-ampere characteristic that has a negative slope. The mechanism 
of initiating the arc need not be that of a transition from a glow by in- 
creasing the voltage. Another common method of starting an arc is to 
separate two metals which are in contact through which a current flows. 
Examples are the opening of a switch, the starting of a carbon arc, or the 
ignition of a simple mercury-arc rectifier. A third method is to send a 
current pulse through a semiconductor in contact with the cathode. This 
is the mechanism used in the ignitron. 

To the engineer, arc discharges are the most important type of gaseous 
conductors. This is because arcs convey currents of hundreds or thou- 
sands of amperes at volt drops from about 10 to 30 volts. 

The dividing line between an arc and a glow discharge is indistinct, and 
they have many features in common. Each discharge has associated with 
it the cathode fall, the plasma, and the anode fall. The discharges differ 
in respect to the mechanism by which the electrons are supplied from the 
cathode. In the glow discharge, the electrons are emitted from the cath- 
ode principally by positive-ion bombardment of the cathode. In the arc 
discharge, the emission of the electrons from the cathode occurs through 
the operation of a supplementary mechanism other than by positive-ion 
bombardment. The production of electrons is due to a hot cathode or a 
high field at the cathode surface. This leads to the following classification 
of arcs: 

1. Thermionic Arcs, The cathode is heated to high temperatures by the 
discharge^ the thermionic-emission current being of the same order as the 
self-maintained arc current. 

2. Externally Heated Arcs, These are non-self-maintained arcs in which 
an externally heat-ed thermionic cathode supplies the requisite arc current. 

3. Low-boiling-point Cathode Arcs, The electron release occurs by the 
mechanism of high-field emission from a relatively cold cathode surface. 
The thermionic emission is negligible in this case. 

Common examples of arcs of type 1 are the carbon-arc lamp and the 
“sun lamp'^ with tungsten electrodes. Arcs of types 2 and 3 are the most 
prevalent in engineering practice. The externally heated arcs (type 2) 
find wide use in gas-filled thermionic diodes and triodes. These units have 
moderate current capacities (up to perhaps 25 amp). The high-field 
emission arcs (type 3) are extremely important. The mercury-pool- 
cathode arc.s used in high-cun*ent tank rectifiers presumably belong in 
this class Arcs of type 3 also play a significant role in circuit breakers. 

The temperature at the surface of liquid mercury at the cathode spot 
(type 3 arc) is difficult to measure directly, for this temperature is deter- 
mined not only by the heat conduction but also by the convection of the 
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liquid mercury. The temperature may be estimated from spectroscopic 
data. In addition to the Hg lines emitted from the cathode spot, a con- 
tinuous spectrum is also emitted. This continuous spectrum has been 
attributed to the high temperature of the liquid.^** The temperature would 
be about 2000®C in that case. It seems more probable, however, that this 
continuous spectrum is emitted by the highly ionized mercury vapor in 
the cathode spot and should not be attributed to radiation from the liquid 
surface. The temperature of the liquid surface, based upon the rate of 
evaporation from the cathode spot and upon the current density, is found 
to lie between 220° and 300 °C. It seems probable, therefore, that the 
temperature of the cathode spot of a mercury arc is so low that thermionic 
emission from the cathode is entirely negligible. 

Langmuir suggested that the electronic emission in the mercury arc 
results from the presence of a very high electric field at the surface of the 
cathode, the mechanism of the emission being the usual autoelectronic 
effect. The necessary high fields will arise in this case from the presence 
of the cathode fall at the small distance over which this fall exists. The 
thickness of the cathode-fall space is often less than the mean free path of 
the mercury ions. It should be pointed out, however, that this suggested 
theory has not been generally accepted by all research workers in the field. 

The arcs of type 3 include those which are maintained between elec- 
trodes that would normally vaporize at the temperatures necessary for 
thermionic emission. It would also include those arcs which are formed 
from glows in times that are far too short for the cathode to heat up and 
liberate electrons thermionically.“ The most probable mechanism of 
these arcs is also high-field emission. The necessary high field is perhaps 
surface irregularities caused by vaporization of 
the low-melting-point cathode. However, this 
theory is still speculative. 

10-13. Static Volt-ampere Arc Curves. The 
general form of the volt-ampere characteristic 
of a self-maintained arc is given in Fig. 10-16. 
The volt-ampere characteristic is a falling one 
and may be expressed, in general, by a relation 
of the form 

Et^A + (10-17) 

where A and B are functions of the arc length 
and n is a quantity proportional to the boiling 
temperature of the anode material. This expres- 
.sion was empirically established by Nottingham ** and applies for values of 
(mrrent between 1 and 10 amp. For values of euri'ent greater than 10 amp, 
the second term in the expression is small, so that the volt drop across the 
arc is practically a constant and independent of the current. 


obtained because of the 



Fi(j. 10-10. Volt-ampere 
(characteristic of an arc. 
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It is interesting that the boiling temperature of the anode material 
rather than the cathode materials sets a limit to the possible temperature 
of the discharge. Nevertheless this equation contains no explanation of 
the essential phenomena of the arc itself. 

For an externally heated cathode the voltage is almost constant with 
current. 




Sfecfron 

trap 


10-14. A Comparison of the Arc and Glow. A summary of the essential 
similarities and differences of glow and arc discharges follows. 

Similarities. (1) Both have the same shape volt-ampere characteristic. 
The breakdown voltage is greater than the maintaining voltage, and the 
latter is essentially constant with load current. (2) Both have the same 
shape voltage-distance characteristic. It consists of a cathode fall, a 
plasma, and an anode fall. 

Differences. (1) A glow is a low-current high-voltage discharge, whereas 
an arc is a high-current low-voltage discharge. (2) In the glow the elec- 
trons are supplied by the y mechanism at the cold cathode. In the arc; 
there is available a more efficient electron supply, such as thei*mionic or 
high-field emission. (3) The arc has no counterpart to the normal glow 
region of the glow tube. 

10-16. The Formation of the Plasma.’^ Consider a tube containing gas 
between parallel electrodes separat^ed by a distance d. If there were no 
space charge the potential vs. distance curve would be the straight line 1 
shown in Fig. 10-17. Assume now that the electrons liberated from the 
cathode (by any of the mechanisms efectron 

discussed in connection with either Pofent/af 
glows or arcs) ionize some molecules. 4 / 

Since the electrons are much lighter X" 

than the ions, they are rapidly drawn j 

out of the discharge, whereas the posi- 
tive ions remain essentially station- / / 

ary where they are formed. Hence, / / / 

a positive space charge is built up. / //y^^ 

By Coulomb ^s law this raises the po- o/'s/mtce 

tential at every point in the inter- "o 

electrode space, and curve 2 now _ 
represents the potential distnbution. 

These curves and the discussion to fol- 
low should be compared with the somewhat analogous situation in Sec. 7-1, 
where the potential-distance curves for a negative-space-charge diode are 
developed. 

If the positive space charge increases further, it may become large 
enough for the distribution to take on the shape of curve 3, which has a 
maximum greater than the applied plate potential However, in gen- 
eral, such a situation is not physically possible. To demonstrate this, 


Fig. 10-17. Potential-distance curves as 
positive space charge is formed. 
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refer to Fig. 10-18, where are shown the potential-energy curves for an 
electron corresponding to the potential curves of Fig. 10-17. (It should he 
recalled that potential energy equals potential times the charge on the 
electron — which is a negative number, so that the curves of Fig. 10-18 
have the same shape as those of Fig. 10-17 but are inverted.) The poten- 
tial maximum corresponds to a potential-energy minimum and hence to a 
potential-energy barrier for slow-moving electrons. For example, con- 
sider an electron that starts from the cathode with very little energy, 
travels a distance OZ), collides with a gas molecule, and gives up an amount 



Fig. 10-18. Potential-energy-distance curves for an electron corresponding to the po- 
tentials in Fig. 10-17. 

of energy DC. This electron will not be able to reach the anode but will 
collide with the barrier at point B. It will be “trapped’’ in the region 
between A and B. Similarly, if the collision causes ionization, the lib- 
erated electron will have very little energy and will also be trapped in the 
potential maximum. Hence, these electrons will effectively neutralize 
positive ions. In this manner the captured electrons reduce the net space 
charge to zero, and the potential maximum disappears. The equilibrium 
distribution, curve 4 of Fig. 10-17 (and Fig. 10-18), is one in which most 
of the space is an approximately equipotential volume containing equal con- 
centrations of positive and negative charge — the plasma. The necessary 
condition for the gecteration of a plasma is that the rate of production of 
positive ions is sufficient to produce a potential maximum. 

In the case of the glow tube, it is necessary that the applied voltage be 
fairly high in order that the condition for a self-maintained discharge be 
satisfied. For an arc discharge, however, an efficient mechanism of elec- 
tron production at the cathode is available, and hence the potential needs 
to be only large enough to produce sufficient ionization to form the plasma. 
For a hot-cathode mercury-vapor tube this is usually about 10 to 15 volts. 
However, the drof> across such a tube may be as low as 5 or 6 volts. The 
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necessary ionization energy under these circumstances is produced with 
the aid of metastable states within the atom, the ionization occurring in 
two stages. 

It is found that an arc can, in many cases, be maintained at a voltage 
which is below the lowest excitation level or metastable state. For exam- 
ple, the tube drop across a particular type 866-A mercury-vapor diode 
rectifier tube maintained at a temperature of 100®C was found to be less 
than 4 volts, whereas the lowest state in mercury vapor is the 4.66-volt 
level. This type of result was very baffling until Compton and Eckart “ 
found, using the probe method to be described below, that an accumula- 
tion of positive charge existed in the neighborhood of the cathode. This 
caused a potential maximum (as indicated in curve 3, Fig. 10-17) to exist, 
the height of which was enough to permit ionization by electron collision, 
even though the total anode-cathode potential was too small to provide 
for such ionization. 

10-16. Plasma Characteristics.^ The largest portion of a discharge is 
the plasma. As already mentioned, the plasma is a region that contains 
substantially equal numbers of positive ions and electrons, so that the net 
charge in this region is zero. The impression should not be gained that the 
plasma contains only electrons and positive ions. In fact, it consists almost 
entirely of non-ionized gas molecules. The concentration of electrons and 
ions rarely exceeds several per cent of the gas concentration and may 
actually be only a small fraction of 1 per cent of the latter. 

An electron which collides with a gas molecule gives very little kinetic 
energy to the molecule (because the molecular mass is so much larger than 
that of the electron). If ionization results from the collision, then the 
energy picked up from the applied field by the incident electron divides 
(after subtracting the ionization energy) between the two electrons. 
Hence the electrons in the plasma have relatively large energies, of the 
order of a few electron volts. The electrons now make elastic collisions 
with the molecules and thereby obtain a random distribution of velocities 
which turns out to be Maxwellian. It is thus possible to introduce the 
concept of the equivalent temperature of the electron gas. This is of the 
order of tens of thousands of degrees — corresponding to a few electron 
volts energy. 

Because of their smaller mass the electrons will diffuse out of the plasma 
more rapidly than the ions. They will go to the walls of the tube contain- 
ing the gas and will charge it a few volts negative with respect to the main 
poriion of the plasma. This negative potential will repel electrons and 
attract positive ionp, and in the equilibrium state the net current to the 
walls must be zero. 

The region between the plasma and a boundary across which there is a 
large potential gradient is designated by the name sheath, A sheath may 
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form around any probe or electrode that is immersed in the plasma. The 
sheath that forms at the surface of an insulator which is negative with 
respect to the plasma (for example, the glass walls of the discharge tube) 
will arise from the presence of an excess number of positive ions. How- 
ever, sheaths may contain either electrons or positive ions, an electron 
sheath forming about a probe which is positive with respect to the plasma. 

Although the average energy of the electrons in the plasma is of the 
order of a few electron volts, nevertheless a few electrons possess energies 
that are high enough to cause ionization by collision, in accordance with 
the MB distribution function. This situation must prevail because other- 
wise the random velocities of the ions would cause them all to pass ulti- 
mately through the sheaths at the boundaries of the plasma. This loss of 
ions must be compensated for by the production of other ions in order to 
maintain the plasma. 

If the area of the plasma is large compared with the volume, then the 
rate at which deionization takes place at the walls will be high. For suffi- 
cient ionization to take place in the plasma to replace these lost ions, the 
plasma can no longer be an equipotential region but there must be an ap- 
preciable voltage drop across it. Such a situation exists in a neon adver- 
tising sign, which consists of a long tubular glass envelope of small cross 
section. The drop in the plasma in such a tube is found to be 100 to 200 
volts/ft. 

10-17. The Theory of Probes. The physical quantities of interest with 
respect to a plasma are the following: the electron temperature Te] the 
electron concentration Ne] the positive-ion concentration Ni] the random 
electron current density Jrel the random positive-ion current density Jril 
the plasma potential F'; the floating potential Ej. 

Langmuir and Mott-Smith ^ developed the theory of probes and showed 
how these quantities could be measured. A ''probe,’^ or ^‘sounding elec- 
trode,'' is an insulated conductor which is inserted into the plasma of a 
discharge. If a known voltage (with respect to the cathode) is applied to 
the probe and the current to it is measured, the form of the current varia- 
tion found is that illustrated in Fig. 10-19. For large negative potentials 
with respect to the space or plasma potential, the saturation region AB 
results. Since positive ions will be attracted and electrons repelled by the 
action of this negative potential, the saturation region A Bis that for which 
only positive ions will be collected. This is analogous to drawing satura- 
tion current from a thermionic diode; the current becomes independent of 
the plate voltage. This implies, of course, that no excess secondary elec- 
trons will be liberated from the probe surface as a result of the positive-ion 
bombardment. This assumption is generally valid for mercuiyr ions and 
applies for most ions that have fallen through small potentials. The posi- 
tive-ion current is plotted as a negative current. 
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As long as the probe is negative with respect to the plasma, the satura- 
tion positive-ion current will he collected. However, as the voltage of the 
probe is made more positive, all the electrons are no longer repelled, so that 
the difference between the positive-ion current and the electron current 
drifting to the probe will be collected. Hence, the true electron current /«., 
at any voltage, is that indicated on the diagram by the curve BC. At a 
potential designated the floating potential, the number of positive ions 
collected and the number of electrons 
collected will be equal to each other, 
so that an ammeter in the external 
probe circuit will be zero. This cor- 
responds to the point F. It follows 
from the discussion given in the pre- 
ceding section that the potential at F 
must be negative with respect to the 
plasma. As the probe potential is in- 
creased beyond the point F, the num- 
ber of electrons that are collected will 
increase rapidly, since the retarding 
action of the probe potential with re- 
spect to the plasma potential is being 
decreased. The quantitative relation 
that exists between the voltage and 
the current to the probe iii this region 
will be discussed in the next section. 

When the probe is at the same po- 
tential as the plasma, the probe will 
exert no repelling force on the elect- 
rons and the ions and so those that diffuse to the probe because of their 
random drift will be collected. Consequently, further increases in potential 
of the probe will not result in an increased electron current. Potentials 
more positive than E' produce a field that repels the positive ions. But the 
random electron current is very much greater than the positive-ion cur- 
rent. Hence a region CD which is practically horizontal exists. Thus a 
more or less sharp break will exist in the curve at the potential E\ which 
then represents the potential of the plasma. If the voltage of the sound- 
ing electrode is increased sufficiently, the electrons attracted to the probe 
may have sufficient energy to ionize the molecules in the sheath. These will 
neutralize the electron space charge, the probe current will rise rapidly, 
and the probe will become an auxiliary anode as at point D in Fig. 10-19. 

10-18. Probe Measurements. As discussed above, when the potential 
of the probe is negative ^vith respect to the plasma, it will be surrounded 
by a sheath of positive charge which will separate it from the plasma. If 



Fig. 10-19. V’^olt-anijfxjre characteristic 
of a probe in the plasma of a discharge. 
This diagram is not drawn to scale since 
the maximum electron current is usu- 
ally about 1,000 times the positive-ion 
current. 
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Er is the potential drop across this sheath, then only those electrons will 
he collected which have sufficient energy to overcome this retarding poten- 
tial Er. The situation is exactly analogous to that in which a letarding 
potential is applied between the plate and the cathode of a vacuum dicKie. 
The plate current, therefore, consists of those electrons which are emitted 
from the cathode with sufficient energy to overcome the retarding poten- 
tial. Under the present conditions, the variation of electron current 7^, 
with variations of the sheath potential, is given by Eq. (5-54), m., 

I, = (10-18) 


where A is the area of the sheath, which is the area of the probe exposed to 
the discharge; Jre is the random current density of the electrons in the 
plasma and corresponds exactly to J tht the saturation thermionic current 
density in the Dushman equation; and Et is the voltage equivalent of the 
electron temperature. 

The random current density corresponding to a MB distribution is given 
by Eq. (8-45), ^ 


Jr = Ne 


kT 

2irm 


(10-19) 


where N is the concentration of the particles under consideration. Tt is 
seen that Jr depends solely upon the conditions within the plasma and is 
independent of the probe material. 

It is important to keep in mind the fact that the foregoing equations 
are based on the assumption that the electrons in the plasma possess a 
Maxwellian distribution of velocities. If the distribution is non-Max- 
w^ellian, then these equations are no longer valid and none of the foregoing 
discussion is valid. In order to test whether or not the assumption of a 
Maxwellian distribution in the plasma is correct, the logarithm of Eq. 
(10-18) is plotted. That is, the following expression is plotted: 

E 

logio le - logio iAJr.) - 0.434 (10-20) 

Et 

Since the potential of the probe with respect to the cathode is Eg, then the 
potential across the sheath is 


IP ^ ipf IP 
Jar as jn, 

Equation (10-20) may then be written as 

E^ ^ E 

lc«io I. - logic (AJr.) - 0.434 — (10-21) 
If a plot of logio Je vs. Eg yields a straight line, then the assumption of a 
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Maxwellian distribution in the plasma is verified. The slope of this 
straight line is 0.434/^7’*, from which the equivalent electron temperature 
may be calculated, since Et = 7/11,600. If this logarithmic plot is not 
linear, then the distribution is not Maxwellian. 

For a Maxwellian distribution, the probe potential E' is that indicated 
by the break in the curve at the point C of Fig. 10-19 or by the break in 
the corresponding logarithmic plot. The saturation current in the region 
beyond C represents the random electron current to the probe. If the 
probe area A is known, then the random electron current density Jre is 
given by the ratio of the saturation current to the area of the probe. This 
states, in effect, that when the probe potential equals the plasma potential, 
1 . 6 ., when Eg = E', then Er — 0 and Eq. (10-18) reduces to le = 

Also, since Jre and Te are both known, then Eq. (10-19) permits a calcula- 
tion of the electron concentration Ng. 

The use of a number of probes or the use of a movable probe in the 
plasma of a discharge reveals that the plasma potential varies only slightly 
and approximately linearly from point to point between the cathode and 
anode. This indicates that d^Y jdx^ must be zero, approximately. This 
requires, in accordance with Poisson’s law, that the net space charge be 
zero. If it is assumed that only singly ionized atoms are present in the 
plasma, and multiple ionization would not be expected in such a region, it 
then follows that the concentration of positive ions equals that of the elec- 
trons, whence 

The floating potential Ef (sometimes called the ^*wall potential”) is 
determined experimentally by noting the voltage at which the net current 
to the probe is zero. At this point, the electron current equals the ion 
current, whence Eq. (10-18) yields 

Jri = ( 10 - 22 ) 

The region AB (Fig. 10-19) gives the total random ion current /». The 
random positive-ion current density is, therefore, Jri = li/A. Although 
all the terms in this equation are known, the value of E' can be measured 
directly with the least accuracy. It is therefore desirable to use this equa- 
tion to calculate this quantity. 

10-19. Sheath Thickness. In the region AB (Fig. 10-19), the electron 
current is zero, and the positive-ion current is a constant. What then is 
the consequence of variations of probe potential? The answer to this 
question can be found by a closer examination of the sheath that so effec- 
tively shields the plasma from the probe. This sheath is a region contain- 
ing charges of one sign only (positive ions, in this case), and the conditions 
here differ very little from those which exist in the space-charge-limited 
vacuum diode. Within the range of probe voltages for which this analogy 
is valid, the same three-halves-power law must also be applicable. Thus, 
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Eq. (7-15) may be written in the form 


“ 2.33 X ^ , 


(10-23) 


where x now represents the sheath thickness and nii/me is the mass ratio 
of ion to electron. 

As repeatedly emphasized, the random ion current density Jri is inde- 
pendent of Eg and hence of Er. This equation clearly indicates that the 
effect of varying the probe potential is simply to vary the thickness of the 
sheath. The sheath in a luminous plasma is conspicuous by its lack of 
luminosity. This permits a: to be measured as a function of Er. The re- 
sults so obtained agree well with the results calculated from Eq. (10-23). 

With nominal values of currents and voltage this equation yields sheath 
thicknesses of approximately 10“^ m. This is so small that the probe 
disturbs the discharge hardly at all. In other words, as the probe voltage is 
variedf the anode current remains unchanged. The practical consequences 
of this result are discussed in Chap. 12 in connection with the thyratron 
tube. 

As Er is decreased, the sheath thickness also decreases. At the point 
where Eg = E\ the sheath thickness becomes zero. If the probe potential 
is raised above the plasma potential, positive ions are repelled and electrons 
are attracted so that an electron sheath results. In this case, the mass ratio 
in Eq. (10-23) is unity, and Jri must be replaced by Jre- 

10-20. Discharges in High-frequency Fields.^'^ An important class of 
discharges are those which occur in the very high-frequency fields that 
exist in certain microwave discharge tubes. The mechanism for the dis- 
charge in these tubes is completely different from that which maintains a 
low-frequency discharge. 

As discussed at some length in Sec. 10-2, the d-c discharge mechanism is 
the cumulative ionization of the electrons that leave the cathode and 
multiply as they proceed toward the anode. Such discharges depend on 
the cathode. The high-frequency a-c discharge is maintained entirely 
from electrons which are obtained from ionization by collisions in the gas 
and does not depend on the electrodes. Breakdown occurs when the num- 
ber of electrons that are produced by ionization by collision in the gas 
equals the number of electrons that are lost by diffusion in the gas. 

Owing to the inelastic collisions that occur in the high-frequency dis- 
charge, the distribution of electrons is no longer Maxwellian, and the dis- 
charge possesses important differences from the d-Ks discharge. It is of 
some interest that such high-frequency discharges show a minimum in the 
field strength vs. pressure diagram, but this is not a Paschen minimum. 
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High-frequency discharges find a very important application in what is 
called the TR (transmit-receive) switch of a radar set. The essentials of 
such a system are shown schematically in Fig. 10-20. The TR switch is a 
relatively simple plane-parallel gas diode mounted into the transmission 
line. The requirement is that during the interval when the high-frequency 
high-power generator (the magnetron) is sending out a pulse, it must not 
get to the receiver (since it would 
certainly overload the receiver). 

The operation is as follows: The 
TR tube breaks down almost in- 
stantly under the excitation of the 
high voltage pulse, and the discharge 
essentially short-circuits the input to 
the receiver. The high energy pulse 
is transmitted to the antenna and ra- 
diates into space. The reflected echo 
is picked up by the antenna. It is 
so weak that it does not have 
enough energy to excite the gas in the TR switch, and hence it passes 
down the transmission line to the receiver. 


7b antenna 


Transmission 
tines 


TRSwitch 
\ 7oj‘e cei\mr 


-Q- 


I I Magnetron 


Fig. 10-20. Illustrating the use of a TR 
switch in a radar set. 


PROBLEMS 

10-1. Consider a Townsend discharge in which there is zero concentration of elec- 
trons at the cathode (no photocurrent, and the 7 emission is negligible). There is a 
constant volume ionization due to an external source of q ioos pi'r cubic meter per second. 
Show that the current density at any distance x is given by 

a 

where e is the electronic charge and a is the first Townsend coefficient. 

10-2. a. In a gas photocell there is a pressure for which the current is a maximum 
at a given field intensity (or since the spacing is fixed, at a given voltage). Show that 
this is the pressure at which a line through the origin is tangent to the a/p curve. This 
corresponds to the maximum of 17 . 

6 . If a/p can be approximated by Eq. (10-4), show that the optimum pressure is 
given by p -• ZfB. 

10-2. Show that the first Townsend coefficient is given by the expresaon 



where I is the mean free path, 6 is the electrio-field intensity, and Ei is the ionization 
pot^tial of the gas. 
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The proof depends upon the following assumptions: 

a. If an electron, having less than the ionization potential, collides with a molecule, 
then the collision is an elastic one. 

h. The probability of ionization is unity if the colliding rlf*ctron possesses an energy 
greater than JSi- 

c. The survival equation (8-15) is valid. 

Show that this result can be put in the form of Eq. (10-4). 

10-4. Prove that an electron released at the cathode of a gas diode with plane-paiallel 
electrodes will yield — ?/) electrons at the anode. This is essentially F^q. (10-11), 

The symbols have the meanings used in Sec. (10-4) with the added 
abbreviation p « y(e“^ — 1). 

Proceed by considering the sequence of events indicated in the 
sketch. One electron released at the cathode multiplies to elec- 
trons at the anode. Owing to this ionization, there are liberated 
gO/d __ j positive ions w'hich travel to the cathode and there re- 
lease — 1) * 2 / secondary electrons. These p electrons mul- 
tiply by ionization to B,i the anode. Hence — y positive 
ions travel to the cathode and liberate yiyt"^ ~ y) y^ secondary 
electrons, etc. The total number of electrons at the anode is ob- 
tained by adding the number that reach the anode owing to each 
of the individual events, as outlined above. The result is a ge- 
ometric series with an infinite number of terms. 

10-6. Using plane-parallel electrodes in air at 1 mm Hg pressure and a constant 
electric-field intensity of 160 volts/cm, the following data were taken: 



0.6 

1.0 

1.5 

2.0 

2.5 

3.0 

3.5 

2.42 

5.87 

14.4 

35.1 

88.2 

260 

915 

1 


a. Verify the theory of Sec. 10-4 by finding the value of a and y. 

b. What are the breakdown separation and the breakdown voltage? 

Note: These data are based upon the results of F. H. Sanders, Phys. Rev., 44, 1020, 
1933. 

10-6. Given two cold-cathode tubes as shown, containing the same gas at the same 
pressure. The cathode of tube 2 has a much larger surface than that in tube 1. Sketch 
the volt-ampere characteristic of each tube. Give the reasons for your expected curves. 



/ 2 

Pbob. 10-6. 



Pbob. 10-7, 


10-7. The sparking-potential eurvee of a gas as a function of pressure for two different 
separations, di and dt, of the plane-parallel electrodes are illustrated. Which is the 
greater distance, and why? 
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10-8. It is found that as the voltage is increased from zero, a discharge takes place 
between the cathode and anode through the long path 1 instead of the short path 2 
of the tube sketched. Explain. 



10-9. Using the tube of Prob. 10-8 at a constant voltage between K and A, the 
pressure is gradually decreased. Explain why the discharge will first take the shorter 
path and then the longer path. 

10-10. It is often said that a field of 3 X 10* volts/m is required for sparking in air 
at atmospheric pressure. Show that this is true only for a spacing of 1 cm. In particular, 
what is the breakdown field strength for 0.25 cm separation? 

10-11. Given a gas at a constant pressure between plane-parallel electrodes. The 
breakdown curve as a function of separation of electrodes shows a minimum. Explain 
why this is to be expected physically. 

10-12. Given a thermionic plane cathode and a plane-parallel collector a distance 
d apart in an envelope containing a gas at a high pressure. The mean free path is so 
small that each electron makes many collisions with the gas molecules and hence may 
be considered to be traveling with a steady drift velocity proijortional to the electric- 
field intensity. (In a vacuum where there is no mechanical hindrance due to collisions 
with molecules the electron would move with constant acceleration and not constant 
velocity.) Assume that the energy per mean free path is less than the ionization poten- 
tial so that the tube is operating under space-charge conditions. If the drift speed v 
is given by 

V » —kS k — 

ax 

show that the maximum current at a plate potential Fb is given by 

SkEb^ 

* “ 32ir X 10*d» 

where S is the cathode area. 

Hint: Proceed as in Sec. (7-2). 

The proportionality factor between the electric-field intensity and the speed is called 
the mobility. 

10-18. a. Consider a tube with plane-parallel electrodes between which there is a 
constant charge density p. Show that the potential at any point is given by the formula 

where d is the cathode-anode separation, Eb is the anode potential, and eo is the permit- 
tivity of free space in mks units. 

b. Show that if p is positive there exists a potential maximum greater than the anode 
voltage. This corresponds to the electron trap of Fig. 10-17, 



294 


ELECTRONICS 


10 - 14 . Show that the electric-field intensity at the cathode end of the cathode-fall 
region is equal to ^Ek/^k, where Ek and dk represent the cathode-fall potential and 
distance, respectively. 

10 - 16 . The cathode fall of potential for brass plane-parallel electrodes in air is 350 
volts. Calculate the normal current density if the pressure is 1 mm Hg. 

10 - 16 . It is verified experimentally that the electrons in a certain mercury discharge 
obey the MB distribution law. The electron temperature is found to be 18,000®K. 
The random ion current density is 6.0 amp/m-. The plasma is 6.8 volts above the float- 
ing potential. Calculate the following: 

a. The random electron current density. 

b. The electron and positive-ion concentrations. 

c. The thickness of the positive-ion sheath, if the probe is maintained 10 volts nega- 
tive with respect to the plasma. 

d. The current collected by the probe if it is 6.0 volts negative with respect to the 
plasma. The probe area is 2.5 cm^. 

10 - 17 . The following data were obtained with a plane probe in the plasma of a 
mercury discharge: * 


E, Voltage of 


/, Electron 

Probe below 


('urrent, 

That of Anode 


Ma 

5 


980 

8 


980 

10 


970 

11 


930 

12 


800 

13 


450 

14 


200 

15 


80 

16 


30 

17 


3.8 

18 


-0.8 

19 


-2.0 

20 


-2.5 

30 


-2.6 


The area of the probe was 3.61 cm^. The vapor pressure is 0.025 mm Hg. Verify that 
the MB distribution is valid by plotting these data in the appropriate manner. From 
this plot calculate the following: 

a. The random electron current density. 

b. The random ion current density. 

c. The floating potential. 

d. The plasma potential. 

e. The electron temperature. 

/’. The electron and positive-ion concentrations. 

g. The ratio of ion to molecular concentration (see Fig. 11-1). 

h. The positive-ion sheath thickness when the probe is 7 volts negative with respect 
io the plasma. 

1 . The electron sheath thickness when the probe is 7 volts positive with respect to 
the plasma. 

* LxNQinnK, L, and H. Morr-SiiiTH, Jb., Otn. Eke, Bev,, 588, 1924. 
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CHAPTER 11 


COMMERCIAL GAS TUBES 


Gas-filled tubes depend for their operation on the characteristics of 
gaseous discharges discussed in the preceding chapter. Many different 
types of gas-filled tubes are available commercially, the most important of 
which are the two-element hot-cathode tube (the low-voltage externally 
heated arc tube) ; the two-element cold-cathode tube (the glow tube *) ; 
the two-element pool-type tube (the mercury-tank rectifier); the three- 
element hot-cathode tube (the thyratron *) ; the three-element cold-cath- 
ode tube (the grid glow tube *); and a number of single-anode multiele- 
ment pool-type tubes (the excitron and a variety of ignitrons). The most 
important use of these tubes, that of rectification, will be the subject of a 
detailed discussion in Chaps. 12 and 14. Several of the other applications, 
such as voltage regulators, light sources, control devices, and arcless 
switching, will be considered below. 

11-1. Hot-cathode Gas-filled Diodes. These are low-voltage non-self- 
maintaining arc tubes and were discussed in essence in the previous chap- 
ter. These tubes are frequently referred to as “phanotrons.^' * They may 
be provided with an inert gas (neon, argon, etc.) at low pressure, although 
more commonly the gas is mercury vapor. In the latter case, a few drops 
of mercury are added to the tube after evacuation. The pressure in the 
tube is then a function of the mercury-vapor condensation temperature. 
The relationship between the pressure and temperature is shown in Fig. 
11-1. Under normal conditions of operation of a tube of this type, the 
temperature of the tube will be about 25 °C higher than the temperature 
of the surroundings (known as the “ambient'^ temperature). This higher 
temperature arises from the presence of the heated cathode and from the 
effect of the energy interchange in the tube itself. 

The breakdown potential is usually of the order of magnitude of the 
ionization potential of the gas present in the tube, although it will vary with 
the gas pressure. At the lower pressures (which occur at low temperatures 
m mercury-vapor tubes) the number of collisions made by an electron in its 

* These terms were fermerly trade-marks of the General Electric Co. and The West- 
inghouse Electric A Manufacturing Co., but have since been relinquished for general 
use. The definitions and descriptions used in the text are those given in ‘^Industrial 
Tube Termindogy/’ ElectronicSf U, 29, September, 1938. 
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flight from the cathode to the anode will be relatively small. In order to 
provide sufficient ionization, the applied potential must be increased, and 
thus the probability of ionization will be higher. Consequently, high 
breakdown potentials, perhaps two or three times the ionization poten- 
tial, may exist in low-pressure tubes. 

If the gas pressure is high (at the higher temperatures in mercury-vapor 
tubes), the mean free path is small. Although the energy per mean free 
path may be small for small voltages, nevertheless higher pressures favor 



0 20 40 60 80 100 120 

Temperafurc of condensed mercury,**C 


Fig. 11-1. Mercury- vapor pressure as a function of condensation temperature. 

ionization by collisions of the second kind involving metastable states. 
The net effect is a generally falling breakdown potential with increasing 
gas pressures, indicating that the operating pressures are to the left of the 
Paschen minimum. 

Once conduction has started, the tube drop will remain substantially 
constant and independent of the tube current at a value that is of the 
order of the ionizing potential of the gas. The tube drop at any pressure 
is generally several volts less than the breakdown potential. As discussed 
in Sec. 10-16, the tube drop may even be less than the potential of the 
first energy level of the gas. 

An oscillogram of the volt-ampere characteristics of an 866-A mercury- 
vapor diode is given in Fig. 1 1-2. The substantially constant working volt- 
age at a smaller value than the breakdown potential should be noted. If 
the current is decreased continuously after conduction has started, either 
by decreasing the applied voltage or by increasing the magnitude of the 
external resistance, the tube drop will fall below the vdtage necessary for 
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maintaining the arc, and the arc will go out. This will occur when in- 
sufficient ionization takes place to maintain the discharge. 

It should be emphasized that the maximum current obtainable in a 
phanotron is the saturation thermionic emission from the cathode en- 
hanced by the effect of the field at the surface of the cathode (see Sec. 
5-19). This has been shown to be about 1.8 times the actual thermionic- 
emission current.^ The sole function of the gas in these tubes is to pro- 
vide ions for the neutralization of space charge, thereby permitting the 
current to be obtained at much lower voltages than are necessary in vac- 
uum tubes. Under normal operating conditions, the total drop across a 
mercury-filled thermionic heater gas tube will 
range from 10 to 15 volts. If more current is 
passed through the tube than the cathode can 
deliver, the tube drop increases to the point 
where the additional electrons are produced by 
positive-ion bombardment. However, if the 
tube drop in such a tube exceeds about 22 volts, 
the positive-ion bombardment will cause the 
cathode to disintegrate. This voltage is known 
as the disintegration voltage. Thus, in opera- 
tion, the voltage across a mercury-vapor tube 
should never be permitted to approach this 
value. Consequently, a rising potential char- 
acteristic of a mercury-vapor tube is an indica- 
tion that the cathode will not supply the elec- 
trons demanded of it. 

The types of oxide-coated cathode that are 
used in these tubes have been considered in Sec. 6-6 (see Figs. 6-6 and 6-7). 
It is very important in the larger tubes which are equipped with the inward- 
radiating cathodes that sufficient time has elapsed for the cathode to reach 
its operating temperature before any anode potential is applied. This heat- 
ing time may extend from perhaps 30 sec to as much as 30 min, depending 
upon the size of thfj cathode. If the anode potential is applied before the 
cathode can supply the electrons demanded of it, the tube will begin to 
operate as a self-maintained discharge, with the result that intense cath- 
ode sputtering will take place. In this case, it will be the active oxide- 
coated surface on the cathode that will be flaked off, and the cathode will 
be permanently injured. 

The glow in a phanotron comes from the plasma i-egion of the discharge. 
The dark space near the walls is due to the positive-ion sheath which con- 
tains no electrons and hence is a region in which no ionization takes place. 

A group of phanotrons is sliown in Fig. 11-3. The range of voltages 
and curients of tliese tubes is given in the caption. 



Flo. 11-2. Volt-ampere char- 
acteristic of an 866-A gas di- 
ode. Breakdown voltage *■ 
15 volts. Maintaining volt- 
age »« 11 volts. Ambient 
temperature * 25 ®C. 
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Fia. 1 1-3. Commercial hot-cathode diodes. {Courtesy of General Electric Co') 


The smallest tube is the FG-190 full-wave, gas-filled rectifier. It is approximately 
3 in. long and 1.5 in. in diameter. The tube drop is 8 volts. The average anode current 
is 1,25 amp, the peak current is 5 amp, and the surge current for 0.1 sec is 20 amp. 

The largest tube is the FG-166 half-wave all-metal mercury-vapor rectifier. It is 
approximately 14 in. long and 5 in. in diameter. The tube drop is 9 volts. The average 
anode current is 20, the peak current is 75 amp, and the surge current is 750 amp. 
The tube is capable of delivering 50 kw of power. 

11-2. Mercury-pool Rectifiers. A very important gas-filled tube, and 
the word *^tube” is used in a rather broad sense, is the pool-cathode mer- 
cury-arc tube. A basic form, which is primarily of historic interest, con- 
sists of two anodes, usually of carbon, sealed through arms in a glass en- 
velope at the bottom of which is a pool of metallic mercury which acts as 
the cathode. The two anodes are necessary in order to permit the steady 
operation of such a unit. Otherwise, an auxiliary anode or an ignitor rod 
must be provided. Such a glass-bulb mercuiy rectifier tube is illustrated 
in Fig. 1 1-4. In these units the arc is started by tipping the bulb so that 
the mercury pool makes contact with the starting electrode and then set- 
ting the bulb in its upright position. This causes the mercury connection 
between the cathode and the starting electrode to break, and ihe arc is 
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established. This arc forms the cathode spot on the surface of the mercury. 
Sufficient ionization is produced to allow the current to pass to the main 
electrodes, and continued operation is possible. 

In this type of rectifier, the electrons enter the arc through the cathode 
spot, which wanders on the surface of the pool of mercury. This motion 
is due to the forces exerted by the bombarding ions and the reaction of the 
vaporizing gas. The ionized mercuiy ions that are formed are neutralized 
at the glass surface of the envelope and condense on the walls. The evap- 
orated mercury returns to the pool under the action of gravity. It is neces- 
sary, of course, that the cathode pool contain 
sufficient mercuiy to permit continuous opera- 
tion at the cathode spot. 

If the arc should be broken for any reason 
whatsoever, recombination of the mercury ions 
occurs and deionization of the vapor takes 
place. The arc will remain out until it is again 
initiated by tipping the tube. It is for this 
reason that certain tubes are provided with 
^^keep-alive^^ electrodes, a steady arc being 
maintained between these auxiliary electrodes 
at all times. These auxiliary electrodes are 
not absolutely necessary for tubes of the type 
shown in Fig, 11-4 when used in an appropriate circuit. Such keep-alive 
electrodes would be necessary in single-anode mercury-cathode units, since 
otherwise the tube would be extinguished during the negative half cycle of 
an applied a-c voltage. The single-anode “excitron'^ (see Sec. 11-7) is of 
this type. 

The larger size units, which are designed to operate on polyphase a-c 
circuits, are mounted in steel tanks, although polyphase glass rectifier sys- 
tems having power capacities as high as 100 kw have been made commer- 
cially. The steel-tank polyphase rectifiers are built in units with power 
capacities as high as 3,000 kw. These larger units are provided with 
vacuum pumps in order to maintain a low pressure in the tank. A mov- 
able starting electrode is provided in the units to initiate the arc. 

It is of interest to note that polyphase tank rectifiers are rapidly becom- 
ing obsolete, and are being superseded by banks of single-anode tanks, for 
reasons which appear in Sec. 11-17. A photograph of such a single-anode 
polyphase system is given in Fig. 11-17. 

11-3. High-pressure Gas Diodes. These diodes contain argon or a mix- 
ture of argon and mercury at a pressure of about 5 cm Hg. They contain 
short heavy filaments located close to heavy graphite anodes. These 
tubes, which are used extensively for charging automobile storage bat- 
teries, are known as “Tungar” * or “rectigon^* tubes. 



Fig. 11-4. Glass pool-cathode 
full-wave mercury-arc rectifier. 
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The presence of the fairly high pressure gas serves a twofold purpose. 
One is to provide the positive ions for reducing the space charge, in order 
to permit large currents. The second is to prevent the evaporation of the 
thorium or the oxide coating from the filament. This second effect is ex- 
tremely important since the filament is operated at above-normal tem- 
perature, in order to provide the large currents from such a simple cathode 
structure. 

Although these tubes have the advantage that fairly high currents are 
possible with a simple unit, they are limited in their application because 
the sparking potential is low at the high pressures that are used. These 
tubes are suitable only for use on low-voltage circuits. 



Fig. 11-5. Electrode structure 
of the type FG-27A (or FG-57) 
negative-control thyratron. 
(From H. J, Reich, ** Theory and 
A pplicaiions of Electron Tubes,” 
McGravhHill Book Company, 
Inc.) 



Fig. 11-6. Electrode 
structure of the type 
FG-33 positive-con- 
trol thyratron. 
{From H. J, Reich, 
*^Theory and Appli- 
cations of Electron 
Tubes,” McOraw-HiU 
Book Company, Inc.) 


11-4. The Thyratron.* The insertion of a massive grid, so as to provide 
almost complete electrostatic shielding between the cathode and anode of 
an externally heated thermionic arc tube, permits control of the initiation 
of the arc by controlling the potential of the grid. The grid usually con- 
sists of a cylindrical structure which surrounds both the anode and the 
cathode, a baffle or a series of baffles containing small holes being inserted 
between the cathode and the anode. Such tubes are illustrated in Figs. 1 1-5 
and 11-6. Because of the almost complete shielding between the cathode 
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and the anode, the application of a small grid potential before conduction 
is inaugurated is adequate to overcome the field at the cathode resulting 
from the application of a large anode potential. That is, a small grid 
voltage may neutralize the effects of a large anode potential and so prevent 
the arc from being initiated. 

Once the arc has been initiated, the grid loses complete control over the 
arc, since now the grid is immersed in a plasma and is separated therefrom 
by the positive-ion sheath. Any variations in grid potential merely result 
in changing the thickness of the sheath. This behavior of the grid is to be 
expected in view of the theory of probes developed in Sec. 10-19. Grid 
control is reestablished only when the anode 
potential is reduced to a value below that 
necessary to maintain the an;. Once the arc 
has been extinguished by lowering the plate 
voltage, the grid once more becomes the con- 
trolling factor and again determines when con- 
duction will be initiated. This control char- 
acteristic is frequently referred to as the ^^trigger'^ 
action of the grid. 

Since the grid merely acts as a probe situated 
in the plasma of the arc, it may be used to inves- 
tigate whether or not the electronic energy dis- 
tribution in the plasma is Maxwellian. An 
oscillogram of the volt-amF)ere grid characteristic 
of a General Electric Co. FG-27A thyratron, 
with anode currents of 0.5 and 2.5 amp, is shown in Fig. 11-7. The flat 
positive-ion regions and the exponentially rising electron-current por- 
tions should be noted and compared with the corresponding regions of 
Fig. 10-19. 

The main function of the grid is to control the initiation of the arc. If 
the grid potential is more positive than that necessary for the controlling 
action to prevail, conduction will take place; if more negative, no conduc- 
tion will occur. The curve that relates the grid ignition potential with the 
potential on the ancxle is known as the critical grid curve. This curve is all 
that need be known about a thyratron in order to determine completely its 
behavior in any circuit. That is, the control characteristics of the tube 
can be predicted from a knowledge of this one static curve. 

Typical starting-characteristic curves of mercury-vapor thyratrons are 
given in Fig. 11-8. It will be observed that there are two distinct types of 
characteristic: those in which the grid potential must always be positive, 
and those in which the grid is generally negative, except for very low plate 
voltages. The physical distinction between these two types of tube lies 
essentially in the more complete shielding by the grid of the cathode from 



Fig, 11-7. Volt-ampere 
grid characteristics of an 
FG-27A thyratron for two 
values of anode current (0.5 
and 2.5 amp). The peak 
grid electron current shown 
in the oscillogram is 450 ma. 
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the anode in the positive-Kiontrol tube. Compare the grid structures of 
the FG-27A and the FG-33 tubes illustrated in Figs. 11-5 and 11-6. 

As is seen from Fig. 11-8, the grid potential of an FG-33 tube must be 
made positive for conduction to begin. That is, in order that the electrons 
that leave the cathode in a positive-control tube may acquire sufficient 
velocity to cause ionization of the gas molecules by collision, the grid must 
be made positive. As a matter of fact, the shielding of the anode is so com- 
plete that the potential of the plate exerts practically no influence on the 
control action. This means that the field at the cathode due to the anode 


.«** Condensed mercury fempercifures* 
^8Q*5W 30 * 


^ 80 * 50 * 30 * 



-10-9-8 -7-6 -5-4 -3 -2 -1 0)23456789 10 II 
0-C Grid voltage af star! of discharge 


Fig. 11-8. Critical grid characteristics of a positive- and a negative-control thyratron 
with mercury condensation temperature as a parameter. {Courtesy of General Electric 
Co.) 


potential is practically zero in the positive-control tubes, and the critical 
grid voltage is independent of the plate potential. For this reason the 
grid potential must be sufficiently high to cause ionization and so conduc- 
tion. 

In the negative-control tube, where the shielding is far less complete, 
the effect of the plate voltage is clearly seen; the higher the plate potential, 
the more negative must the grid potential be in order to prevent conduction 
from taking place. For low plate voltages, positive grid voltages must be 
applied before ionization by collision, and hence conduction, can begin. If 
the plate voltage is reduced still further, even below the potential necessary 
for ionization, breakdown can still be obtained by making the grid suffi- 
ciently positive. Now, however, the function of the tube may be destroyed, 
since the main arc may take place between the cathode and the grid, with 
very little current to the plate. The thyratron will be converted into a 
gaseous diode under these circumstances with the plate acting as a dummy 
electrode, the cylindrical grid now acting as the anode. 

It is necessary that the grid circuit contain sufficient current-limiting 
resistance in order to protect it from overload when such an arc takes place. 
Although the grid structure could handle hi|^i currents, the leads are not 
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designed for high-current operation, and higher than rated current may 
overheat and crack the glass press at the point of entran(*e of the grid lead. 
It is good practice to fuse both the grid and the anode circuits. 

As a specific illustration of the use of the starting characteristics, con- 
sider the circuit of Fig. 11-9 in which a thyratron is employed as a switch. 
In this circuit, the load may be a bell, a counter, or some other type of 
recording device. The control device, which is in the grid circuit, may be a 
photocell circuit, a relay system of some type, or a mechanically or elec- 
trically operated switch. If an FG-27A tube is used in conjunction witli 



supp/y Grid volts 

Fig. 11-9. A thyrat ron used as a switch. Fig. 11-10. Typical critical grid 
The load is not energized until the con- characteristic of an RCA 885 (or 
trol voltage exceeds a critical value. 884) argon-filled thyratron. 

(Heater circuit and an extinguishing 
circuit, if any, are not shown.) 

the 120-volt d-c lines, the grid voltage must be at least 3 volts negative 
with respect to the cathode (for a condensation temperature of 50°C) in 
order that no conduction occur. If the control device in the grid circuit 
causes the grid voltage to become more positive than —3 volts, the tube 
will conduct and current will pass through the load. An extinguishing 
circuit must be used to stop the plate current, if it is desired that the grid 
regain control. Many practical applications of such circuits are possible.^ 

In addition to the mercury-vapor and gas-filled thyratrons of moderate 
current capacity, small argon-filled low-current-capacity tubes are avail- 
able. The shielding between the cathode and the anode is not so complete 
in these tubes as in the higher power units. A typical critical grid curve 
for such an 885 or 884 tube is given in Fig. 1 1-10. The critical grid curve 
is independent of temperature since the number of gas molecules in the 
glass envelope is constant. 

A group of thyratrons is shown in Fig. 11-11. The range of currents is 
given in the caption. 

11-5. The Sweep-chctiit Oscillator. An important use of the small 
argon-filled thyratron is as a relaxation-type sweep-circuit generator or 
saw-tooth oscillator for use with cathode-ray tubes. The diagram of a 
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circuit that employs such a tube to produce a saw-tooth voltage wave of 
the type illustrated in Fig. 3-1 1 is given in Fig. 11-12. To understand the 
operation of this cirruit, assume that the capacitor C is initially uncharged. 



Fig. 11-11. Commercial thyratrons. {Courtesy of General Electric Co.) 


The smallest tube is the GL-502A, which is 2f in. long and 1^ in. in diameter. The 
p>eak forward voltage is 660 volts. The peak inverse voltage is 1,300 volts. The average 
current is 0.1 amp, the peak current is 1.0 amp, and the surge current for 0.1 sec is 
10 amp. 

The largest tube is the 414, which is over 15 in. long and 3^ in. in diameter. The 
peak forward and the peak* inverse voltage are each equal to 3,000 volts. The average 
current is 12.6 amp, the peak current is 100 amp, and the surge current is 1,500 amp. 


After switch S is closed, the voltage across the capacitor will increase 
exponentially according to the equation 

ec = £:6»(1 - (11-1) 

This curve is shown dashed in Fig. 11-13. Assume that the plate supply 
voltage is 250 volts and that the grid bias is 25 volts. The plate voltage 
corresponding to the grid voltage of 25 volts is found from Fig. 11-10 to be 
approximately 200 volts. Hence, the charging of the capacitor will con- 
tinue only until the voltage across the capacitor reaches 200 volts. At 
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this time the tube will break down. Charge will leak off the capacitor very 
rapidly, and the tube will stop conducting when the anode current falls 
below that necessary to maintain ionization. The capacitor will again 
begin to charge through the local RC 
circuit and the entire process will 
repeat itself. Figure 11-13 shows the 
resulting sweep voltage. If the am- 
plitude of the swing is small compared 
with £^ 55 , then the exponential por- 
tions become almost linear and a 
sweep voltage proportional to time is 
obtained. 

The period can be adjusted by vary- 
ing R, C, or the voltages E^c or £^66- 
The amplitude of the oscillation is de- 
termined only by Ecc (and the main- 
taining voltage of the tube). 

If is the time measured from the 
instant when the sweep starts, then the sweep voltage is given by 

6e - = (£^66 ~ Ee)(l - (11-2) 

This equation is consistent with the following facts. At = 0, €c must 
equal the extinction voltage, Eg. At t' = oo, Cc must equal the B supply 
voltage, Ehb^ The time constant is RC, 



Fig. 11-13. The approximate output wave shape from the circuit of Fig. 11-12. The 
frequency is / « l/T, 

The amplitude of the sweep is given by the riglit-hand side of Eq. (11-2) 
with equal to the period, T, of the oscillation. If T/RC is much less 
than unity, the exponential term may be expanded in a power series and, 
keeping the first three terms of the expansion, there r*e8ult8 

e, - E\ - {Ei,u ~ Ee)(t'/RC){i - a2RC) 



fTooo/^c/e 
rayhbe 


Fia. 11-12. A saw-tooth voltage gen- 
erator employing an 885 thyratron. 
Rf is the protective resistor in the grid 
circuit, and R' is the protective resistor 
in the plate circuit. R' should l)e as 
small as possible in order that the ca- 
pacitor may discharge very quickly 
through the tube. 


(11-3) 
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This shows that the maximum deviation from linearity is T/2RC X 100 
per cent. 

If the charging current of the capacitor is too large, the circuit ma>' 
'‘block,” i.e., cease oscillating. This arises because a steady-state d-c con- 
dition is possible in which the tube remains conducting, the capacitor stays 
charged at the maintaining tube drop, and the current through R passes 
through the tube. In order to avoid this condition, the charging current 
must be less than that necessary to maintain the arc. If the resistor R is 
chosen large enough so that the charging current is a fraction of a milliam- 
pere, then a steady arc will not be maintained. Under these conditions 
the capacitor will discharge through the tube until its voltage is less than 
the extinction voltage of the tube. The arc will then be extinguished, and 
a new charging cycle will begin. 

If the capacitor is charged at a constant rate, then ec = loi/C, where 7o 
is the constant current delivered to the capacitor, and a truly linear time 
axis results. To achieve this requires that the capacitor be charged from a 
constant-current unit rather than exponentially through the resistor R. 
This may readily be accomplished by replacing the resistor Rhy a. constant- 
current tube (a pentode). The charging rate is then controlled by con- 
trolling the tube current. 

11-6. Shield-grid Thyratrons.® Before breakdown of the tube occurs, 
the current to the grid of a thyratron (such as the FG-27A) is a few tenths 
of a microampere. Although this is entirely negligible for most applica- 
tions, it will introduce difficulties in circuits that require very high grid 
impedances. This is especially true in circuits that employ phototubes. 
For this reason a fourth electrode, or shield grid, has been added to the 
thyratron. Such a shield-grid thyratron is illustrated in Fig. 11-14. The 
massive cylindrical shield-grid structure encloses the cathode, control 
grid, and anode. This construction reduces the leakage current to a small 
fraction of its previous value. 

Since the control grid is physically shielded from the cathode by the 
shield-grid baffle, the likelihood of contamination of the control grid result- 
ing from cathode sputtering is greatly reduced. This reduces the possible 
effects of photoemission and thermal emission from the grid. As a result, 
the preignition grid current in this tube is of the order of lO^® fxh. In addi- 
tion to the low grid current, this tube possesses the additional advantage 
that the grid-cathode electrostatic capacitance is small. This low capac- 
itance results from the electrostatic shielding of the grid from the cathode 
by the sliield. The capacitance is also reduced because the grid in the gas 
tetrode is much smaller than that in the triode. Compare the size of the 
control grids in Figs. 11-5 and 11-14. 

The critical grid starting characteristics of siicli a tube are shown in 
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Fig. 11-16. It will be observed that these characteristics are functions of 
the shield-grid voltage. This feature adds to the versatility of the tube in 
possible applications. 

The type 2050 and 2051 inert-gas tetrodes are low-current-capacity (75 
to 100 ma average) shield-grid thyratrons. The shielding action of the 
control grid is much more complete than that in the 885 tube, and a 



Fig. 11-14. Electrode structure of the FG-98 Fig. 11-15. Control characteristics 
shield-grid thyratron. {From H. J. Reich^ of an FG-98 shield-grid thyratron. 

Theory and Applications of Electron Tvbes,'' 

McGrav)-HiU Book Company, Inc.) 

steeper control characteristic is obtained. In fact, the critical grid char- 
acteristics are quite similar to those shown in Fig. 11-15. If the shield 
grid is connected to the cathode, the tetrode is converted into a very sensi- 
tive triode thyratron. 

11-7. The Excitron.® As discussed in Sec. 11-2, if the arc in a pool- 
cathode rectifier is broken for any reason whatsoever, recombination of 
the mercuzy ions occurs and deionization of the vapor takes place. The arc 
will remain extinguished until it is again initiated. Of course, if an auxil- 
iary circuit is provided in order to maintain the arc, even when the main 
anode is not conducting, then continued operation in the circuit is possible. 
The excitron provides such an auxiliary circuit, whereas the ignitron in- 
cludes provision for igniting the arc at regular intervals. 
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The excitron is a single-anode pool-cathode rectifier tube which is 
provided with a holding or excitation anode, a control grid, and the main 
an(xle. A vertical section of such a tube is given in Fig. 11-16. In this 
tube an arc is struck to and is continuously maintained by the excitation 
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Fig. 11-16. A vertical section of an excitron. {Courtesy of AUis-Chalmera Mfg. Co.) 


anode, which is connected in a d-c circuit. Control of the current in the 
main anode circuit is effected by the grid, precisely as in the thyratron. 
The tube possesses the control characteristics of a positive-type thyratron 
but likewise possesses the current capabilities of the pool cathode. 

The ignition in these tubes is accomplished by means of a solenoid- 
operated mercury-spray splash device. The unit is placed in operation 
by the mercury spray, which is thrown upward to the excitation anode. 
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As the mercury falls away from the excitation anode, the auxiliary arc is 
stnick. 

Excitrons are designed for high-current service and are used in banks as 
the individual elements of a polyphase rectifier system. The photograph 
of Fig. 11-17 shows a six-tank excitron rectifier assembly ^vith evacuating 
and cooling equipment for use in heavy electric traction work. 



Fig. 11-17. A pump-evacuated six-tank excitron group. This rectifier assembly is 
designed for heavy-duty railway service and is rated at 1,000 kw, 600 volts. (Courtesy 
of AUis-Chalrners Mfg. Co.) 


Excitrons^are made in both sealed-off and pumped types by the Allis- 
Chalmers Mfg. Co. The largest sealed excitron made by them in 1950 
carried a 400-amp d-c continuous current rating. The largest unit assem- 
bly, comprising a 12-tank rectifier for railway service, somewhat like the 
six-tank assembly illustrated, was rated at 3,000 kw, 600 volts. 

11-8. The Ignitron.^ In distinction to the excitron, the ignitron is a 
single-anode pool tank which is provided with a starting ignitor electrode 
which initiates fhe arc when it is extinguished. A drawing of such a unit 
is ipven in Fig. 11-18. 

With an a-c potential applied between the anode and the pool, ihe arc 
would become extinguished once each alternate half cycle, provided that 
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the arc could be initiated regularly. It is the duty of the starting ignitor to 
provide this regular ignition once each alternate half cycle. The starting 
ignitor is made of a refractory material (among them being silicon carbide, 
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Fro. 1 1 -18. A sealed ignitron for power rectifier service. 
Co.) The type FGr-238B has the following ratings: 


{Courtesy of General Electric 


Maximum anode current: 

Instantaneous 

Continuous 

2 hr average current over any 2-min period 
1 min average current over any 1-min period 
Surge, maximum duration 0.15 sec 
Tube drop 

Maximum inverse and forward voltage 
Ignitor current: 

Maximum instantaneous allowed 
Maximum average allowed 
Time of averaging 
Maximum ignition time 


1,200 amp 
150 amp 
225 amp 
300 amp 

9.000 amp 
12.6^19.1 volts 
2,100 volts 

100 amp 

2.0 amp 
10 sec 
100 /usee 


boron carbide, and carborunduni)i whidb projects into the mercury-pool 
cathode, as seen in Fig. 11-18. The ignitor has a cold resistance of 20 to 
100 ohms, which, under operating conditions, decreases to 2 to 10 ohms. 
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There is no generally accepted theory for the mechanism of the starting. 
One theory ’ presumes that ignition of the arc occurs when the potential 
gradient in the ignitor rod in contact with the mercury surface exceeds a 
critical value of from 5 X 10^ to 2 X 10^ volts/m. The necessary potential 
gradient in the rod is established by passing an auxiliary current of 10 to 
30 amp through it. Another theory ® presumes that a spark occurs at the 
junction of the ignitor and the pool when the current which passes through 
the ignitor rod exceeds a critical value. Still another theory ® considers the 
ignition to be a consequence of a thermal action at the junction between 
the ignitor and the pool. The most likely explanation is that the ignitor 
operates because of high field emission near the mercury-ignitor junction. 

Whatever may be the actual mechanism of the ignition, once ignition 
begins, the tiny spark expands into an arc between the cathode and the 
anode. This process is accomplished in short times, usually measured in 
microseconds.^® If the point in the cycle at which the current passes 
through the ignitor rod is controlled, then the output of the tube is like- 
wise controlled. 

Ignitrons may have two or three ignitors, only one of these being used 
at any time. Owing to the high surge currents through the ignitor, they 
gradually deteriorate. With several available as stand-bys, the life of the 
tube is extended. 

Some ignitrons are equipped with an auxiliary or holding or excitation 
anode. This auxiliary anode serves two functions. It has been found that 
for steady operation, especially at relatively light loads, the current surge 
through the ignitor should be maintained for an appreciable portion of the 
cycle. However, in order to prolong the life of the ignitor rods, the igni- 
tion-current pulse duration should be made as short as possible, so that 
heating of the ignitor rod is small. The use of the auxiliary anode permits 
a short excitation pulse and then serves to maintain the arc spot for the 
remainder of the main-anode cycle. A second reason for the auxiliary 
anode is that it provides another arc-conduction circuit, which, because of 
its relatively close spacing to the cathode, will usually conduct even in 
those rare instances when the main arc circuit might not fire. Owing to 
the usual electrical connections (see Fig. 12-41) that are used for ignitor 
excitation, the duty on the ignitor rod and the rectifier in the firing circuit 
is likely to be very severe during a misfire. Some protection from this 
surge is afforded by the auxiliary-anode shunt path. 

Some ignitions are provided with a grid which may be used to perform 
a phase-shift control function in much the same way that the grid per- 
foims in a ttiyratron.. Thus it can be used for controlling the point in the 
cycle at which the tube will conduct, assuming that an arc has previously 
been established to t^e auxiliary anode by the ignitor rod. However, it 
has been found that the ignitor often permits control over a laiger poition 
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of the cycle than does the grid. The single grid which surrounds the anode 
and is sometimes called the anode shield or shield grid also serves to reduce 
the tendency for arc back. 

If very high potentials are to be employed, then several grids are used. 
These aid in deionization, and better control characteristics are obtained. 
Another most important function of the grids is to allow a distribution of 
the potential across the tube during the inverse cycle. This reduces the 
potential gradient, with a corresponding higher total sparking potential. 
The three-grid (pentode) ignitron shown in Fig. 11-19 is designed for 
rectification or inversion service at 20,000 volts at a continuous current 
of 200 amp. 

The ignitron has three principal applications: heavy-duty (above 25 amp) 
power rectification, inversion, and control switching of a-c currents, as in 
resistance welding. The first two are continuous-duty operation, and the 
third is an intermittent application. 

There is a fundamental difference between the control action in a thyra- 
tron or a grid pool tube and the action of the ignitor rod in an ignitron. In 
thyratrons and grid pool tubes, the grid prevents the formation of an arc, 
whereas the ignitor initiates the arc. In the former case the electrons 
already exist in the tube (owing to the presence of an externally heated 
cathode or of an arc to the keep-alive electrode), but the grid electro- 
statically prevents them from reaching the anode until a critical voltage 
is reached. In the ignitron, on the other hand, the tube is in a nonconduct- 
ing state until the ignitor circuit is energized, when conduction is forced. 

11-9. Grid Pool Tanks. If in a multianode mercury-pool tank each of 
the anodes is completely surrounded by a grid, then such a system will 
possess characteristics that are somewhat like those of a positive-control 
thyratron. Mercury-arc rectifiers equipped with these grids are known as 
grid pool tanks. 

The arc will be picked up by an anode of such a unit only when both 
the anode is sufficiently positive to maintain the arc and the potential of 
the grid surrounding that anode is greater than the critical grid starting 
characteristic. This requires, of course, that an arc must be maintained 
in the tank either to an acti«^e anode or to an auxiliary keep-alive elec- 
trode.* This device is essentially the multianode version of the excitron, 
although it predates the excitron. It has been largely superseded by the 
ignitron and the excitron. 

11-10. Glow Tubes. A glow tube is a cold-cathode gas-ilischarge diode. 
It operates hi the nonnal-glow-discharge region and so is characterized by 
a fairly high tube drop and a low current-canying capacity. The voltage 
drop across ihe tube over the operating range is fairly constant and inde- 
pendent of the current. When connected in a circuit, a current-limiting 
resistor must be used if serious damage to the tube is to be avoided. The 
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substantially constant tube drops of such tubes are illustrated in the oscil- 
logram of Fig. 1 1-20. 

One commen^ial tyj)e of tube consists of a central anode wire which is 
coaxial with a cylindrical cathode, as shown in Fig. 11-21. The electrodes 
are of nickel, the inner surface of the cathode being oxide-coated. In order 
to lower the cathode fall of some tubes, some misch metal (an alloy of 
cerium, lanthanum, and didymium) is sputtered on the cathode. The 
gases commonly used are neon, argon, and helium. The tubes containing 
neon or helium usually contain a small amount (of the order of 1 per cent) 
of argon. The presence of the argon lowers the starting voltage (see Sec. 


IiG. 1 1~20. V olt<“iiiiip0rc chiir— 
acteristics of the VR-105 and 
VR-150 glow tubes. 

9-12). The cathode fall in the normal-glow region of the discharge is 
determined solely by the material of the cathode and by the type of gas. 
Hence, the type of gas and the cathode material are the only considerations 
in the design of a glow tube to give a definite voltage. To date, no combina- 
tion giving a stable cathode fall of less than about 60 volts has been found. 
For example, the types VR-75, VR-90, VR-105, and VR-150 tubes have 
normal output voltages of 75, 90, 105, and 150 volts, respectively, with 
a normal current range of from 5 to 40 ma. 

The current rating of these tubes is determined by the area of the cathode 
and by the pressure of the gas. It should be recalled that the normal cur- 
rent density in the normal-glow region remains substantially constant and 
that the area of the cathode glow increases in proportion to the current 
demanded by the circuit. Hence, the operation will still occur in the nor- 
mal region for a sufficiently large cathode area even though the gas pres- 
sure be varied appreciably. As a resiJt, cleanup of the gas in these tubes 
plays a relatively unimportant role. However, the voltage characteristics 
of the tubes do vary somewhat with age mainly because of the deteriorar 
tion of the cathode caused by sputtering. Hus effect is greatly accelerated 
if the tubes are overloaded. 



Fig. 11-21. Electrode 
structure in a glow tube. 
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It is observed in Fig. 11-21 that a piece of metal is attached to the cath- 
ode and is directed toward and near to the anode. It is the function of this 
‘'starting probe'' to lower the breakdown voltage of the tube. Sparking 
takes place first to the starting probe and then spreads to the rest of the 
cathode. Note that the cathode is photosensitive and that the breakdown 
voltage will depend to some extent upon the illumination falling on the 
cathode. 

The principal use of these glow tubes is as voltage regulators. Since the 
voltage remains constant (within a 
few per cent) over the region of the 
normal glow, then the output voltage 
will remain substantially independ- 
ent of the current over this range. 

For example, the voltage across the 
load in the circuit of Fig. 11-22 will 
be 160 volts over a range of currents 
from 5 to 40 ma if a VR-150 tube is 
used. The difference between the sup- 
ply voltage and the operating tube volt drop will appear across the re- 
sistor R, 

Glow tubes may be connected in series in order to provide a constant 
voltage that is the sum of the tube drops of the tubes that are used. Thus, 
the use of a VR-150 and a VR-105 tube in series will provide a constant 
255-volt source. The supply voltage must be greater than the breakdown 
voltage of the tubes in order to make operation possible. 

A glow lamp may be connected as in Fig. 11-12 (with the grid circuit 
omitted) to produce oscillations of the saw-tooth variety. 

Glow lamps may also be used as rectifier tubes, although this applica- 
tion is not very extensive.^® It depends upon the fact that the cathode is 
a specially prepared surface having a rather large area, whereas the anode 
wire is normally pure metal and of small area. As a result the electronic 
flow within the tube will be much greater from the cathode to the anode 
than in the reverse direction. This will result in unequal currents in each 
half cycle upon the application of a sinusoidal wave. 

Glow tubes having smaller ratings than those considered above are 
available. Several such tul>es having ratings ranging from to 3 watts 
are illustrated in Fig, 11-23. Tubes with ratings as low as watt are 
available. These smaller lamps are used extensively as test lamps. For 
example, they will indicate* circuit cemtinuity; by brilliancy, whether the 
circuit potential is 110 volts or higher; by flicker, whether the circuit fre- 
(juency is 25 cps or higher; by glow, which terminal is positive, since the 
negative electrode is covered with glow on a d-c source. They are also 
used to indicate the presence of a high-intensity radio^frequenoy fidd, 


R 



•Fig. 11-22. The use of a glow tube as a 
voltage regulator t-o maintain approxi- 
mately constant voltage across a load. 
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Fig. 11-23. Photograph of several low-capacity glow lamps. (Courtesy of Lamp Depart’ 
merit of General Electric Co.) 


since the gas will glow in such a field. The tube need not be connected 
conductively into the circuit. It is operating not as a normal glow tube 
but rather as an electrodeless discharge (see Sec. 10-20). The tubes may 

also be used as pilot lights to indicate that a 
circuit is energized, and as a dim-light source 
for exit markers, for fire-station markers, or 
for location markers in general. 

11-11. Cold-cathode Triodes.^^ Figure 
11-24 shows a Western Electric 313C cold- 
cathode gas-filled tube containing three ele- 
ments. The cathode is a nickel surface coated 
with a barium and strontium mixture. The 
anode is a pure nickel wire that is shielded 
fiom the other electrodes by a glass sleeve. 
The bare end of this wire protrudes from the 
glass sleeve about 2 in* from the other elec- 
trodes. The third element, known as the con- 
irol anode, or starter anode, is placed close to 
the cathode. In the tube shown, it is identi- 
cal with the cathode and placed adjacent to 
and coplanar with it. The control element 
may be different from the cathode in struc- 
ture. In the RCA 0A4-G tube, it is a wire loop 
placed parallel to a plane cathode. In other 
cases, it may be a metallic shield with a hole 
punched in it which is placed between the cath- 
B-,» II fu wp- ivn. aiar ode aad the anode. This tube is rrferred to a« 
triode. glow tube," although the third element 

Wmtem Xheine Co.) 18 mwe appropriatdiy named the “control elec* 
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trode’' rather than the “grid/* The WE 313C contains a mixture of 99 
per cent neon and 1 per cent argon at a pressure of about 40 mm Hg. 

The spacing of the electrodes is such that a discharge takes place from 
the cathode to the control electrode at a lower voltage than is required for 
a discharge from the cathode to the anode. Once the control gap has been 
broken down, however, it is possible for the discharge to transfer to the 

200 
190 
(80 
170 
160 
1 150 
©140 

CP 

:gl30 

§ 120 
© 

I 110 
< 100 
90 
80 
70 

0 2 4 6 8 10 12 14 0 25 50 75 100 125 150 175 200 225 

Transfer current, fiA Transfer current, microamperes 

(aJ Cd) 

Fig. 11-25. Transfer characteristic of a cold-cathode triode. (a) WE 313C; (6) RCA 
OA4-G. Control-gap-maintaining voltage is 60 volts and main-gap-maintaining voltage 
is 75 volts for either tube. 

main anode. The anode-cathode voltage that is required for this transfer 
to occur is a function of the transfer current, t.e., the current in the cathode 
to control-electrode circuit. These features are evident from an inspection 
of the curves of t^igs. ll-25o and h. Such a curve is called the “transfer” 
or “transition** characteristic. 

For zero transfer current, which means that the control electrode is not 
connected in the circuit, the anode voltage is equal to the breakdown volt- 
age between the cathode and the anode. It is noted that the required 
anode-cathode voltage falls rapidly as the transfer current, which provides 
more ionization, is increased. Regardless of the magnitude of the transfer 
current, however, the anode-cathode voltage can never fall below the 
voltage for this gap. Hence, the transfer characteristic ap- 
proaches this sustaining voltage asymptotically. The transfer characteris- 
tic depends upon the type of gas, ^e gas pressure, and the electrode 
structure. 
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Fig. 11-26. A cold-cathode triode as a 
relay. 


The use of the tube as a relay is illustrated in Fig. 11-26. The plate 
supply voltage E(,b 2 is gi’eater than the main-gap sustaining voltage hut 
less than the main-gap breakdown voltage. The voltage E^hi is less than 
the control-gap breakdown voltage. It is now possible for a positive pulse 
to raise the control-anode voltage above the breakdown point so that a 
discharge will occur between these two electrodes. If the transfer current 
is sufficiently high so that Ebh 2 will cause breakdown, then the discharge 
will transfer to the anode circuit. In this way a small input-circuit current 

is able to control several milliamperes 
in the load circuit. 

Here, as in the case of thyratrons, 
once conduction between the cathode 
and anode has begun, the discharge 
cannot be controlled or extinguished 
by means of the control electrode. It 
is necessary that the anode-cathode 
voltage be lowered below the sustain- 
ing value for a time that is long enough 
to permit deionization to take place. The deionization time of these tubes 
is of the order of 10 millisec. 

In view of the foregoing, the three-element glow tube is seen to possess 
many features in common with the thyratron, the excitron, and the igni- 
tron. All tubes contain control electrodes (the control anode, the grid, or 
the ignitor). The discharge between the cathode and the anode cannot 
take place unless the control electrode is properly energized. Thus, the 
transfer characteristic of the glow tube is the counterpart of the critical 
grid breakdown characteristic of the thyratron. Further, once the dis- 
charge has been initiated between the cathode and the anode, the control 
element in each becomes ineffective in controlling or extinguishing the dis- 
charge. Control can be regained only if the anode voltage is reduced below 
the sustaining voltage for a time long enough to permit deionization to 
take place. 

Despite the features common to these tubes, the fields of application 
are quite different because of the different current capacities of the tubes. 
The maximum current from a glow tube is approximately 100 ma, whereas 
that from the thyratrem is about 100 amp and that from the ignitron and 
excitron is about 10,000 amp. The field of application of the cold-cathode 
triode is similar to that of the small argoU'^filled hot-oathode thyratron 
(types 884 and 2050). It possesses the advantage, however, that no cath- 
ode heating power is necessary. Among the applications in which these 
tubes have been used, the most important are as rectifiers in selective- 
ringing telephone circuits; as vdtage regulators, providing two different 
output voltages, the anode-cathode drop or the control electrode-cathode 
voltage; as relaxation oscillators; and as relays or switching units. 



COMMERCIAL GAS TUBES 


321 


11-12. Current Ratings. Gas- or vapor-filled rectifier tubes of all kinds 
are given (werage current ratings rather than rms current ratings. This 
rating specifies the maximum current that the unit may carry continu- 
ously without excessive heating of any of the parts. The time over which 
this average is to be taken is also specified by the manufacturer. Further- 
more, units are also given peak current ratings, specifying the maximum 
current that the tube should be permitted to reach in each conducting 
cycle and averaged over various time intervals. For example, the FG-238B 
ignitron has the ratings listed in the caption of Fig. 1 1-18. 

If a tube provided with a thermionic cathode is employed, several heat- 
ing components must be dissipated. In addition to the constant heating 
power of the cathode, the tube must dissipate an instantaneous power 
given by the product of the instantaneous anode current and the instan- 
taneous tube voltage. Since this voltage is substantially constant and 
independent of the tube current, the av- 
erage power is the product of this tube 
drop and the average tube current. 

The grid in the thyratron is also given 
average and peak ratings. These ratings 
should not be exceeded, for otherwise the 
glass press through which the leads pass 
may be ruptured. 

11-13. Voltage Ratings. The func- 
tion of a rectifier is to act as a synchro- 
nous switch which permits current to 
pass in one direction only. That is, elec- 
trons must flow only from the cathode 
to the anode while the anode is positive 
with respect to the cathode. It is nec- 
essary, therefore, that the anode remain 
insulating during that portion of the 
voltage cycle when it is negative with 
respect to the dathode. The ^^maximum inverse peak voltage^^ specifies 
the largest safe instantaneous value of this negative voltage. The necessity 
for knowing this quantity will be made evident in the next chapter when 
rectifying circuits are studied. 

By neglecting the possibility of flashover between the electrodes through 
the air, conduction in che inverse direction occurs because of breakdown of 
the gas in the region between the cathode and the anode. This so-called 
*^flash-back^’ voltage, which is nothing more than the sparking potential of 
the gas according to Paschen^s law, is shown for an 866 tube in Fig. 11-27. 
For the pressures and spacing usually employed in an* discharge tubes of 
the externally heated types, only the portions of the sparking-potential 
curve to the left of the minimum sparking value comes into consideration. 



Fig. 11-27. Tube drop and peak in- 
verse voltage of an 886 gas diode as 
a function of temperature. {H. C. 
Steiner and H. T. Maser, Proc. IRE, 
18 , 67, 1930.) 
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The ^‘maximum peak forward voltage^' is a quantity that is significant 
only for gas tubes controlled by means of a grid. It specifies the largest 
positive potential that may be applied to the anode before the grid loses its 
arc-initiation ability. That is, if the plate voltage exceeds this value, break- 
down will first occur between the grid and the anode. The glow that re- 
sults immediately changes to an arc between the cathode and the anode. 
Of course, once the arc forms, a sheath forms around the grid and it be- 
comes ineffective. 

Temperature Ratings. The condensed-mercury temperature 
limits are specified for the safe and efficient operation of mercury-vapor 
tubes. The range usually extends from about 30° to 80°C, corresponding 
to vapor pressure of approximately 0.003 to 0.08 mm. The upper tempera- 
ture limit is determined by the peak inverse voltage, since this voltage 
limit may fall below a safe value at the higher temperatures (see Fig. 1 1-27"). 
The lower temperature limit is determined by several factors: As the pres- 
sure decreases, the tube drop increases (see Fig. 11-27), so that the power 
loss in the rectifier increases. This results in a decreased efficiency. In 
addition, the high tube drop may result in serious cathode disintegration. 

It is desirable, therefore, especially in the large metal-tank rectifiers, 
that the mercury-condensation temperature be maintained in the proper 
range. For this reason, water cooling of the tank is usually employed. 

11-16. Deionization Time.^® Once the arc has been initiated in a thyra- 
tron, the grid loses its control feature, as already explained. Suppose that 
the anode potential is momentarily removed and is then quickly reapplied. 
The grid is supposed to be highly negative during this experiment. Will 
the tube again conduct, or will the grid, because of its large negative value, 
regain control and so prevent the arc from reigniting? The answer to this 
question is found by examining the conditions at the grid. 

The grid loses control after conduction starts because of the formation of 
the positive-ion sheath around it, which effectively shields the electrostatic 
field of the grid and so prevents this field from altering conditions in the 
plasma. If, therefore, the positive ions in the sheath have had time enough 
to diffuse to the grid and recombine with electrons to form neutral molecules 
before the anode voltage is reapplied, then the grid regains control (see 
Sec. 9-13 for a discussion of recombination). The minimum time of this 
process is called the deionization time. 

The deionization time td depends upon many factors. As the gas pressure 
increases, td increases, since the diffusion takes place at a slower rate. This 
is also affected by the increased probability of additional ion formation by 
electrcmic collisions. Also, large values of anode current result in large 
\^alues of tdy since tbe number of ions to be swept out of the sheath is cor- 
respondingly laige. However, small deionization times are favored by 
small eleekode spacings and by the presence of large surfaces at which re- 
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combination may occur. Furthermore, highly negative potentials on the 
inverse cycle favor small deionization times. 

From this discussion, it is clear that the deionization time depends upon 
both the tube and the circuit in which the tube is used. For commercial 
tubes operated under rated conditions, it varies between 10 and 1,000 fjoaec. 
This time is so short that satisfactory operation of thyratrons on 60-cycle 
mains results. However, the deionization time may offer a serious limita- 
tion to the use of such tubes in applications at higher frequencies. 

The ionization time is the time required for conduction to be established 
once the anode potential has been applied. It seldom exceeds 10 Msec and 
so can generally be neglected. 

11-16. Arc Back. In multianode rectifiers, failure in the inverse direc- 
tion frequently occurs because an arc may form between anodes. This 
unwanted initiation of an arc to an idle anode is known as arc back, flash 
back, or backfire. The elimination of this is one of the factors in the devel- 
opment of satisfactory mercury-tank rectifiers. Arc back under these cir- 
cumstances results in an internal short circuit between anodes, and so of 
the power transformers, and may result in permanent injury to the tube 
unless protective devices are employed. In single-anode rectifiers, conduc- 
tion in the inverse direction between the cathode and anode is likewise 
called “backfire. It is of interest to note that the number of backfires 
per unit per month are lower for a multianode rectifier than for ignitrons.*^ 

The exact nature of arc-back phenomena is not completely understood. 
Though it had been generally accepted that arc backs occurred near the 
beginning of the inverse cycle, since a high concentration of positive ions 
exists in the region of the anode at these times, experiments have shown 
that they may occur at any part of the inverse cycle. Also, they seem to 
occur at random times. That is to say, no arc backs may occur in a rectifier 
under normal operating conditions for some time, and then several may 
occur at relatively closely separated times. 

The use of grids that surround each of the anodes is frequently employed 
in order to reduce arc back. The presence of these grids serves several 
useful purposes. They shield the anodes, thus preventing droplets of 
mercury from condensing on the anodes. They also reduce the deioniza- 
tion time by furnishing large surfaces for recombination. Further, the 
presence of the grid affects the voltage distribution in such a way as to 
prevent strong fields from acting on the anode surfaces. Although the 
use of grids enclosing the anodes does discourage arc back, it also produces 
an increased arc drop. This increased arc drop causes a decreased operating 
efficiency. 

In the case of low-capacity thermionically heated arc tubes, as, for 
example, the types 82 and 83 tubes, each directly heated filament is com- 
pletely enclosed by its respective anode, so that the arc is locally confined. 
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Since the plasma is not common to several anodes, the probability of arc 
back is considerably reduced. 

11-17. Industrial Power Tubes. It may be well to compare the indus- 
trial power tubes, viz.^ phanotrons, thyratrons, and tubes with pool-type 
tubes. Tubes with pool cathodes require no cathode heating power and 
no cathode heating time. Consequently, these units are immediately 
ready for service. Large average currents (hundreds or thousands of 
amperes) and extremely high peak currents are possible without any harm- 
ful effects on the tube. There is no cathode sputtering as in the heater 
tubes. There is, therefore, no deposition of cathode emitting material on 
the anodes to increase the probability of arc back. However, the possi- 
bility of mercury droplets forming on the anode and thereby causing back- 
fires does exist. With proper design, however, this can be minimized. 

For uncontrolled rectification, phanotrons are used. If control is de- 
sired, then thyratrons are used when the average current requirement is 
below about 25 amp. If the current exceeds this value pool-type tubes are 
employed. 

The single-anode metal sealed-off tank rectifier unit is largely supersed- 
ing the multianode tank. This is principally because of the following: 

1. Each unit is complete and requires no auxiliary pumping apparatus. 
In the smaller sizes, only air cooling is necessary, although the larger units 
are provided with a water jacket for water cooling. This type of construc- 
tion is used for pool tubes with keep-alive electrodes ® (excitron rectifiers) 
as well as for ignitrons (see Figs. 11-16, 11-18, and 11-19). 

2. If a polyphase system is desired, a number of single-anode tanks are 
required. Since each anode is in a separate chamber, the cathode-anode 
distance can be made smaller than is possible in a multianode tank with a 
common pool. This reduces the length of the positive column, with a con- 
sequent smaller tube drop, which produces a more efficient unit. 

3. Single-anode tanks make the maintenance problem a relatively sim- 
ple one. Thus, it is necessary to hold only a single unit in reserve for pur- 
poses of emergency. In the case of a multianode tank, any necessary re- 
pairs on the tank would require the removal of the entire rectifier from ser- 
vice for extended periods. 

11-18. Gaseous Discharges as Sources of Gaseous-discharge 

lamps generally possess a higher liiminous efficiency than lamps of the 
incandescent-filament type. As a result, they are rapidly supplementing 
these in ixiany applications. The luminous efficiencies of several represent- 
ative light sources are contained in Table 11-1. 

In addition to the higher luminous efficiencies, the gaseous-discharge 
lamps possess features characteristic of these sources. Because of this, 
various types of gaseous-discharge tubes are applied to a very diversified 
field of ap^ication. In the advertising field, neon, helium, and argon signs 
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TABLE 11-1 * 

EFFICIENCIES OF REPRESENTATIVE LIGHT SOURCES 

Luminous Efficiency, 


Source Lumens/Watt 

Tungsten, 100-watt bulb 16 

Tungsten, 1,000 watts photoflood (short life) 33 

Sodium, 10,000 lumens 55 t 

Daylight, fluorescent 30 watts 37 t 

Green fluorescent, 30 watts 75 t 

Mercury, 100 watts, type A-H4 quartz 35 t 

Mercury, 1,000 watts, type A-H6 water-cooled quartz .... 65 t 

Mercury, 400 watts, type A-Hl glass 40 t 

Low-pressure mercury, Cooper Hewitt 15-19 


* O. A. Frxsman, El«e. Eng., 89, 444, 1940. 

t The efficiency shown is that of the lamp proper, the over-all efficiency of the lamp and auxiliary equip- 
ment ia slushtly lower. 


are very common; sodium-vapor lamps are making considerable headway 
in the field of highway illumination; high-intensity mercury-vapor lamps 
are used for industrial lighting and floodlighting, as the intense point 
sources of light for projection work, for searchlights, for locomotive head- 
lights, and for photoprinting; and fluorescent lighting is a common source 
of illumination for indoor lighting. 

1. Signs. ^ These are glow lamps in long tubular form. They 
contain an inert gas (not necessarily neon) at a few millimeters pressure 
between cold electrodes. The mechanism of the discharge is that discussed 
in Sec. 10-8. The cathode glow is now an insignificant part of the light- 
emitting region of the discharge, and most of the luminosity comes from 
the long plasma, or positive column, in the tube. If the tube is filled with 
neon, the glow is red-orange. If helium is used, the glow is yellow. And if 
mercury (mixed with argon and neon) is used, the glow is blue. Various 
other distinctive colors are obtained by using colored glass tubing. For 
example, a mercury-argon mixture in a yellow glass tube gives a green light. 

Such tubes require a high voltage for breakdown but need only moderate 
voltages to maintain the discharge. It is for this reason that luminous-sign 
transformers are provided with magnetic leakage shunts so as to provide 
poor regulation. In this way, high voltages are made available at light 
load, and low voltages result after the discharge occurs. Under normal 
conditions operation, these luminous signs require 100 to ‘200 volts/ft, 
depending upon the dimensions of the glass tubing used. A typical trans- 
former supplies 10,000 volts on open circuit and 30 ma on short circuit. 

2. Sodium^vapor Lamps}^ These lamps are provided with an oxide- 
coated filament, and they operate, therefore, as low-voltage arcs and not 
as glow discharges. The bulb contains a small quantity of metallic sodium 
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(less than 0.5 g) which vaporisses to some extent as the temperature of the 
unit rises to its normal operating value (200® to 300®C). The vapor pres- 
sure of the sodium is so low, even under steady operating conditions, that 
neon gas is added (at a pressure of about 1.5 mm Hg) both for starting and 
for continuing the operation of the lamp. 

To operate the lamp, the filament is first heated and then an arc is 
struck. At the outset of operation the color of the discharge is the dis- 
tinctive red-orange that is characteristic of the neon gas. This color gives 
way gradually to the yellow light that is characteristic of the normal sodium 
discharge. The explanation of this change of color is very simple. Initially, 
the neon pressure is so much higher than that of sodium that most of the 
electrons from the hot filament collide with neon atoms. However, once 
the discharge is established, most of the region in the bulb will be a plasma 
in which a considerable number of low-energy electrons will exist. Although 
these electrons may make many collisions with the plentiful neon atoms, 
these collisions will be elastic ones because the first excitation potential of 
neon is 16.6 volts. Since the first excitation potential of sodium is only 
2.11 volts, then the probability of sodium excitation in the plasma will be 
high because many electrons will possess sufficient energy for this process 
although they may not possess as much as 16.6 volts energy. The light 
emitted in the transition from the first excitation level to the normal state 
of sodium is 12,400/2.11 = 5,890 A. (Spectroscopically one actually finds 
two lines, one having a wave length of 5,890 A, the other having a wave 
length of 5,896 A.) This light is in the yellow portion of the visible 
spectrum. 

The maintenance of the arc is still dependent upon the ionization of the 
neon atoms in the cathode fall even when the lamp heats up to its tempera- 
ture of most efficient operation* The vapor pressure of sodium at these 
temperatures is too low to supply a sufficient number of ions to maintain 
the arc. However, the efficiency of production of the 5,890- and 5,896-A 
lines is so much greater than that for the red neon lines that the luminous 
output appears to the eye to be entirely in the yellow portion of the spec- 
trum. 

The sodium-vapor lamp was made possible through the discovery of a 
special glass that is not attacked by the sodium at the high operating tem- 
peratures of the lamp. In order to maintain this high temperature in 
exposed regions, it is necessary to enclose the entire lamp in a vacuum 
jacket or in tin unsilvered Dewar flask. The operating characteristics of 
a typical lamp are arc current » 5 amp, arc drop » 13 volts, filament 
current » 0.6 amp, filament drop =» 1.8 volts. This represents a total 
power input to the lamp of 82 watts. 'The luminous efficiency is approxi- 
mately 45 to 50 lumens/watt, so that the total oulput flux is approximately 
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4,000 lumens. This output depends rather critically upon the operating 
temperature. 

3. Mercury-vapor Lamps.^ The luminous efficiency of a low-pressure 
mercury-vapor lamp is approximately the same as that of an incandescent- 
filament source. However, as the pressure is increased, the luminous effi- 
ciency also increases. As a consequence, the design of these lamps has 
been toward higher and higher pressure. For example, the 1,000-watt 
t 3 rpe A-H6 lamp operates at a pressure of 76 atm. The entire arc is con- 
centrated in a water-cooled quartz chamber only 1 in. long and 0.1 in. in 
diameter. This results in a 65,000-lumen light source, having a brightness 
of 30,000 candles/cm^, or about one-fifth that of the sun. A gas such as 
neon or argon at a few centimeters pressure is used to initiate the arc. The 
cold electrodes are thereby raised to a temperature at which they emit 
electrons thermionically. The high temperature causes the mercury to 
viq)orize, and the pressure increases to 1 atm or more. 

The reason for the necessity of high pressures in order to obtain a high 
luminous output in a mercury-vapor lamp is found by studying th? mer- 
cury spectrum. The strongest line in the spectrum is the ultraviolet line, 
2,537 A. As shown in the energy-level diagram of Fig. 9-2, this line is 
excited when an atom falls back from its 4.88-ev level to the ground state. 
The lines in the visible part of the spectrum arise from transitions between 
higher energy levels. These high-enei^ transitions are favored by high 
current density and a high pressure because, under these conditions, the 
cumulative processes discussed in Chap. 9 become important. Thus, many 
collisions of the second kind will take place, particularly with the meta- 
stable atoms. Furthermore, for sufficiently high pressures, the resonance 
line 2,537 A is entirely absent from the spectrum. This results from the 
process of self-absorption (see Sec. 9-8). As a result, some of the energy 
that would appear in this ultraviolet line at the low pressures is trans- 
formed (by multiple collisions) into visible radiation. In addition, because 
of the high temperatures at which these arc sources operate, a considerable 
part of the radiation appears as a continuous visible spectrum, character- 
istic of an incandescent solid. 

In contrast with this, the sodium-vapor lamp possesses a high efficiency 
at low pressures because its yellow radiation originates from transitions 
between the 2.11-ev level and the ground state. The sodium atom is 
easily excited to its resonance potential by an electronic collision, and so 
multiple collisions are unnecessaiy for the efficient production of light with 
this source, as is the case with the mercury radiation. 

4. Fluorescent Lamps.^ Fluorescence was defined in Sec. 3-10 as the 
*V»mi8sion of light under the influence of external excitation.'’ In the case 
of the fluorescent materials used for the screens of cathode-ray tubes, the 
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excitation is provided by the beam of electrons when it impinges on the 
screen. The color of the emitted light, i.e.^ the frequency spectrum over 
which the light extends, depends not only upon the fluorescent material 
but also upon the mode and character of the excitation. For example, 
zinc orthosilicate, when used as the screen material of a cathode-ray tube, 
emits a bright green color when bombarded with fast-moving electrons. 
When used as the fluorescent material in a fluorescent lamp, it emits a 
bright green color when excited by the 2,537-A line of a mercury discharge, 
and it emits a yellow color when it absorbs radiation from a neon dis- 
charge. 

The fluorescent lighting units consist generally of a coated emitter and 
an anode that have been sealed in the opposite ends of a glass tube 6 to 
60 in. long in one type tube, or 42 to 96 in. long in another type tube, that 
contains mercury at low pressure. Tubes for use on a-c lines are fre- 
quently provided with emitters at each end of the glass tube, these acting 
alternately as cathode and anode upon potential reversal. The inner wall 
of these lamps is covered with a thin layer of fluorescent material. The 
thickness of this layer must be sufficient to absorb most of the impinging 
excitation radiation, although it must not be so thick that it will absorb 
any appreciable amount of its own light. Excitation is generally provided 
by the ultraviolet light contained in the spectrum of the mercury discharge. 
The fluorescent materials used in these lamps are particularly sensitive to 
the middle ultraviolet region (2,000 to 3,000 A). 

In order to start a fluorescent tube, it is necessary to strike an arc in the 
discharge tube. This requires the application of a high voltage across 
electrodes. These high voltages are obtained either by the use of a step-up 
transformer or by means of an inductive surge produced by the associated 
starting device. Starting is accomplished in the usual household lighting 
unit by one of the circuits sho\vn in Fig. 11-28. Refer to Fig. ll-28a. 
WTien the switch S is closed, the line current passes through the ballast 
unit L (a small inductor) and the filaments F. After a short time has 
elapsed during which the filaments have become heated, the switch S is 
opened. The interrupted current through L generates a high voltage 
across it, and in consequence a high voltage appears across the tube. Once 
the arc has been struck, the positive-ion bombardment of the emitter will 
maintain its temperature and continued operation results. 

Figure 11-286 provides for automatic starting. The starter is a rather 
interesting combination of a glow-discharge tube (which operates in the 
abnormal-glow region) and a bimetallic element. When the unit is switched 
on, the starter glow discharge begins. The bimetallic element, which is 
part of the glow electrode, heats, so that the contacts close and the glow 
discharge is extinguished. This connects tiie filaments into the circuit, 
and at the same time the bimetallic element cools. After a short time, the 
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bimetallic unit contacts open and thereby produce the high voltage across 
the tube, as with the manual start. Once the lamp discharge starts, the 
voltage across it is not high enough to restrike the glow in the starter and 
it remains out. 

In Fig. ll-28c is illustrated the so-called ''cold-cathode/’ tube, which is 


operated from a high-voltage high- 
magnetic-leakage transformer without 
the use of a starter. The proper tube 
voltage is set automatically by the 
regulation of the transformer. The 
emitting surface is a large-area iron 
thimble-type cathode which attains a 
temperature of 150°C during opera- 
tion. 

The so-called “slimline'^ lamp is a 
hot-cathode instant-start tube. The 
emitter is a coated filament which is 
not heated externally, but is main- 
tained at a thermionic temperature by 
positive ion bombardment. 

Under operating conditions a con- 
stant voltage ranging from 60 to 110 
volts exists across the tube, depending 
upon the length. This voltage drop 
consists of three parts, the cathode 
fall, the anode fall, and the fall in the 
positive column. The voltages at the 
anode and the cathode depend upon 
the particular type of lamp, the cold- 
cathode having a much higher drop 
than the hot-cathode tube. The gra- 
dient in the plasma is uniform, and so 
the voltage drop in this region is di- 
rectly proportional to the tube length. 

The luminous efficiency of fluores- 
cent lamps exceeds that of the usual 
incandescent lamp. Furthermore, this 
highly efficient lighting occurs with 
the lamps operating at a relatively 
low temperature. Because the operat- 
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(chOOlD CATHODE, HIGH VOLTAGE START 
Fig. 11-28. Fluorescent lamp starting 
by (a) manual start, (b) automatic 
start, (c) high-voltage start. L is the 
ballast unit, F are the filaments, S is 
the manual switch, GS is the glow 
switch, B is the bimetallic strip. 


ing temperature of these units is about 40®C, these tubes have been said to 


produce ‘*cold” light. The luminous efficiency depends very markedly on 


the operating temperature, being very low for either low or high tempera- 
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tures. If the temperature is too low, an insufficient amount of mercury 
vaporizes and the vapor pressure is low. At high t/Cmperatures the vapor 
pressure is above normal, and a lower percentage of radiation of wave 
length 2,537 A is produced in the Hg vapor. This results in a lowered light 
output since, as noted above, it is this line which is responsible for most of 
the fluorescence. 

When fluorescent tubes are used on a-c lines, the discharge reverses 
periodically because of the alternating potential. This produces a strobo- 
scopic action, or flicker, which might prove to be annoying when moving 
objects are present, or dangerous to life and limb when rotating machinery 
is present. In order to overcome this stroboscopic action, luminaries con- 
taining two tubes are built. The two tubes are excited by currents having 
a phase displacement by the use of appropriate circuit elements in the 
external circuit. In this way the high point in the light cycle of one lamp 
occurs near the low point of the other lamp, and the flicker in the light 
output is greatly reduced. 

The electrons in the plasma of the discharge of a fluorescent lamp per- 
form oscillations of high frequency.®* This causes radio-frequency inter- 
ference, which can be suppressed, however, by using radio-frequency filters 
in the lines. 

The more common fluorescent materials that are used for lighting units, 
together with certain characteristics thereof, are contained in Table 11-2. 
Cadmium borate, which gives a red color, is also used. 

TABLE 11-2* 

FEATURES OF FLUORESCENT LIGHTING UNITS 


Gas or vapor used 

Luminous material 

CJolor 

Luminous 

efficiency, 

lumens/watt 

Mercury (with A and/or Ne 

None 

Pale blue 

5 

for start) 

Zinc orthosilicate 

Bright green 

50-00 


Zinc mesodisilicate 

Yellow-white 

25 


Zinc-beryllium silicate 

Pink to cream 



(various grades) 

white 

30-40 


Calcium tungstate 

Deep blue 

15 


Magnesium tungstate 

Light blue 

30 

Neon 

None 

Orange-red 

16 


Zinc orthosilicate 

YeUow 

22 


Calcium tungstate 

Pink 

16 


• Q. O. Isaacs, IXSJ, M, 286, 1680. 








COMMERCIAL GAS TUBES 


331 


PROBLEMS 

11-1. Plot a curve of concentration in a mercury-vapor tube vs. mercury condensation 
temperature. 

11-2. What fraction of the electrons in a mercury diode will collide with mercury 
molecules in their passage from the cathode to the anode, a distance of 2 cm, if the 
mercury condensation temperature is 

a. 10°C? 

b. 45®C? 

c. lOO^C? 

Take the molecular radius of mercury as 1.82 A. 

11-8. A certain high-pressure argon-filled diode contains a thoriated-tungsten fila- 
ment that operates at 2200°K under no load. The filament input is 18 amp at 2.2 volts. 
The rated average current is 6 amp, and the tube drop is 8 volts. If rated load is sud- 
denly applied, a darkening of the filament is visibly obstn vable. Why? 

Calculate the change in temperature of the filament from no load to full load (see 
Prob. 6-15). 

Explain clearly any approximations made in your solution. 

11-4. a. A Western Electric 313C gas tube contains neon at a pressure of 40 mm Hg 
and room temperature. If the volume of the tube is 25 cm*, what is the mass of the 
gas contained in the tube? 

b. The mercury condensation temperature in a General Electric FG-27A gas tube 
is 40®C. If the volume of the tube is 300 cm*, what is the mass of the mercury vapor 
in the tube? 

11-6. An 884 argon-filled triode is to be used as a sweep-circuit relaxation oscillator 
in the circuit of Fig. 11-12. If Eec « — 25 volts, 400 volts, C » 0.0025 ^f, E =» 
1.0 megohm, and the extinction voltage is 16 volts, 

a. Calculate the frequency of oscillation. 

b. Calculate the peak amplitude of the generated oscillations. 

c. If the peak current rating of the tube is 0.5 amp, what is a suitable value for E'? 

d. Plot the wave shape of the sweep voltage, assuming that the capacitor discharges 
through the tube in zero time. 

Assume that Fig. 11-10 represents the critical grid characteristic of the tube. 

11-6. An 885 thyratron is used as a relaxation oscillator in the circuit of Fig. 11-12. 
The critical grid curve for the tube is that given in Fig. 11-10. The extinction voltage 
is 15 volts. If the maximum deviation from linearity is not to exceed 5 per cent, design 
a 60-cycle sweep whose amplitude is 25 volts. Specify reasonable values of Em,, Ecn 
R, and C, and give reasons for your choice. 

11-7. The 884 thyratron is to operate as a saw-tooth oscillator with an amplitude 
of 100 volte at a frequency of 1,000 cps. 


I’0.5ma 


C 


7. 

If the maintaining voltage is 15 volte find 

a. Eec. 

b, C. 


R 

-WWSAr- 




Ecc 


Prob. 11- 
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c. If the peak current rating of the tube is 0.5 amp, what is a suitable value 
for R? 

11-8. Given two eylindrical glow-discharge tubes having cathode dimensions as shown. 

Both tubes have the same cathode material. The 
current range of T\ is 5 to 50 ma. 

a. If the tubes are filled with the same gas at t h(‘ 
same pressure, what is the maximum current rat ing 
of r2? 

b. Suppose that the pressure in 7’2 is twice that 
in 7’1, what is the corresponding maximum cur- 
rent rating of 7*2? 

11-9. o. A VR-160 and a VR-00 tube are to be 
used in series to give a constant output voltage of 
240 volts. The supply voltage is 300 volts. What 
is the value of the current-limiting resistor that must be used if the nominal load cur- 
rent is 25 ma and the nominal tube current is 15 ma? 

6. If the load suddenly decreases by 5 ma, what will be the tube current? 

c. The load is as in (a). If the supply voltage suddenly changes to 310 volts, what 
will be the tube current? 

11-10. a. A VR-105 voltage-regulator tube is used in the circuit of Fig. 11-22. The 
load fluctuates between 40 and 60 ma. If the supply voltage remains constant at 245 
volts, find the value of R so that the load voltage is maintained fixed at 105 volts. As- 
sume that the normal operating range of the tube is 5 to 40 ma. 

6. With 72 set as in part a and with the load fixed at 50 ma, find the range over which 
the supply voltage may vary without affecting the output voltage. 

11-11. A VR-105 is used in the circuit shown as a simple relaxation oscillator. R 
and C are to be chosen to yield a recurrence frequency 
of 1,000 cps. 

a. Calculate and plot the wave shape of the output, 
when Ebb 125 volts. (Choose the sorting voltage as 
115 volts, extinction voltage at 103 volts.) 

b. Repeat when Ebb ** 400 volts. 

c. Discuss the matter of linearity on the basis of 
these results. In particular, determine the voltage ex- 
cursion over which the saw tooth is linear to within 5 per cent in each case. 

11-12. Show that the period of oscillation of a relaxation oscillator of the type 
illustrated in Fig. 11-12 and Prob. 11-11 is 






Pros. 11-11. 



nr 


1 

77 

5 cm 

T2 

10^ 


1 

__1 


1 

1 



^ 

_jL 






Prob. 11-8. 


T 


RC In 


/ Ebb 

\Ebb — Ed) 


where Ed is the voltage at which the tube starts to conduct and Eg is the extinction 
voltage. 

11-13. a. A WE 313C tube is used in the circuit of Fig. 11-26 with Ebbi * 100 volts 
and Ebbi “ 80 volts. What is the largest value of grid-limiting resistor for which the 
current will transfer to the main anode? Assume that there is no input pulse. 

6. What is the value of the load resistance needed to obtain full rated load current 
(10 ma)? 

c. Repeat parts a and b for an RCA 0A4-G tube for which the rated load cuirent is 
25 ma. 

11-14. A WE 313C tube is to be used in the circuit of Fig. 11-26, The resistor in the 
control anode circuit is 2 megohms, and the load consists of a 1,500-ohm relay. Assume 
that there is no input pulse. 
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a. What is the maximum value of Ehhi for which Ihe h)afl current will not exceed the 
rated value of 10 ma? 

h. What is the minimum value of Ehh\ in order thal the tub<* operate properly? 

c. Repeat parts a and h for the UCA 0A4-C tube for which the rated load current 
is 25 ma. 

11-15. The circuit shown is a photocell-operated warning circuit: 

a. What is the minimum photocell current which will operate the buzzer? 

b. What is the maximum voltage across the pho- 
tocell? 

c. What is the maximum voltage across the 
buzzer coil? 

d. During what fraction of a cycle dotis current flow 
through the buzzer if the photocell current is 50 ^? 

11-16. a. In the neon spectrum, there are a num- 
ber of levels grouped between 16.6 and 16.8 volts 
and another group between 18.3 and 18.9 voh*. In what part of the spectrum are 
the lines emitted by transitions betwi t^n these two gioups of levels? 

b. Other prominent lines in the spectrum originate on the 20.7-volt level and end on 
levels in the 18.3- to 18.9-volt group. I'o what spectral region do the emitted photons 
belong? 

It is these transitions which are responsible for the characteristic color of a neon sign. 

Explain why cold neon vapor is transparent to the red lines which give a neon sign 
its brilliance. 


//Oy 

I 

i 
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RECTIFIERS 


Rectification will be considered in a restricted sense as the conversion 
of alternating current into unidirectional current by means of electrical 
devices. Any electrical device which offers a low resistance to the current 
in one direction but a high resistance to the current in the opposite direc- 
tion possesses the desired characteristics. An ideal rectifier is one with 
zero resistance in the forward direction and with infinite resistance in the 
inverse direction. In effect, therefore, the rectifier is a synchronized switch 
that opens and closes the circuit as the a-c voltage that is applied changes 
its polarity. A number of devices possess the requisite nonlinear properties 
among which are high-vacuum thermionic diodes; gas-filled and vapor- 
filled thermionic diodes and pool-cathode mercury arcs; metallic rectifiers; 
and certain crystals. 

The important rectifiers for power purposes may be classified into two 
general groups according to their inherent characteristics. The vacuum 
rectifier possesses an infinite resistance on the inverse cycle, as the tube 
will not conduct when the plate potential is negative with respect to the 
cathode. On the conducting portion of the cycle, the vacuum tube is 
characterized by an almost constant and low value of resistance. The gas 
and vapor rectifier also possess an infinite resistance on the inverse cycle, 
but as discussed in Sec. 11-1, such tubes are characterized by a substan- 
tially constant tube drop during conduction. Owing to these differences 
the resulting operation in a circuit is slightly different from that incor- 
porating vacuum diodes. A detailed dis- 
cussion follows. 

12-1. Single-phase Half-wave Vacuum a 

Rectifier. The basic circuit for half-wave i i * ^ ^ 

rectification is shown in Fig. 12-1. Note fppyf 11^ j 

that the diode, which has already been | ? uLl _Lj“ 

treated in some detail, is indicated as a fiq. 12-1. Basic circuit for half- 
two-element device. Actually, thei’e are wave rectification, 
either three or four external leads, depend- 
ing upon whether the tube is of the filamentaiy or of the cathode-heater type. 
These are the plate or anode, the cathode, and two heater (or filament) 
leads. However, it is usually sufficient to treat it as a two-terminal device, 


Fia. 12-1. Basic circuit for half- 
wave rectification. 
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as pictured in Fig. 12-1. The complete wiring diagram for the half-wave 
rectifier is given in Fig. 12-7. For the sake of simplicity, a pure resistance 
load is indicated. Also, a transformer with zero resistance and zero leak- 
age reactance will be presumed. 

The instantaneous plate current is ib, and the instantaneous voltage 
.:;cross the diode is e^, when the instantaneous transformer secondary volt- 
age is e. Evidently, by KirchhofFs 
voltage law, 

= e - ibRi (12-1) 

where Ri is the magnitude of the load 
resistor. This one equation is not 
sufficient to determine the two un- 
knowns in this expression, eh and ib. 
However, a second relation between 
these two variables is given by the 
static plate characteristic of the diode 
(see Fig. 7-5). In Fig. 12-2 there is 
indicated the simultaneous solution 
of Eq. (12-1) and the diode plate characteristic. The straight line, which 
is represented by Eq. (12-1), is called the “load line.” The load line passes 
through the points 

ib - 0 €b - e 

€ 

U = — 66 = 0 

Ri 

That is, the intercept with the voltage axis is e and with the current axis 
is e/Ri. The slope of this line is determined, therefore, by Ri. 

The point of intersection A of the load line and the static curve gives the 
current u that will flow under these conditions. This construction deter- 
mines the current in the circuit when the instantaneous transformer po- 
tential is e. This current is plotted vertically above e at point B in the 
diagram. If the input voltage is permitted to vary, the corresponding 
current will vary. Clearly, the slope of the load line does not vary since 
Ri is fixed. Thus, when the applied potential has the value e', the cor- 
responding current is 2,4/ . This current is plotted vertically above e' at B'. 
The resulting curve OB*B that is generated as e varies is called the “dy- 
namic characteristic.” An oscillogram showing the static and dynamic 
curves of a type 81 diode for Ri = 1,260 ohms is shown in Fig. 12-3. 

It is to be emphasized that regardless of the shape of the static character- 
istic or tihe wave form of the input voltage, the resulting wave form of the 
cui^t in the output circuit can always be found graphically from the 



Fig, 12-2. The method of cori.st ructing 
the dynamic curve from the static curve 
and the load line. 
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dynamic characteristic. The manner of this construction will be made 
evident below. 

If the static characteristic! of the tulw were linear, the dynamic char- 
acteristic would also be linear. Note from the construction, however, that 
there is considerably less curvature in the 
dynamic curve than there is in the static 
characteristic. It will be assumed in what 
follows that the dynamic curve is linear. 

Likewise, to an approximation that is suf- 
ficiently accurate for most engineering pur- 
poses, the static curve of the diode may be 
replaced by a straight line through the origin 
0. The constant ratio for this line is 
called the “dynamic tube resistance*' and is 
designated by the symbol rp. 

The application of a sinusoidal voltage 
to the circuit of Fig. 12-1 for which the 
dynamic curve is linear results in a series of 
half-sine-wave current pulses separated by 
zero current regions in the input. The manner of the construction for ob- 
taining the input is illustrated in Fig. 12-4. Suppose that the instantaneous 
input voltage has the value corresponding to the point A. The corre- 
sponding current in the external circuit is obtained from the dynamic 



Fig. 12-3. Oscillogram showing 
the static and dynamic curves of 
a type 81 diode (for a load re- 
sistor of 1,250 ohms). 



Fia. 12-4* The method of obtaining the output-current wave form from the dynamic 
curve for a given input-voltage wave form. 
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curve and is the value denoted by a. This '^point-by-point*' method per- 
mits the output-current wave form to be determined for any input-voltage 
wave shape, as the points a, 6, c, ... of the current wave correspond to the 
points A, ... of the input-voltage wave. 

If it is assumed that the static characteristic is linear, then the relation 


65 — iffTp 

is valid during the conduction period. It then follows from Eq. (12-1) that 


or 


ib 

where 


e = 66 + ibRf = h(rp -f* Ri) = sin o)t 

Em 

sin <at = Im sill when 0 < wt < r 

Tp + Ri 

0 when t < cot < 2t. 


Em 

Tp + Rl 


a2-2) 

(12-3) 


(12-4) 


This analysis permits one to draw an electrical circuit that is equivalent to 
the circuit of Fig. 12-1. This equivalent circuit is 
shown in Fig. 12-5. The symbol represents an 
ideal synchronized switch which permits current to 
pass through the circuit during the conduction pe- 
riod and which opens the circuit on the inverse cy- 
cle, The arrow points in the direction of forward 
current flow. 

Example. A d-c ammeter, an a-c ammeter, and the cur- 
rent coil of a wattmeter are inserted in series with the load of Fig. 12-1. The poten- 
tial coil of the wattmeter is across the transformer secondaiy. A d-c voltmeter is 
placed across the diode. What do these four instruments read? 

Solvtum. A d-c ammeter reads the full-cycle average current passing through it. 
However, by definition, the average value of a periodic function is given by the area of 
one cycle of the curve divided by the base. Expressed mathematically, 

(12^) 

where a » ml. It follows from Eq. (12-4) that 

rimrinoda - — ( 12 . 6 ) 

2v Jo r 

Note that the upper limit of the integral has been changed from 2 t to v since the instan- 
taneous current in the interval between w and 2ir is zero and so contributes nothing to 
the integral. 

An a-c ammeter indioates the effective ox rms current passing through it. By defini- 
tion, the effective or rms value squared of a periodic function of the dme is given by the 




Fig. 12-5. Equivalent 
circuit of a single-phase 
half-wave rectifier. 
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area of one cycle of the curve representing the function squared divided by the baiK. 
Expressed mathematically, 


“ (ir 

(12-7) 

This becomes, by use of P^q. (12-3), 



(12-S) 


It should be noted that the rms value of this wave is different from the rms value of a 
sinusoidal wave. 

A d-c voltmeter reads the average value of the voltage across its terminals. Since 
the voltmeter is across the tube, the instantaneous tube voltage must be plotted and the 
area under one cycle of this curve must be found. When the tube is conducting, it has 
a resistance Vp and the voltage across it is ihTp. When the tube is nonconducting, the 



current is zero and from Fig. 12-1 or Eq. (12-1) it is seen that the transformer secondary 
voltage e appears across the tube. Thus, 


* tftTp • IinTp sin cr 
66 ^ sin a 


0 <a<T 1 
< a < 2ir| 

A plot of the tube voltage is shown in Fig. 12-6. The reading of the voltmeter is 
{Ede)\xito^ " ^ (X ** ^ EmBitLa da^ 


(12-9) 


- - lUrp - Urp + ROl 


where use has been made of Eq, (12-4). Hence 


(£^s«i)tube 




( 12 - 10 ) 


This result is negative, which meanir that if the voltmeter is to read upscale, its positive 
terminal must be connected to the cathode of the diode. Since Idc * /m/v, the d-c 
tube voltage is seen to be equal to —IdtHi or to the negative of the d-c voltage across the 
load resistor. This result is evidently correct because the sum of the d-c voltages around 
the complete circidt must add up to sero. 
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It should be noted that the voltmeter reading does not equal the product of the d-c 
current Idc times the tube resistance Vp. The reason for this is that the tube is a non- 
linear device whose resistance is constant (and equals rp) only when the plate voltage is 
positive. On the other hand, the d-c voltage across the load docs equal the product of 
tl-c current Idc times the output resistance Ri because the load is a truly constant resistor. 

A waUmeter indicates the average value of the product of the instantaneous current through 
its current coil and the instantaneous voltage across its potential coil. Hence the power 
read by the wattmeter will be 

Pi~^Cehda (12-H) 

2ir Jo 

This becomes, by Eq. (12-3), 

i^{rp + Ri) da 

This may be written, by virtue of Eq. (12-7), as 

Pi - Irmn^Tp 4- Ri) (12-12) 

This result could have been written down immediately by arguing physically that 
all the power supplied by the transformer must be used to heat the load and the tube 
resistance. 

Equation (12-12) expresses the total power supplied to the plate circuit of the rectifier. 
This quantity can readily be calculated in any specific application. The total input 
power to the rectifier system cannot, in general, be predicted theoretically. This is 
because the total input power includes the transformer losses, the filament heating i>ower, 
and the power losses in any auxiliary apparatus. 

The above illustration indicates the general method of calculating what 
d-c or a-c instruments will read in any electronic circuit. It is not re- 
stricted to the simple diode rectifier. The wave forms, in general, may be 
more complicated than those of the simple diode considered above, but 
the method is the same. For assistance in the calculations, rough sketches 
of the curves are made, and the readings of the instruments are obtained 
from an evaluation of the area under the curve (for a d-c instrument) or 
the area under the squared function (for an a-c instrument). If a watt- 
meter reading is desired, the curve representing the current through its 
current coil is multiplied by the curve representing the voltage across its 
potential coil and the area under the product curve is then evaluated. 

The d-c power supplied to the load mil be defined as the product of the read- 
ing of a d-c ammeter in the load circuit and a d-c voltmeter across the load. 
Thus, 

Pdc = Edcldc = Idc^Ri (12-13) 

For the half-wave vacuum diode, 



(12-14) 


It is important to note that P^e given in Eq. (12-14) is quite different 
from Pi given in (12-12), or from the reading of a wattmeter placed across 
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the load. In those applications which are d-c operated, as, for example, 
d-c machinery and eIe(!tropIating, the presence of a-c (components, in addi- 
tion to the d-c (component, may contribute to the over-all heating of the 
system without contributing to the useful operation. 

As a measure of the efficiency of the rectification process, and also as a 
comparison of the various types of rectifiers to be discussed, it is con- 
venient to define the efficiency of rectification (also called the “conversion 
efficiency” or the “theoretical efficiency”) rjr as the ratio of the d-c output 
power to the plate-circuit power. This is 


Pdc 

Vr^ — X 100 % = 
^ i 


lA 


IrrJiTp + Ml) 


X 100 


\IrmJ 1 + Tp/Rl 


(12-15) 


By combining this with Eqs. (12-6) and (12-8), there results 

\I„/2J I + rp/Ri l + rp/Ri 


(12-16) 


This indicates that the theoretical maximum efficiency of a single-phase 
half-wave circuit is 40.6 per cent. Actually, of course, the over-all effi- 
ciency of the system, which is obtained by considering the power supplied 
to the entire system, is considerably 
less than this. 

It may be easily shown that the 
maximum power output of such a sys- 
tem occurs for Ri = rp. At this load, 
the plate-circuit efficiency is only one- 
half its maximum possible value, or 
20.3 per cent. 

There are several features of the 
single-phase half-wave circuit that 
warrant special attention. First, it is noticed that on the inverse cycle, 
viz.y that part of the cycle during which the tube does not conduct, the 
maximum potential across the tube is equal to the transformer maximum 
potential. That is, the peak inverse voltage to which the tube is subjected 
during operation is equal to the transformer maximum value. 

In order to prevent stray charges from building up on various parts of 
the system, it is desirable to ground either the positive or the negative side 
of the load. An inspection of Fig. 12-7, with the negative terminal of the 
^stem connected to ground, indicates that the heater winding of the 
transformer is at a high d-c potential with respect to ground. For exam- 



Fig. 12-7. To investigate the insulation 
stress in the filament transformer when 
one side of the load is grounded. 
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pie, suppose that the output voltage is 10,000 volts. Then, the center tap 
of the filament-transformer secondaiy ia 10,000 volts above ground. Since 
one side of the a-c power line is generally grounded, then there will be 
10,000 volts between the primary and secondary windings of the filament, 
transformer even though the primary voltage rating is only 115 volts and 
the secondary rating, perhaps, 5 volts. This requires that the insulation 
between the windings of the filament transformer be capable of withstand- 
ing this high voltage without rupture. 

If the positive is grounded, then the center tap of the secondary of the 
filament transformer is at ground potential also. Hence, the high output 
voltage does not appear between the primary and secondary of the heater 
transformer, and it is now not necessary to use a specially built high- 
insulation transformer. 


Example. Calculate the regulation and the efficiency of rectification of a type 81 
diode used in the circuit of Fig. 12-1. The rated output current is 85 ma. The trans- 
former secondary voltage is 230 volts rms. Also, find the current at which maximum 
power is obtained. 

SoliUion. By regulation is meant the variation of d-c output voltage as a function of 
d-c output current. This is given by 


Ede “ IdcEl 

and, from Eqs. (12-6) and (12-4), 

y Im Em/ ^ 

Itie “ *■ 

r Tp-^- Ri 


(12-17) 


Solve this for IdcRi and combine with the first equation. The result is 



IT 


(12-18) 


This result shows that Edc equals Eyn/x at no load and that the d-c voltage decreases 
linearly with the d-c output current. The larger the magnitude of the tube resistance, 
the greater is the rate of decrease. 

From the volt-ampere curve for the type 81 tube given by the manufacturer it is 
found that this characteristic can be approximated by a straight line, from which a 
value of Tp » 500 ohms is calculated. Also, the peak transformer voltage is JE?m 
(for a sine wave) « (\/2)(230) « 325 volts. Hence, 


Edc - 103.6 - 600/de 


It follows from this expression that the d-c voltage drops from 103.5 volts at no load to 
61.0 volts at the rated value of 85 ma. By definition, the percentage regulation is 


% regulation h • 


Etvoii 




X 100% 


If the output voltage does not vary with load, then the percentage regulation is aero. 
In the present illustration, 

103.5 - 61.0 

% regulatwn - X 100 * 70% 


61.0 
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This extremely poor regulation, combined with the low efficiency and high harmonic 
(H)nt-ent of the output waves explains why half-wave high-vacuum diodes are seldom used 
when appreciable currents are required. 

A more accurate way of estimating the effective tube; resistance than that employ c<l 
above using the static characterist ic is to obtain a regulation plot Edr vs. Ide in the labora- 
tory. The negative slopt^ of the ri>sulting straight line is r^. The result so obtained 
includes the resistance of tin; transformer as well as the tube resistance. It also includes 
the effect of the transformer regulation. 

To obtain the conversion efficiency as a function of load current, (diminatc the term 
Ri from Eq. (12-16) as was done above for the regulation. This simple substitution yields 

Ilr - 40.6 ^1 % (12-19) 


This shows that the plate-cireuit efficiency dc'creaw^s linearly with the plate current. 
Using the numerical values found for the typt' 81 tuU‘ gives 

Vr * 40.6(1 - 4.827rf,) % 

Thus Vr decreases from 40.6 pt^r cent at no load to 24 per cent at full load. 

The current at which maximum power is obtained from the rectifier is readily found 
by equating the plate-circuit efficiency i^r to 20.3 and then solving for Idc> This leads 
to the value 104 ma for this tube. Note that this exceeds the rated current. A second 
method of obtaining the same result is to set Ri ^ Vp ^ 500 in Eq. (12-17). 

12-2. Ripple Factor. Although it is the purpose of a rectifier to convert 
a-c into d-c current, the simple circuit considered above does not achieve 
this. Nor, in fact, do any of the more complicated rectifier circuits have a 
truly constant output. What is accomplished is the conversion from an 
a-c current into a unidirectional current, periodically fluctuating com- 
ponents still remaining in the output wave. It is for this reason that filters 
are frequently used in order to decrease these a-c components. A measure 
of the fluctuating components is given by the ripple factor r, u hich is de- 
fined as 

rms value of the alternating components of the wave 
average value of the wave 


This may be written as 


r 


^ rms -^rms 

Ide Edc 


( 12 - 20 ) 


where the terms and denote the rms value of the a-c components 
of the curreat and voltage, respectively. 

In order to measure the ripple factor of a given rectifier system experi- 
mentally, the measurement of the ripple v^tage or the ripple current in 
the output should be made with iastrupaerits that respond to higher than 
power frequencies, so that the contributions from the higher harmonic 
terms will be recorded. These n]ii|mrements may be made using a *^square- 
law^^ voltmeter of either the timipooouple or the vacuum-tube type. A 
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capacitor must be used in series with the input to the meter in order to 
**block^^ the d-c component. This capacitor charges up to the average 
value of the voltage and only the ripple components in the wave are re- 
corded by the meter. 

An analytical expression for the ripple factor, defined in Eq. (12-20), is 
possible. By noting that the instantaneous a-c component of current is 
given by 

% = t 

then 

/m,/ ^ - ^ 

The first term of the integral becomes simply IrmJ^ of the total u ave. Since 
1 

— I t da is Idc by definition, then the second term under the integral 
2Tr Jq 

sign is 

i-2Idc)(Idc) = 

The rms ripple current then becomes 


/m..' = - 2/<y/ + - la? 

By combining these results with Eq. (12-20), 


r 


^IrnJ - Idc^ 



(12-21) 


This result is independent of the current wave shape and is not restricted 
to a half-wave vacuum diode. In the case of the half-wave single-phase 
rectifier, the ratio r r /9 • 

= = - = 1.57 

^dc 2 


from Eqs. (12-6) and (12-8). Hence 

r = Vl.57* - 1 = 1.21 (12-22) 

This result indicates that the rms ripple voltage exceeds the d-c output 
voltage. This shows that the single-phase half-wave rectifier is a relatively 
poor device for converting arC into d-c current. 

12-^. Single-i^iase Full-wave Vacuum Rectifier. The circuit of the 
single-phase full-wave rectifier is shown in Fig. 12-8. This circuit is seen 
to comprise two half-wave circuits which are so connected tibat conduction 
takes place through one tube, during one half oi the power c^cle and 
throui^ the other tube during the second half of the power cycle. 
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The current to the load, which is the sum of these two currents, has the 
form shown in the oscillograms of Fig. 12-9. The d-c and rms values of 


&"•" " J 



— i 

1 i 

|1 




Actual Equivalent 

Fig. 12-8. Schematic wiring diagram and equivalent circuit of a full-wave vacuum 
rectifier. 

the load current in such a system are readily found, from the definitions 
(12-5) and (12-7), to be 

he = — = \ (12-23) 

TT V2 

where 7^ is the maximum value of the current wave. The d-c output power 
is, therefore, /o \2 i? 2 u 

- (;) 

It is noted, by comparing Eq. (12-23) with Eq. (12-6), that the d-c current 
supplied to the load for the full-wave connection is twice that for the half- 


(isSlIs:, 

.n 



" xri' 

utils' 


Pio. 12*9. The traarformer voltage, the individual tube currents, and the load-current 
wave forms in a dngie-phase full-wave rectifier. 
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wave connection, whence the power delivered to the load is larger by a 
factor of 4 in the full-wave circuit. However, the power depends upon the 
circuit constants and parameters in the same way as for the half-wave 
circuit. 

A little thought should convince the reader that the input power sup- 
plied to the plate circuit in the full-wave case is given by the same expres- 
sion as for the half-wave case, viz., 

Pi = /rn.a"(rp + Ri) (12-25) 


The efficiency of rectification of the rectifier is then easily found to be 


Pdc 81.2 

ry, = — X 100 = 

Pi 1 + r^/Ri 


% 


(12-26) 


This expression shows a theoretical maximum twice that obtained for the 
half-wave circuit. 

The required current ratio that app)ears in the expression for the ripple 
factor is 

^ rma ^ ^m/ \/ ^ j j j 

he 2Im/ IT 


The ripple factor for the full-wave circuit is, from Eq. (12-21), 

r = Vl.ll* - 1 = 0.482 (12-27) 


A comparison of this value with the value given by Eq. (12-22) for the 
half-wave circuit shows that the ripple factor has dropped from 1.21 in 
the half-wave case to 0.482 in the present case. Clearly, therefore, the 
full-wave circuit gives more efficient rectification with a larger fraction of 
the a-c input power being converted into d-c power. 

The d-c output voltage is given by 


Eic ider, (12-28) 

ir 

Full-wave rectification may be accomplished through the use of two 
separate tubes or by the use of tubes that are so constructed as to contain 
both elements within a single envelope, such as the type 80, 82, and 83 
tubes. In either case, a center-tapped transformer must be used. 

Let us consider the diagram of Fig. 12-8 from the point of view of peak 
inverse voltages. Suppose that tube 1 is conducting, whence tube 2 is 
in the nonconducting state. Except for the i^fp drop in tube 1, the peak 
potential between the transformer mid-point and the cathode is Em, the 
transformer maximum value. This is the voltage that appeaft across the 
load Ri. But the potential difference between the mid-point and the anode 
of tube 2 is also Em, ao that the potential bet^veen the eatliode and anode 
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of tube 2 is 2£m- Hence, the peak inverse voltage of each diode in a full- 
wave system is twice the transformer maximum voltage to center tap if 
the tube drop is neglected. 

The conditions imposed on the insulation between the primary and the 
secondary of the filament heating transformer are the same as those which 
exist in the case of the half-wave circuit. Thus, if the negative of the 
system is grounded, it is necessary to use a filament transformer having 
interwinding insulation that will withstand the full d-c potential. If the 
positive of the system is grounded, this insulation stress will not exist, 

12-4, Circuits with Gas Diodes. Although the general characteristics of 
the circuits for diode operation remain substantially unchanged when the 




(b> 


Fig. 12‘10. (a) Idealized voltage^mpere characteristic of a gas diode. The breakdown, 
maintaining, and extinction voltages are all assumed to be equal to Eq. (h) The equivalent 
circuit for a half-wave rectifier using a gas diode. 


high-vacuum diodes are replaced by gas-filled or vapor-filled tubes, cer- 
tain differences do exist. 

A gas tube will not conduct until the potential difference between the 
anode and the cathode reaches the breakdown value. During conduction, 
a constant voltage drop will exist between the cathode and the anode. 
When the anode potential falls below the extinction voltage, conduction 
ceases. The situation is illustrated in Fig. 12-10; (a) gives the idealised 
volt-ampere chars^cteristic and (6) gives the equivalent circuit. The wave 
forms are indicated in Fig. 12-11, Actually, the breakdown and the ex- 
tinction potentials are not exactly the same, and as a result. Fig. 12-11 is 
only approximate. A more exact indication of the situation is illustrated 
in the oseiilpgrams of Fig. 12-12. 

In oscillogpram a, the peak alternating transformer voltage was adjusted 
to be b.6\/2 te: 7.92 volts, which is only slightly greater than the break- 
down voltage (7.8 volts) of the particular type 83 tube used. It is seen 
that conduf^on does not start until the transformer voltage has almost 
reached its peak value. Since the extinction voltage is less than the break- 
down value, conduction continues until the applied vdtage falls below the 




Fia. 12-12. Oseillograms which show that the point at which conduction begins in a 
gas-fiiled tube depends upon the relative values of the tube breakdown voltage and the 
magnitude of the applied voltage. (Type 83 tube— breakdown voltage - 7.8 volts.) 
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extinction value. This accounts for the small pulse of current that is 
delivered near the positive peak of each cycle. For oscillogram 6, the peak 
of the applied voltage was adjusted to 9\/2 = 12.7 volts. The angle at 
which conduction starts under these circumstances is obtained from the 
expression 7.8 = 12.7 sinai, from which it is found that ai = 38°. For 
oscillogram c the peak applied voltage was 23.5\/2 = 33.3 volts, from 
which it is found that the angle at which conduction starts is ai = 13.5°. 
In oscillogram d, the transformer voltage was 123 volts rms, and the con- 
duction starts almost immediately at the beginning of the cycle. Since, in 
most practical cases, the peak alternating voltage is very much larger 
than the tube drop, conduction continues for almost the entire half cycle. 

A limitation to the use of gaseous diodes of the mercury-vapor type lies 
in the fact that the electrons in the plasma of the discharge perform oscilla- 
tions of high frequencies.^ This high-frequency disturbance may prove 
annoying in certain cases, although it may be suppressed by connecting 
radio-frequency chokes in series with each anode lead 

Example. Calculate the regulation and efficiency of rectification of a half-wave circuit 
using a gas-filled rectifier tube. Assume that the constant tube drop during conduction 
Eo is small compared with the transformer secondary peak value Em^ 

Solution. The instantaneous load voltage ei equals the instantaneous transformer 
voltage less the constant tube drop. Hence, during conduction, 

€i «■ Em sin a — Eo 

The corresponding expression for the current is 


16 - 


Em s in g — Eo 
Ri 


The d-c voltage is found by taking the average value of ei. Thus 

Edc ^ ^ sin a - Eo) da 

2ir Joi 


where on is the angle at which the tube fires and on is the angle at which conduction 
ceases. However, if Em ^ Eo^ little error will be made by assuming that ai -• 0 and 
as » ir. By changing the limits as indicated, and carrying out the indicated integra- 
tion, there results 



Eo ^ Em /j Eo\ 

T “TV ^ 2 E^) 


( 12 - 29 ) 


This equativK?) does not contain the load current. This means, of course, that Edc 
remains constant, independent of the load current. Thus perfect regulation is indicated. 

To calculate the efficiency of rectification, it is liecemaxy to know the input power to 
the plate circuit. Thu is given by 


“ if “ if 
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where the limits have again hi^en taken £is 0 and tt instead of ai and at. 
sion reduces to 

■ 4/f/\ 

The d-c power to the load is 

Pic. “ Eichc - -- 

Ki 


Enr ( 

7r2/^A 2EJ 


This expres- 


(12-30) 


(12-31) 


The efficiency of rectification is, tliereforo, 

l\ic __ 4 

P 2 

I X ir 


1 - r-- 




2eJ 


X i 

IT Em 


(12-32) 


This expression shows that r)r is independent of the load current. If the numerator of 
Eq. (12-32) is divided by the denominator, and if all powiTs of Eo/Em higher than the 
first are neglected, this may l)e written in the form 

V, “ 40.6^1 - J ^ (12-33) 


To the same approximation as that of this problem, the ripple factor 
is given by / E \ 

r= 1.21 (l 4-0.5^) (12-34) 

The foregoing show that the result of using gas tubes in a rectifier circuit 
is to yield a slightly lower d-c output voltage and efficiency of rectification 
than the maximum possible values with vacuum ditxies. However, the 
values are substantially constant and independent of the load current, and 
under normal operation these values are generally higher than actually 
exist when vacuum diodes are used. The ripple voltage with gas tubes is 
slightly higher than with vacuum diodes. 

If the tube drop is very small compared with Em, the foregoing expres- 
sions reduce to 

E 

Edc - — = 40.6% r « 1.21 

These are exactly the values that would be obtained from the correspond- 
ing equations for the vacuum diode, if the plate resistance were set 
equal to zero. 

12-5. Other Full-wave Circuits. A variety of other rectifier circuits find 
extensive use. Among these are the bridge circuit, several voltage-doubling 
circuits, and a number of voltage-multiplying circuits. The bridge circuit 
finds ap|:^ation not only for power circuits but also as a rectifying system 
in re<^lis^-type a-c meters for use over a fairly wide range of frequencies. 
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The rectifiers for power application employ thermionic diodes of both 
the vacuum and gas types, whereas those for instrument use are ordinarily 
copper-oxide or crystal rectifiers. The essentials of the bridge circuit are 
shown in Fig. 12-13. 

In order to understand the aetion of the bridge circuit, it is necessary 
only to note that two tubes conduct simultaneously. For example, during 
that portion of the cycle when the transformer polarity is that indicated in 
Fig. 12-13, tubes 1 and 3 are conducting, and current passes from the posi- 
tive to the negative end of the load. The conduction path is shown on the 



Fig. 12-13. Single-phase full-wave bridge Fig. 12-14. The rectifier voltmeter. 

circuit. This is the single-phase full-wave 

bridge circuit of Fig. 12-13 with 
copper-oxide elements replacing the 
tubes, with a d-c ammeter replacing 
the load, and with the a-c voltage to 
be measured replacing the input 
transformer. 

figure. During the next half cycle, the transformer voltage reverses its 
polarity, and tubes 2 and 4 send current through the load in the same direc- 
tion as that during the previous half cycle. 

The principal features of the bridge circuit are the following; The cur- 
rents drawn in both the primary and the secondary of the supply trans- 
former are sinusoidal, and therefore a smaller transformer may be used 
than for the full-wave circuit of the same output ; a transformer without a 
center tap is used; and each tube has only transformer voltage across it on 
the inverse cycle. The bridge circuit is thus suitable for high-voltage 
applications. For example, if the output is 10,000 volts, then the peak 
inverse voltage across each tube is 10,000 volts. However, if a full-wave 
circuit were used, then the peak inverse voltage would be 20,000 volts. 
The transfojrmers supplying the heaters of the tubes must be property in- 
sulated for the high voltage. 

The rectifier meter which is illustrated in Fig. 12-14 is essentially a 
bridge-rectifier system, except that copper-oxide elements replace the 
tubes, and, of course, no transformer is required. Instead, the voltage to 
be measured is applied throui^ a multiplier resistor R, to two comers of 
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the bridge, a d-c milliaminieter being used as an indicating instrument 
across the other two corners. Since the d-c milliammet-er reads average 
values of current, the meter scale is calibrated to give rms values when a 
sinusoidal voltage is applied to the input terminals. As a result, this in- 
strument will not read correctly when used with wave forms which con- 
tain appreciable harmonics. 

A common voltage-doubling circuit, which delivers a d-c voltage approx- 
imately equal to twice the transformer maximum voltage at no load, is 
shown in Fig. 12-15. This circuit is operated by alternately charging each 
of the two capacitors to the transformer peak voltage Emj current being 
continually drained from the capacitors through the load. The capacitors 

also act to smooth out the ripple in the 
output. 

This circuit is characterissed by poor reg- 
ulation unless very large capacitors are used. 
The inverse voltage across the tubes during 
the nonconducting cycle is twice the trans- 
former voltage. If ordinary rectifier tubes 
are used, two separate filament transform- 
ers or one transformer with windings well 
insulated from each other must be used. 
The latter difficulty can be avoided in low- 
voltage systems by using special tubes, for 
example, the 25Z5, which is equipped with separated, indirectly heated 
cathodes, each being surrounded by its own anode. The heaters are con- 
nected in series internally but are well insulated from the cathodes. The 
action of this circuit will be better understood after the action of the capaci- 
tor filter is studied in Chap. 13. 

Circuits for obtaining nfold multiplication,’ n even or odd, are given in 
Probs. 12-15 and 12-16. 

12-6. Controlled Rectifiers. A number of applications exist which re- 
quire a controlled amount of current. These include electric welding 
operations, lighting control installations in theaters, motor speed control, 
and a variety of other industrial control applications. It is possible to 
vary the amount of current supplied to the load either by controlling the 
transformer secondary voltage or by inserting a controlling resistor in the 
output circuit. Neither of these methods is desirable. The first method 
may require expensive auxiliary equipment, and the second is characterized 
by poor efficiency. The development of thyratrons, ignitrons, and exci- 
trons has made control a relatively inexpensive process. 

It was pointed out in Sec. 11-4 that the presence of the massive grid 
structure between the cathode and the anode of the thyraixon to provide 
complete electrostatic shielding between these electrodes permits control 
of the initiation of the arc by controlling the grid potential. With an 



Fig. 12-15. The bridge voltage- 
doubler circuit. This is the single- 
phase full- wave bridge circuit of 
Fig. 12-13 with two capacitors re- 
placing two tubes. 
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applied a-c potential to the anode, the arc is extinguished once each ajter- 
nate half cycle provided that the arc is initiated regularly. The average 
rectified current can be varied over wide limits by controlling the point in 
each half cycle at which the arc initiation occurs. 

In order to analyze the action of a thyratron in a controlled rectifier 
circuit, use is made of the critical grid breakdown characteristic of Fig. 


Fig. 12-16. 
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12-16. This curve is sufficient to predict the behavior of the thyratron in 
the control circuit. This curve gives the minimum grid potential required 
for conduction to occur for each value of plate potential. Thus, if a sinus- 
oidal plate voltage is applied to the tube, the potential of the grid just to 
permit conduction at each point in the cyjcle is found from the critical grid 
curve. The important curves are illustrated in Fig. 12-17. In this figure 



Fig. 12-17. The sinusoidal plat« supply voltage and the corresponding critical grid 
(eg) curve for (a) a negative-control tube; (6) a positive-control tube* < 

the sine waves represent the plate potential as a function of time. On 
these same curves are drawn the critical grid (eg) voltages corresponding 
to these values of plate voltage. The critical grid curves for the negative- 
control tube' in Fig. 12-17a and for the positive-control tube in Fig. 12-176 
are obtained from the critical grid breakdown curves of Fig. 12-16, which 
are plotted for 36®C (the approximate operating temperature in air). 

The critical grid breakdown curve is drawn only for positive anode 
voltages, since conduction does not take place if the anode is n^j^tive. 
For the positive tube the critical grid curve is a straight line parallel to the 
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time axis, indicating that the breakdown voltage is substantially independ- 
ent of the anode potential. For the negative tube, a point-by-point plot is 
required to draw the critical grid curve, as in Fig. 12-17a. This is obtained 
from the critical grid starting curve as follows: Corresponding to any time 
t\ in the positive half cycle, the plate voltage eti is obtained from the im- 
pressed voltage curve. Then corresponding to this value C6i, the critical 


6r/cf 

mpuf 

voihge 



Fig. 12-18. A thyratron circuit with a-c plate and grid excitation. 


grid point egi (the minimum value of grid potential at which conduction 
will just take place) is read off the curve of Fig. 12-16. This point is plotted 
on Fig. 12-17a at the point corresponding to the time <i. (The grid-voltage 
values are so small that it is difficult to draw the critical grid curve to 
scale.) 

Suppose that the circuit is so arranged that the grid potential exceeds 
the critical grid breakdown value at some angle, say Conduction will 
start at this point in the cycle. The voltage drop across the tube during 



Fig. 12-19. The wave shape of the load current % in a thyratron. Conduction starts 
at the angle ip and stops at t — ^ in each cycle. The broken curve e is the impressed 
plate voltage. 


conduction of the thyratron, like that of any gas tube, remains substan- 
tially constant at a low value that is independent of the current. This 
tube drop is of the order of 10 to 15 volts. If the tube drop after conduc- 
tion has begun is denoted by the current that flows through a pure 
resistance plate load Ri during the time that the tube is conducting is 

Ri 


where Em, is the maximum value of the applied potential. This expression 
is seen to follow directly from the circuit ot Fig. 12-18. 

The resulting form of the output ciurent is illustrated in Fig. 12-19. The 
breakdown or icmisation time is so small * that it need not be taken into 
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consideration in moet applications. This accounts for the vertical rise in 
the plate-current curve at the angle tp. The current is seen to rise abruptly 
at the point corresponding to the angle y? and then follows the sine varia- 
tion given in Eq. (12-35) until the supply voltage e falls below at the 



Fig. 32-20. Oscillogram of plate currents for an FG-27A thyratron. The angles at 
which conduction began were adjusted to approximately 135 (bottom curve), 90, and 
46 deg, respectively. The top curve is the impressed plate voltage. 

phase X — yjQ- The current will remain zero until the phase ^ is again 
reached in the next cycle. Such results are illustrated in the oscillograms 
of Fig. 12-20. 

The average rectified current (the value read on a d-c ammeter) will be 



which integrates to 

E r E 

Idc “ cos #. + coe ^ ^ (it - (12-36) 

L Em J 

where a — cot and where tpo is the smallest angle defined by the relation 

Eq 5h Em rin <po (12-37) 


356 


ELECTRONICS 


If the ratio EotEm is very small, then <po may be taken as zero and Eq. 
(12-36) reduces to the form 


he = 


Em 

2irRi 


''(I + cos <p) 


(12-38) 


The limits of variation of the angle in Eq. (12-38) are from 0 to ir. 

This analysis shows that the average rectified current can be controlled 
by varying the position at which the grid potential exceeds the critical 
grid starting value. The maximum cur- 
rent is obtained when the arc is initiated 
at the beginning of each cycle; and the 
minimum current is obtained when the 
grid potential is applied at a point where 
no conduction occurs, viz., at the end of 
the positive half cycle. 

The voltages across the thyratron for 
the conditions illustrated in Fig. 12-19 
are shown in Fig. 12-21. The applied 


^^Supp/y vo/fagt 
V Tube 




A Eg Y w/hge 


Fig. 12-21. The wave shape of the anode 
voltage ct of a thyratron. During conduc- 
tion, between the angles tp and r — yjo, is 
a constant and equals the tube drop 
Eq. During the nonconducting portion of 
each cycle equals the plate supply volt- Fig. 12-22. Oscillograms of anode 
age- voltage for an FG-27A thyratron. 

The angles at which conduction 

vol^e ^pears the tube until con- ^ 

duction begins. After breakdown the tube jeg, respectively. The bottom 
voltage is a constant equal to Eq. When curve is the impressed plate volt- 
the applied voltage falls to such a low age- 
value that the tube is extinguished, then 

the tube voltage is again equal to the applied voltage. Figure 12-22 shows 
oscillograms of the tube vdtage for various starting angles. 
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The reading of a d-c voltmeter placed across the tube will be 
1 

Edc ~ ~ I ^'bdot 
2ir Jq 

] / ^2;. . 
= — (I Em sin a da + I Eq da -i- I Em sin a da J 

2 t \ Jq J ,p Jv—^pQ / 


This integrates to 


Eo Em 

Edc = — {it - <f>o — <p) (cos ip + cos ipo) (12-39) 

2 ^ 27r 


If Em ^ E(i, this reduces to 


Edc - — — (1 + cos V?) 

Jt'K 


(12-40) 


The appearance of the negative sign means that the cathode is more posi- 
tive than the plate for most of the cycle. This is in agreement with Fig. 
12-21. It is to be emphasized that a d-c voltmeter does not read if an 
a-c potential is applied to the plate. 

If the voltmeter is to read upscale, 
it must be connected with its positive 
terminal at the cathode. 

It should be noted that the d-c load 
voltage, is the negative of the d-c Q 
tube voltage [compare Eqs. (12-38) 
and (12-40)]. This follows from the 
fact that the sum of the d-c voltages 
around the circuit is zero. 

Example. A thyratron is connected ac- 
cording to Fig. 12-18 and supplies power to a 
200-ohm resistor load from a 230-volt source 
of supply. If the grid voltage is adjusted 
so that conduction starts 60 deg after the ^ 
start of each cycle, Njslculate the readings of 
the following meters: (1) an a-c ammeter 
in series with the load, (2) an a-c voltniet4*r 
across the tube, (3) a wattaneter inserted in 
the circuit so as to read the total power deliv- ^ 2-23. The wave shapes of the tube 

ered by the »-c supply. Assume that tlu* voltage in a thyratron. 

tul>e drop during conduction equals 15 volts. Conduction begins at tM) deg and (siii<?<* 

Solutian. Since Em » i?o» little (*rror will ^ ceas(*s at 180 ileg. 

Ih* made by assuming that conduf^tion 

continues until the end of each positive lialf cycle. The instantaneous current througli 
the tube and the voltage across the tube will have the forms idiown in Fig. 12-23. 
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1. The instantaneous current during the conduction is 


2dO\/2mva — 15 

200 

ib *■ 1*626 sin a ~ 0.075 


for - ^ a ^ IT 
o 


An a-c ammeter reads the rms value of the current wave. For the wave sketched, 



(1.625 sin a - 0.075)* da 


\ — r (2.65 sin* a - 0.244 sin a + 0.00564) da 

\ 27r Jr/3 


- VO.533 - 0.058 + 0.002 - 0.69 amp 
If the tube drop is neglected, then 


Irm. * \ ~ f (1625 sin a)* da - - 0.73 amp 

\ 2ir Jr/3 


The limits of integration are from 60 to 180 deg, the current being zero outside of this 
range. 

2, The a-c voltmeter reads the rms value of the voltage wave sketched. It is noted 
that between 0 and ir/3 the tube voltage equals the line voltage; between ir/3 and tt, 
it is constant and equal to J^o; and between x and 2ir, it again equals the line voltage. 
Thus, 

[X" +£'’"(230^2 sin a)* da j 

« 178 volts 


If the tube drop is neglected, then very little error is introduced. 

3. The instantaneous power from the a-c supply is the product of the instantaneou.s 
line current and the instantaneous line voltage. The wattmeter will read the average 
value of this product. Hence 

I 

P « — ( (1.625 sin a ~ 0.075)(230 V2 sin a) da » 101 watts 

2x Jr/3 

The integration extends only from v/S to ir, for there can be no power when the current 
is zero. If the tube drop is neglected, the calculated power equals 107 watts. 

12-7. Phase-shift Control. In the phase-^hift method of control, the 
point in each half cycle at which conduction will take place is varied by 
changing the phase angle between the plate and grid potentials. These 
conditions are illustrated in Fig. 12-24. In this figure the grid voltage Ec 
lags the plate voltage Eb by an angle Bj as indicated by the sinors that 
represent the sine waves. An examination of this figure shows that at the 
time corresponding to the phase <p the grid voltage just equals the critical 
breakdown value, so that conducticm starts at this point in the cycle. The 
arc will be extinguished, of course, when the plate potential falls to a 
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value too small to maintain conduction. These conditions are illustrated 
in the oscillogram of Fig. 12-25. 

It should be noted that the curve marked et in Fig. 12-24 (and also in 
Fig. 12-17) is really the plate supply voltage e and not the anode voltage. 



Fig. 12-24. Phase-shift control of a thyratron. The grid voltage eg lags the plate 
voltage eb by an angle $. Conduction begins at the angle <p at which the grid-voltage 
curve intersects the critical grid curve. The sinors which generate the plate and grid 
voltages are indicated to the left. 

However, before conduction begins in each cycle, e = Cb, and hence the? 
foregoing method of determining the angle <p at which conduction begins is 
valid. 

If the magnitude of the applied grid voltage is large compared with the 
critical grid voltage (appropriate to the plate potential at any phase), the 



Fig. 12-25. Oscillogram of the applied (J 20- volt rms) grid and plate voltages of an 
FG-27A thyratron and also of the resultant plate current. Note that conduction begins 
very close to the point at which the grid voltage crosses the zero voltage axis. 

angle <p is approximately equal to the angle $, Under these circumstances 
the critical grid curve may he assumed to coincide with the zero voltage axis. 
Furthermore, if the maximum value of the plate voltage is much larger 
than the tube drop, then Eq. (12-38) will give the dependence of d-c load 
current upon the phase angle for all values of ip for which the grid voltage 
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lags the plate voltage. When the grid voltage leads the plate voltage by 
any angle, an inspection of Fig. 12-24 reveals that conduction will occur 
very nearly at the beginning of each cycle. The maximum possible rectified 
current is obtained under these conditions. These results are illustrated 
in Fig. 12-26. 

It is observed from this curve that the current is very small for an angle 
slightly less than 180 deg. For an angle slightly larger than 180 deg, the 
plate current suddenly rises to its full value. Since, when the grid is 180 
deg leading, the tube will be on, and, when it is 180 deg lagging, the tube 
will be off, the 180-deg point is a critical one. This critical point may be 



Fig. 12-26. The average load current as a function of the angle between the grid and 
plate voltages. The tube drop has been neglected, and the critical grid characteristic 
has been assumed to coincide with the zero voltage axis. 

obtained in the laboratory by using a phase-shifting system that allows a 
shift through the 180-deg point. 

For those cases where a small plate potential or a small grid potential 
may be employed, the generalization that ip ^ d will no longer be valid. 
Such cases can, however, be analyzed by drawing the plate, grid, and 
critical grid curves to scale in the manner shown in Fig. 12-24. Under 
some extreme conditions, it may be found that ip differs considerably from 
B. Also, if the tube drop is not negligible compared with the peak plate 
voltage, the d-c plate current will be given by Eq. (12-36) and not by the 
simplified expression (12-38). However, the approximations introduced 
above, viz., the neglect of the tube drop and the assumption that the criti- 
cal grid curve coincides with the zero voltage axis, are valid in many 
practical problems. 

12-8. Phase-shifting Circuits. A number of methods exist by which the 
phase between the plate and grid voltages may be varied. A direct way is 
to employ a polyphase phase shifter. These devices are es^ntially wound- 
rotor induction motors, generally with unity transformation ratio, the 
rotor of which may be set at any fixed desired angle with respect to the 
stator. The primary is excited with a three-phase supply. This causes a 
rotating magnetic field to be set up, the phase of the emfs induced in the 
secondary windings being a function of the angular position of the rotor. 
A so-called “three-phase selsyn” may be used for this purpose in exactly 
this way. 
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The more customary method of shifting the phase is through the use of 
simple phase-shifting networks. The phase-shifting network of Fig. 12-27 
is frequently employed.^ The cathode return K is connected to the mid-point 
of a single-phase system. "Phe phase between the grid 
and plate voltages is controlled by means of the two 
impedors Zi and Z 2 , arranged as shown. 

In order to analyze this phase-shifting network, it 
is convenient to draw a sinor diagram of this circuit. 

This is done for the case where 


and 


= /? (a resistor) 

Z 2 = toL (an inductor) 



Fig. 12-27. A simple 
network which allows 
the phase of the grid 
voltage to be shifted 
with respect to the 
phase of the plate 
voltage. 


The voltage notation conventions used here are ex- 
plained in Appendix VIII. The reader is urged to study 
these carefully before proceeding further; otherwise, 
the diagrams which follow may not be clear to him. 

The first step in the analysis is to label the cathode, plate, and grid with 
the letters A, P, and G, respectively. Other lett^ers (a, 6, and h) are also 
added at the junction points in the network. Conditions are then consid- 
ered before conduction begins in each cycle. The plate current, the grid cur- 
rent, and the cathode current are all zero before conduction begins, and the 


^ horG jr, 



Fig. 12-28. Before conduction 
Ixjgins in each cycle the circuit 
of Fig. 12-27 reduces to this 
network. 



Fhj. 12-29 Circle diagram for the 
<'ircuit of Fig. 12-27 for conditions l)e- 
fore tronduction starts in each cycle. 
The diagram is used to determine the 
phase angle 6 between the plate and 
grid voltages. 


tube may be removed from the circuit without any effect. The simple 
network of Fig. 12-28 is obtained. Before conduction, there is no voltage 
drop in the load resistbr and points h and P are at the same potential 
as indicated on the diagram. Similarly, h and Q are at the same potential. 

The sinor diagram is given in Fig. 12-29. The voltage drop Epa from 
P to a is drawn along the horizontal axis. Since the cathode is connected 
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to the mid-pomt of the system, then the point K is located midway between 
the end points a and P of the sinor Epa. Since the circuit is inductive, the 
current I lags the voltage Epa- The IB drop from G to a is in phase with 
the current, and the IXi drop leads the current by 90 deg. The sum of 
these two drops must, of course, equal the line voltage drop Epa. The 
angle aOP is a right angle. As either i? or L is varied, the point G has as 
its locus a semicircle whose diameter is the voltage drop Bpa = 2B or 
whose radius is E. This is referred to as a ''circle diagram/' 

Since the points K and G are already located on the diagram, then the 
sinor Egjfc can be drawn between them. The sinor diagram shows that the 
grid voltage E^* lags the plate voltage Ep* by the angle $. As either R or L 
is varied, this angle changes but the magnitudes of both the plate and the 
grid voltages remain constant and equal to the input voltage E. 

With the system of Fig. 12-27, the load current will decrease as the 
resistance decreases, provided that Xi, \% constant. This result is evident 
from the following: If R decreases, I increases, IX l will increase, and the 
angle d increases. From Fig, 12-26, it is seen that Idc decreases as B in- 
creases. The phase angle can be obtained from Fig. 12-29. The result 
is seen upon inspection to be 

B Z2I Z2 

tan~ = — = — a2.41) 

2 ZJ Zi 

where 

Z2 Xl = wL 

and 

Zi^R 


If Zi and Z 2 are interchanged, then a sinor diagram similar to the fore- 
going for the new conditions indicates that now B becomes an angle of lead 
of the grid voltage over the plate voltage. For this case there can be no 
control over the magnitude of the rectified current, Ide remaining constant 
and independent of B, as indicated in Fig. 12-26. 

A similar analysis shows that for the case where Zi » l/oC and Z 2 “ Ry 
the angle B is also given by Eq. (12-41). Here with Xc held constant and 
R adjustable, the rectified plate current decreases as R increases. The 
possible arrangements for L and C constant, with an adjustable R, are 
tabulated. 


Zi 

Z2 

Control 

B 

Xl 

7^0 increases as B increases 

Xl 

B 

No control; maximum conduction 

B 

Xc 

No control; maximum conduction 

Xc 

B 

Idc decreases as B increases 
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The quantity R that appears in the phase-shift circuit need not neces- 
sarily be an ohmic resistor but may be a thermionic tube whose resistanf‘e 
is varied by changing one of the control voltages; it may be a photocell 
whose resistance varies with illumination; or it may be any other resistor. 
Of course, R could be maintained fixed in 
any of these circuits, and the phase angle 
could be controlled by varying L or C, 

Numerous other phase-shifting networks 
exist. The following illustration shows an- 
other such circuit: 

Example. Two similar capacitors C and two sim- 
ilar resistors R are employed in the phase-shifting 
network sketched in Fig. 12-30. Show that phasr.- 
shift control of the thyratron is obtained by varying 
C. In particular, if R * 10® ohms and C « 0.001 /if, 
what will be the d-c plate current through the 200- 
ohm plate load? 

Solution. Since the plate and grid voltages are 
large, little error is made by neglecting the tube drop and by assuming that the critical 
grid curve coincides with the zero voltage axis. 

The first step in the analysis is to label the cathode, plate, and grid with the letters 
K, Pf and G, respectively. Other letters are also added at the junction points in the 
network as shown. Before conduction l>egins in each cycle, the tube represents an 
open circuit and the network of Fig. 12-30 reduces to that shown in Fig. 12-31. 

To construct the sinor diagram of the control network, the grid transformer secondary 
voltage siuor Eba is taken, for convenience, along the horizontal axis in Fig. 12-32. 



Fig. 12-30. A phase-shifting 
network for thyraton control. 



Fig. 12-31. The equivalent 
circuit of the network in 
Fig. 12-30 before conduc- 
tion begins in each cycle. 



Fig. 12-32. Circle dia- 
gram for the network of 
Fig. 12-30. 


The currents through both parallel branches bga and bka are equal, sinoe each circuit 
contains the same elements R and C. This current is denoted by 1, and it leads the 
voltage Bba, since each branch is capacitive. The voltage drop from point k to point a 
equals IR and is in phase with I. Similarly, the voltage drop from 6 to 1: is E** — IXc 
and lags 1 by 90 deg, since Xc is a capacitive reactance. Sinoe the sinors Uka and Em 
are mutually perpendicular, this locates the point A; on a semicircle with Ebo as the 
diameter and drawn above the horiaontal axis. 
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By employing a similar analysis, the point g is located on a semicircle with Bba as 
diameter but drawn below the horizontal axis. 

This is show’n by the broken semicircle in Fig. 12-32. The grid voltage Egk is seen 
to be equal in magnitude to the secondary grid transformer voltage and is therefore 
independent of the particular values of R and C. The angle between and Eba is 
ff and represents the angle between the grid and plate voltages. This follows from the 
fact that Bb'a' Epft (before conduction starts in each cycle) and £ba is either in phase 
with or 180 deg out of phase with Ea'a'- 

When Eba is 180 deg out of phase with Efe/a/, the angle 0 is one of lead of grid voltage 
over plate voltage and so no control of the output current is possible. Hence the maxi- 
mum current will flow for all values of 6. If E6'o' is in phase with Eba, then the current 
can be controlled from zero to a maximum value by varying C from very large values to 
very small values. 

It is seen from the geometry of the circle diagram that 

^ R 

tan - * 

2 Xc 

For the present case with ft «■ 10* ohms, C ■■ 0.001 /if, and w «■ 120 t, then tan (B/2) «* 
0.377, from which d = 41.2°. By Eq. (12-38), the d-c current is found to be 

(1 4- cos 41.2°) 0.87 amp 

400 JT 

12-9. D-C Bias Control. It is possible to control the magnitude of the 
average rectified current of a thyratron by varying the d-c grid bias voltage 
on the tube. An a-c plate supply voltage must be used. This is called the 
“bias-contror^ method. The operation of this method of control is most 
easily understood by referring to Fig. 12-33. 

The tube will conduct at the point where Ec intersects the critical grid 
curve, the angle ^ of the diagram. Clearly, if the negative grid voltage is 

too large (Ec > E'), the grid-voltage 
line will not intersect the critical grid 
characteristic and conduction will not 
\)e possible. The maximum negative 
bias is that for which the grid voltage 
line is tangent to the critical grid 
curve, and the tube conducts for one- 
quarter of the cycle. For less nega- 
tive values of the bias voltage, the 
angle <p at which conduction begins is 
less than 90 deg. Control is evi- 
dently possible over the range from 
full c(Hkductian to hidf conduction. 

A curve showing the variation of the d-c plate current with bias voltage 
is shown in Fig. 12-34. As predicted, the plate current can be varied from 
a maximum value to a value about one-half of this maximum. If one 



Fig. 12-33. The biaa method of con- 
trol. Conduction starts at the phase 
^ at which the d-c grid voltage Be 
equals the critical grid voltage. 
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attempts to obtain smaller values of rectified current, the tube ceases to 
conduct and the current falls to zero, as shown. An unstable critical con- 
dition analogous to that which prevails in the phase-shift method of con- 
trol for B = 180® occurs here at the point ip = 90°. 



Fig. 12-34. The average plate current in a thyratron as a function of the d-c gi*id 
voltage in the bias method of control. 


12-10. Bias Phase Control. It is a shortcoming of the d-c bias method 
of control discussed in Sec. 12-9 that it provides control only over the 
range from maximum current to approximately one-half this value. It is 
possible to extend the range of control from the maximum value to zero 
by combining a-c and d-c grid excitation, 
illustrated in Fig. 12-35. The RC network 
serves to provide a fixed shift between the 
grid and plate voltages. Control is then 
obtained by varying the d-c grid bias Ec 
either positively or negatively. 

Suppose, for convenience, that R = Ac. 

The a-c grid voltage will then lag the plate 
voltage by 45 deg and will ha\^e a maxi- 
mum value that is 0.707 times the maxi- 
mum of the plate voltage, as can easily be 
seen from a simple sinor diagram. Assume 
also that the critical grid curve coincides 
with the ifiero voltage axis. Then, with 
zero bias Ec ^ 0, conduction will start at 
the 45-deg point in each positive half cycle, as shown in Fig. 12-36a. From 
EJq. (12-38) the d-c current is closely approximated by 

/' 

Ide « — (1 + COS 
A 


A circuit for such control is 


P 



Fig. 12-35. A circuit for bias 
phase control of a thyratron. The 
grid voltage is the sum of the a-c 
voltage across the capacitor C and 
the d-c bias voltage 


(12-42) 



Fia. 12-36. Current variations with bias phase control. The phase angle between 
plate and grid voltages is kept constant at 45 deg, and the bias voltage is varied: (a) 
1 0; (6) Ec negative; (c) Ec positive. The sinors generating the Eb and Ec curves 
are shown at the left. 

where /' = E^n/'irRi represents the maximum possible d-c current. For 
<P “ 45 °, 

— = - (1 + cos 45°) = 0.85 

r 2 

This is indicated in Fig. 12-37. 

If now a negative d-c bias is applied, this is equivalent to sliding the eg 
curve downward with respect to the et curve. This is indicated in Fig. 
12-366. The a-c grid voltage Cg intersects the zero voltage axis farther 
along in the cycle, and the plate current is decreased. It can be seen from 
the diagram liiat the minimum rectified current will exist when the nega- 
tive bias Ec equals the peak a-c grid voltage Egm- Conduction will then 
start at an angle ^ = 135®. Under tfiis condition, /<*«//' = |(1 + cos 135®) 
» 0.15. If the d-c bias is made more negative than this value, no conduc- 
tion is possible. 
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If the bias is made positive, this is equivalent to sliding the €g curve 
upward with respect to the €b curve. Conduction will start at some angle 
that is smaller than 45 deg. This is shown in Fig. 12-36c. An inspection 
of this diagram shows that when the d-c bias equals 0.707 times the peak 
grid alternating voltage (Ec = 0.707J&g,n), conduction will take place over 
the full half cycle and maximum current will be delivered. 

A plot of Idc/E as a function of Ec/Egm is given in Fig. 12-37. Different 
shapes of control curves of this type are obtained for each phase-shift 
angle. An angle of lead results in a quite different control characteristic 
from the same angle of lag. The method of obtaining these control curves 



Fig, 12-37, The control characteristic of 
the network in Fig. 12-35. 



Fig. 12-38. Linear control is obtained 
with the bias phase method if the grid 
voltage lags the plate voltage by 90 deg. 


is summarized as follows: The sinor E*, is drawn horizontally, and the 
sinor Ec is drawn at the given angle with respect to it. Then the e& and 
curves are drawn as the vertical projections of the corresponding sinors, as 
they are imagined to rotate in a counterclockwise direction. This ensures 
the proper orientation of the a-c grid voltage with respect to the plate 
voltage. The entire analysis may be invalid unless this is done carefully. 
The €g curve is now moved upward for a positive d-c bias and downward 
for a negative d-c bias. The angle at which the eg curve intersects the zero 
voltage axis is noted for each value of bias, and the corresponding d-c cur- 
rent is calculated from Eq, (12-42). 

One special case is of importance. If the phase-shift angle is 90 deg \vith 
the grid voltage lagging the plate voltage, then linear control from zero to 
maximum cunent is obtained as illustrated in Fig. 12-38 The proof of 
this statenfient is left to the reader (Prob. 12-30c). 

12-11. Oarpff Control. A variety of circuits exist which permit on-off 
control of a thyratrctti. Such circuits would be used whwi it is desired to 
use the thyratron as an arcless switch or contactor. 

Consider a positive-grid thyratron which operates with a-c cun*ent on 
the plate and with a d-c bias on the grid. The critical grid characteristic 
is a straight line, as can be seen from Fig. 12-16. If the grid voltage is mom 
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positive than this critical grid voltage, conduction takes place. If the grid 
voltage is less than this critical value, the tube does not conduct. Thus the 
tube acts as a power switch, with the grid controlling the *^on^^ or “off^' 
status. 

There are other instances when continuous control is not obtained, only 
an on-off control being exercised. Consider, for example, the phase-shift 
control circuits of Sec. 12-8. It is seen from Fig. 12-26 that if the circuit 
parameters are so adjusted that the phase shift between the grid and plate 

potentials is in the neighborhood of 180 
deg either full rectified current or zero cur- 
rent is obtained. 

Another example of ou-off control is illus- 
trated in the circuit of Fig. 12-39. The 
switch S serves as an arcless contactor to 
control considerable power through the 
load Ri. With S open, no conduction 
occurs since Ecc is so adjusted that it is 
more negative than the maximum negative 
critical grid value (the voltage E' of Fig. 
13-33). When the switch ^8 is closed, the 
grid is tied to the cathode and approximately maximum rectified current is 
delivered. The resistor R sei^’es to prevent short-circuiting the battery 
Ecc when S is closed. The resistor Rg is large enough to keep the grid cur- 
rent after breakdo^vn within safe limits. 

12-12. D-c Operation of Thyratrons. Since the grid provides a means of 
initiating the discharge but not of extinguishing it, the plate voltage must 
be reduced below the extinction voltage before conduction will cease. In 
those circuits considered above, the application of an a-c plate voltage 
resulted in arc extinction once each cycle. If the thyratron is operated 
with a d-c voltage applied to the plate, then for control, it is necessary that 
some means be provided for extinguishing the arc. This can be accom- 
plished manually by opening a s^vitch in the plate circuit, by means of a 
relay in the plate circuit, or by suitable electrical means. 

A variety of electrical methods exist for extinguishing the arc in a thyra- 
tron. In one method, a series LC circuit is connected between the plate 
and the cathode With such an oscillatory circuit, the output when the 
tube fires will be a pulse of current that tends to oscillate from a positive 
to a negative value. Since the tube cannot pass a reverse current, the arc 
will be extinguished. This method has been used to permit voltage pulses 
applied to the grid to be recorded on a mechanical counter in ttie plate 
circuit. 

A second method, which is used extensively for the generation of rectan- 
gular pulses oi relatively short duration, is quite like tiiat just described 



Fia. 12-39. An on-off thyratron 
control circuit. With the switch S 
open the tube does not co.iduct. 
With S closed the tube conducts 
for approximately 180 deg in each 
cycle. 
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except that an open-circuited artificial transmission line replaces the LC 
circuit.*^ 

Many other electrical circuits exist which effectively open the plate 
circuit.** In one such circuit one thyratron is used as a means for extin- 
guishing the arc in a second thyratron (see Prob. 12-43). 

12-13. Control of Ignitrons. The general features of the ignitron are 
discussed in Sec. 1 1-8. In this tube, the arc is established once each cycle 
of the applied power by means of a high-current surge to the ignitor cir- 
cuit. Since ignition may be estab- 
lished at any point in the cycle, then 
control of the average anode current 
is possible. 

The fundamental circuit of the 
ignitron for simple rectification with- 
out phase control is illustrated in 
Fig. 12-40. The wave forms of the 
anode voltage, the anode current, 
and the ignitor current are also 
shown. Conduction occurs if the 
anode potential is sufficiently posi- 
tive to maintain the arc that results 
from the ignition spark. After con- 
duction begins, the anode-cathode 
voltage across the ignitron is the arc 
drop (about 10 to 20 volts). If this 
is less than the maintaining voltage 
of the diode, the current through the 
ignitor rod falls to zero. These con- 
ditions are illustrated in the figure. 

If the drop across the ignitron is 
greater than the diode maintaining voltage, the ignitor-rod current is not 
reduced to zero but falls to a small value. 

The series rectifier serves two purposes, to limit the ignitor current after 
ignition on the positive half cycle to a small value (or zero) and to prevent 
inverse currents on the negative half cycle. The instantaneous power re- 
quired by the ignitor is relatively high, although the total energy involved 
is small, owing to the short time interval during which the ignitor operates. 
Hence, the average ignitor power is small. 

The instantaneous power required for ignition is considerably higher 
than that required by the grid circuit of a thyratron, and the general 
methods of control of thyratrons are not applicable to ignitron control. 
A common method of control utilizes a thyratron in the circuit. In this 
method, which is illustrated in Fig. 12-41, the point of ignition in each 



Ignihr 
, current 


Fig. 12-40. A simple ignitron circuit and 
the wave forms of the anode voltage, anode 
current, and ignitor current. 
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cycle is controlled by controlling the breakdown point of the thyratron, 
which is in series with the ignitor rod. The grid-control circuit of the 
thyratron may be any of those studied above, viz.^ a phase shifter, a phase- 
shifting network, etc. It should be noted that in this circuit, the ignitor 
current passes through the load. This may not be desirable in some ap- 
plications and can be avoided by using the circuit of Fig. 12-42. In this 
circuit the thyratron plate current, which is also the ignitor current, is 


It, 


hnifron „^yrafron 



I 

Grid contra/ 
circuit 


Fig. 12-41. An ignitron controlled by means of a thyratron. 


supplied by the energy stored in the capacitor C in the thyratron plate 
circuit. 

To understand the operation of this circuit, suppose that the thyratron 
is nonconducting. The capacitor C will become charged to the peak value 
of the transformer voltage through the series gas diode. This auxiliary 
charging circuit must be so connected as to provide the capacitor polarity 
as shown. It must also be phased properly with respect to the ignitron 
supply transformer as shown by the polarity markings on Fig. 12-42 so 
that the capacitor is charged during the half cycle when the ignitron anode 



Fig. 12-42. An ignitron control circuit in which the ignitor-rod current does not pass 
through the load Ri, 


is negative. If the thyratron grid voltage is now adjusted so that conduc- 
tion will occur, the capacitor charge will flow through the thyratron and 
ignitor-rod circuits and breakdown will occur provided that the ignitron 
anode voltage is sufficiently positive. 

The current surge through the thyratron and ignitor-rod circuit will 
quickly discharge the capacitor. As a result the thyratron plate current 
will fall below that necessary to maintain the arc, and the current through 
the thyratron and ignitor-rod circuit will fall to zero. The diode rectifier 
must now supply enough current to (charge the capacitor again before the 
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cycle is over so that the plate voltage of the thyratroii will be at its full 
value when the grid again assumes control. This action is repeated in 
each cycle. 


PROBLEMS 


12 - 1 . A type 1-V vacuum diode whose internal resistance is 200 ohms is to supply 
power to a 1,000-ohm load from a 300- volt (rms) source of supply. Calculate 

а. The peak load current. 

б. The d-c load current. 

c. The a-c load current. 

d. The d-c tube voltage. 

c. The total input power to the plate circuit. 

/. The efficiency of rectification. 

g. The percentage regulation from no load to the given load. 

12 - 2 . Show that the maximum d-c output p^)wer in a half-wave single-phase circuit 
occurs when the plate resistance equals the load resistance. 

12 - 8 . Prove that the regulation of both the half-wave anel the full-wave rectifier 
is given by 

% regulation “ X 100% 

Ri 


12 - 4 . A full-wave single-phase rectifier consists of a double-diode tube (type 80) the 
internal resistance of each element of which may be considered to be constant and equal 
to 500 ohms. These feed into a pure resistance load of 2,000 ohms. The secondary 
transformer voltage to center tap is 280 volts rms. Calculate 

a. The d-c load current. 

b. The d-c current in each tube. 

c. The a-c voltage across each diode. 

d. The d-c output power. 

e. The efficiency of rectification. 

/. The percentage regulation from no load to the given load. 

12-6. Verify Eq. (12-34), which gives the ripple factor in a half-wave gas-tube circuit. 
12 - 6 . Show that the input power t/O the plate circuit of any rectifier circuit using 
gas diodes may be expressed in the form 

Pi •“ IrmaRl + 

where the symbols liave the meanings used in the text. 

12 - 7 . Gas diodes arc used in a full-wave circuit. 
a. Show that the d-c current is 


Idc 


kRi 


cos ai — 



where sin Eo/Em and it is assumed that the maintaining and extinction voltages 
equal Eo, 

b. Show that the efficiency of rectification is 

cos sin ai 

— 

r T 

“ — ai — Sin oi COS ai 
2 


X 100% 
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12-8. A gas diode is used in a half-wave circuit to supply a 500-ohm resistor from the 
220-volt a-c mains. The breakdown and maintaining voltages are constant at 10 volt s. 
Calculate the readings of the following inatrumenta: 

a. A d-c ammeter in series with the load. 

b. An a-c ammeter in series with the load. 

c. A d-c voltmeter placed across the tube. 

d. An a-c voltmeter placed across the tube. 

e. A wattmeter whose current coil is in series with the load and whose voltage coil 
is across the input. 

/. The efficiency of rectification. 

12-9. A mercury-vapor diode is used in a half-wave circnit to supply power to a 
15-ohm resistor from a 12-volt rms source of voltage. Assume that the breakdown and 
maintaining voltages of the tube are constant at 12 volts. Calculate 

a. The peak load current. 

b. The phase angles in each cycle at which conduction starts and stops. 

c. The d-c load current. 

d. The a-c load current. 

e. The d-c load power. 

/. The efficiency of rectification. 

12-10. A high-pressure gaseous rectifier (see Sec. 11-3) is used to charge a 6-volt 
battery at a 6-amp charging rate. The tube drop is constant at 10 volts. The filament 
input is 18 amp at 2.2 volts. If the 120- volt a-c mains are applied directly, calculate 

a. The value of the series resistor needed. 

b. The over-all efficiency. 

If the 120- volt d-c lines are used instead of the arc lines, calculate the quantities called 
for in (a) and (5). 

Assume that the battery resistance is constant at 0.05 ohm and that the battery 
voltage is constant at 6 volts throughout the charging process. 

12-11. In the full-wave single-phase bridge, can the transformer and the load be 
interchanged? Explain carefully. 

12-12. A 1-ma d-c meter whose resistance is 10 ohms is calibrated to read rms volts 
when used in a bridge circuit using copper-oxide elements. The effective resistance 
of each element may be considered to be zero in the forward direction and infinite in 
the inverse direction. The sinusoidal input voltage is applied in series wdth a 5,000-ohm 
lesistor. What is the full-scale reading of this meter? 

12-18. Find the minimum insulation voltage required of each of the filament trans- 
formers in a voltage doubling circuit if 

a. The positive side of the output is grounded. 

b. The negative is grounded. 

The peak alternating voltage is Em. 

12-14. The circuit shown is a half-wave voltage 
doubler. Analyze the operation of this circuit. Cal- 
culate 

o. The maximum possible voltage across each ca- 
pacitor. 

b. The peak inverse voltage of each tube. 

c. The cathode-to-ground insulation stress. 
Compare this circuit wdth the bridge voltage doubler 
of Fig. 12-15. In this circuit the output voltage is 
negative wdth respect to ground. Show that if the 

cotmections to the cathode and anode of each lube are interchanged, the output voltage 
will be positive with respect to ground. 
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12-16. Tlie circuit of the preceding problem can be extended from a doubler to a 
fiuadrupler by adding two lubes and two capflcitors ns shown, (n) and (b) arc alternate 
ways of drawing the same circuit. 

a. Analyze the operation of this circuit . 

b. Answer the same questions as those asked in Rrob. 12-14. 



Prob. 12-15. 

c. Generalize the circuit of this and the preceding problem so as to obtain n-fold 
multiplication when n is any even number. In particular, sketch the circuit for sixfold 
multiplication. 

d. Show that n-fold multiplication, with n odd, can also be obtained provided that 
the output is properly chosen. 

12-16. By connecting two half-wave doublers of the type illustrated in Prob. 12-14 
to the same input, show that it is possible to obtain a full-wave quadrupler. Explain 
the operation of this circuit. 

12-17. Explain, wdth the aid of a circuit diagram, exactly what happens in a full-wave 
single-phase circuit employing two single-anode tank rectifiers when an arc back occurs. 

12-18. A controlled rectifier is adjusted so as to fire at an angle in each cycle. The 
peak of the applied alternating voltage is Em, and the load resistor is Ri. Derive ex- 
pressions for 

a. The rms tube current. 

b. The rms voltage drop across the tube. 

c. The total output power. 

Assume that the tube drop is negligible in comparison with Em- 

12-19. The arc drop in a certain thyratron is 10 volts. The tube is operated from a 
440-volt rms sinusoidal source. The load is a resistance of 100 ohms. Calculate the 
average value of the plate current 

o. When the grid and plate voltages are in phase. 

b. When the grid voltage lags the plate voltage by 30 deg. 

c. When the grid voltage leads the plate voltage by 30 deg. 

Assume ih&i the critical grid voltage is zero for all values of plate voltage. 

12-20. The thjrratron circuit of Fig. 12-27 is used to regulate the average current 
in a 250-ohm plate load resistor of an FG-27A tube. The voltage Eat 220 volte 
rms at 60 cps, Zi is a 1,000-ohm resistor, and Z 2 is a variable inductor whose resistanoe 
may be neglected. 

a. If the inductance is set at 2.65 henrys, draw a sinor diagram showing the grid and 
the plate voltages (before conduction starts in each cycle). Sketch these voltages 
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approximately to scale as a f\mction of o ■■ Determine the angle at which the tube 
sill fire. 

b. What is the magnitude of the d-c plate current that will be obtained with the 
fronditions adjusted as in part a? 

c. As the inductance is varied, what are the maximum and minimum values of d-e 
current that can be obtained? 

d. If the resistance Rl of the inductor is not negligible, discuss the modifications 
that must be made in the solution of this problem. In particular, redraw the sinor 
diagram, taking Rl into account. 

6’. If is a variable caps.citor and is a 1,000-ohm resistor, repeat parts a, 6, and c. 
For part a the capacitance is adjusted to 1.53 tii. 

12-21. In the thyratron circuit shown the transformer primary and secondary wind- 
ings are so arranged that continuous phase-shift control is obtained as is varied. 

a. Draw a sinor diagram showing th(‘ grid and plate voltages (before conduction 
starts in each cycle). 

b. What is the plate current if R is extn^mely largo? 

c. What is the plate current if R is very small? 

d. What is the plate current if R = X l? 

The transformer reactances may be considered to be infinite. 


200n 




Pro a. 12-22. 


12-22. In the pha.s(^shift-controlled thyratron circuit shown the reactance of the 
inductor is twi(‘e the reactance of the capacitor. The resistance of the choke coil may 
be neglected. The phase is varied by varying the resistance R. 

a. Draw the sinor circle diagram showing the pha.se angle B between the grid and plate 
voltage (before conduction stai*ts in each cycle). 

h. Prove that tan (0/2) » X/R and that the magnitude of the grid voltage equals 
the magnitude of the plate voltage. 

c. Between what limits can the d-c load current be varied? To what values of R 
do these limits correspond? 

12-28. It is desired to control the current in the 100-ohm resistor in the plate circuit 

of the thyratron shown by means of the phase-shift 
method. 

а. If a fixed O.fi-^f capacitor and an adjustable 
resistor R are available, which must be Zi and which 
must be Z 2 ? Show by a sinor diagram the reason for 
your choice. 

б. What value of R will cause the largest d-c plate 
current? Calculate the value of this current. 

c. What is the minimum value of the controlled d-c current? 

d. Wliat must the value of iE be in order that 70 per cent of the maximum possible 
current pass through the load? 

e. Repeat parts a, 5, c, and d if a 10-henry inductor (of negligible resistance) is avail- 
able instead of the 0.5-Mf capacitor . 
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12 - 24 . a. In the thyratron circuit shown, a fixed inductor of 4 henrys and a variable 
resistor are used. With the aid of a sinor diagram decide whether Z\ or must bo the 
resistor in order to have control as is varied. 

h. What is the maximum reading of a d-c ammeter in 
series with the load, and for what value of R is this ob- 
tained? 

c. The resistor is set at 1,000 ohms. Calculate the read- 
ing of an a-c voltmeter across the tube. 

12 - 25 . By error, balanced three-phase voltages are ap- 
plied to the terminals A, K, and 5 of Fig. 12-27. If Zi R 
and Z 2 « «L, draw sinor diagrams to determine whether or Prob. 12-24. 

not it is still possible to obtain control. (There are two 

such diagrams possible, depending upon the phase sequence of the applied voltages.) 

12 - 25 . An FG-27A thyratron is operated at a mercury condensation temperature 
of 35°. The plate supply voltage is 440 volte rms. The load is a 100-ohm resistor. 
Calculate the d«c plate current under the follov^ing conditions: 

а. The grid bias is —5 volts. 

б. An a-c voltage whose rms value is 5 volte is used instead of a battery in the grid 
circuit. Assume that the grid lags the plate voltage by 90 deg. 

c. The grid circuit is excited by the d-c and a-c voltages of parts a and b in series. 

12 - 27 . In Fig. 12-35, C is replaced by a 1,000-ohm resistor, and R is replaced by a 1.53- 
henry inductor. The power line is 115 volts rms at 60 cps. The load is a 250-ohm 
resistor. Assume that the critical grid curve of the thyratron coincides with the zero 
voltage axis and that the tube drop is zero. 

а. If Ec = 0, find the angle between the grid and plate voltages before breakdown by 
means of a sinor diagram. 

б. If Ec * 67 volte (with the grid negative with respect to the cathode), draw a 
diagram of the instantaneous grid and plate voltages as a function of time before break- 
down. 

c. Under the conditions of part 5, find the d-c plate current. 

12 - 28 . In Fig. 12-35 it is desired that the d-c current through the load be varied 
from maximum current to 2 amp by means of the d-c bias. The magnitude of the 
reactance Xc is twice the resistance R. The power line is 240 volts at 60 cps, and the 
load resistor is 25 ohms. 

a. What d-c current is obtained when the d-c bias Ec is zero? 

h. What is the maximum d-c current, and at what bias is it obtained? 

c. What bias must be supplied to reduce the d-c current to 2 amp? 

12 - 29 . A thyratron is controlled by the bias phase method. The plate supply is 
4(X) volte rms, the load resistance is 1,000 ohms, and the a-c grid supply, which lags the 
plate supply by 30 (ieg, is 100 volts rms. Plot roughly to scale the d-c load current as 
a function of the d-c bias from —200 to -f200 volts. In particular, calculate 

o. The maximum current and the d-c bias at which it is obtained. 

b. The current at zero d-c bias. 

c. The bijas at which the current just will drop to zero. 

12 - 89 . phase control is employed in a thyratron circuit. The critical grid starting 
characteristic of ^ the tube may be assumed to coincide with the zero voltage axis. Sketch 
roughly to scale the ratio Idc/E as a function of the ratio of the d-c bias Ee to the peak 
a-c grid voltage Egm for the following conditions: 

а. The grid voltage lags the plate voltage by 90 deg. 

б. The grid voltage leads the plate voltage by 90 deg. 

c. The grid voltage lags the plate voltage by 150 deg. 
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d. The grid Voltage leads the plate voltage by 150 deg. 

e. For case a prove that the result is a straight line, as shown in Fig. 12-38. 

12-Sl. An FG-33 positive-grid thyratron is operated at an ambient temperatuKi of 
35®. The plate excitation is a sinusoidal voltage whose peak value is 400 volte. The 
load is a 100-ohm resistor. An a-c grid voltage of adjustable maximum value Egm is 
applied in phase with the plate voltage. Plot a curve showing the relationship between 
the average plate current Uc and Egm. 

12-82. The peak sinusoidal voltage applied to the plate of an FG-27A thyratron, 
operating at 35"^ ambient temperature, is 400 volts. The load is a 100-ohm resistor. 

The a-c grid voltage lags the plate voltage by a fixed angle 
of 150 deg. The peak grid voltage Egm is adjustable. Plot 
the curve showing the relationship between the average plate 
current he and Egm- 

12-83. What fraction of the maximum plate current is 
obtained in the thyratron circuit shown when the grid 
is connected to points A, B, and (7, respectively? Draw 
diagrams of instantaneous plate and grid voltages in each 
case. 

12-84. Two FG-27A tubes operate at a temperature of 
50®C in a full- wave controlled rectifier circuit, 
a. If the firing angle is ^ deg behind the anode voltage, 
sketch curves showing the current wave shape in the load. 

6. Derive expressions for the following: 

1. D-c current in load. 

2. A-c current in load. 

3. Efficiency of rectification. 

12-86. FG-27A thyratrons are employed in the full-wave controlled rectifier illus- 
trated. The tubes operate at 50 °C. 

a. The lines a and b of the control circuit are to be connected to the power lines 1 




and 2. Show by a voltage diagram which lines are connected together for conduction 
to occur for lees than a half cycle per tube. 

6. Calculate the d-c current in the load, 
c. Calculate the total a-c power to the plate circuit. 

12-86. The grid and plate circuits of a thyratron are excited by 115-volt sinusoidal 
voltages. Sketch the wave shape of the output current if the ratio of the frequency 
of the plate voltage to the frequency of the grid voltage is 
a. 2. 


RECTIFIERS 


377 


12 « 37 . Design a circuit using thyratrons so that the plate current will have the 
^'chopped*' sinusoidal wave shape shown. Such a wave shape is employed as the ''heat” 



Pkob. 12-37. 


control of electric resistance welding, although welders require ignitrons in order to 
meet the current requirements. 

12-38. An ignitron is used in the circuit of Fig. 12-40. The peak plate voltage is 500 
volts, and the load is a 3-ohm resistor. Assume that conduction begins when the ignitor 
current exceeds 10 amp and that the ignitor rod acts as an ohmic resistance whose 
magnitude is 7 ohms. Calculate 

a. The peak power taken by the rod. 

b. The average power taken by the rod. 

c. The d-c power supplied to the load. 

d. The ratio of (b) to (c). 

Neglect the tube drop of the diode in series with the ignitor rod. Neglect the ignitron 
tube drop. The frequency is 60 cps. 

12-89. Sketch a single-phase full-wave rectifier circuit using ignitrons and any other 
auxiliary apparatus needed. 

12-40. An ignitron is used as a half-wave rectifier. The ignitor is adjusted so that 
conduction commences 90 deg after the start of each cycle of applied voltage. The 
tube drop during conduction equals 20 volts. The applied voltage is 300 volts rms, and 
the load is a 50-ohm resistor. Calculate 
o. The d-c load current. 

b. The power taken by the tube, 

c. The total power delivered to the plate circuit. 

d. The rms load current. 

e. The total power taken by the load resistor. Obtain the solution to (e) from that 
in (d), and check this against the result obtained by subtracting the solution to (b) from 
that to (c). 

12-41. An ignitron is used in a half-wave circuit to supply power to a Ifi-ohm resistor 
from a 320-volt rms source of supply. Breakdown occurs when the potential across 
the tube in the conduction direction is 225 volts. When the tube conducts, the potential 
drop across it is 15 voits. Calculate 

а. The reading of an a-c ammeter in series with the load. 

б. The reading of a d-c ammeter in series with the load, 
c. The reading of an a-c voltmeter across the tube. 

(L The reading of a d-c voltmeter across the tube, 

e. The reading of an a-c voltmeter across the load. 

/. The reading of a d-c voltmeter across the load, 
ff. The power dissipated in the tube, 
h. The d-c load power. 

». The average power supplied by the source. 
j. The efficiency of rectification. 
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18 - 42 . Two ignitrons are op>erated in the inverse-parallel connection shown. The tiring 
angle is set at 30 deg. Assume ideal transformers and a resistive load. 



Control circuif 
Pbob. 12-42. 


Draw diagrams showing the following wave shapes in the circuit, 
a. Voltage across ignitron. 
h. Voltage across welding transformer. 

12 - 48 . a. In the circuit sketched, neither tube is conducting. A positive pulse is 
applied to the grid of tube 1 and fires it. Then a positive pulse is applied to the grid of 
tube 2. This extinguishes tube 1 and fires tube 2. Explain why. 

If, now, another positive pulse is applied to tube 1, what will happen? 

What is the limitation on the rapidity with which two succeeding pulses may be 
applied so as to cause the current to shift from one tube to the next? 


b. The points 1 and 2 are connected together 
so that a positive pulse is applied simultane- 
ously to the grids of both tubes. Explain clearly 
what will happen as successive pulses are applied 
to the grids. 

Note: It must be remembered that the criti- 
cal grid starting characteristics vary slightly 
from tube to tube. 





Confro! 

frequency 


Prob. 1243 . 


Prob. 12 - 44 . 


12 - 44 . Consider the separately excited puallel inverter circuit sketched. Derive an 
expression for the potential across the capadtor C, which is also the output potentiali 
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if a perfect output transformer is assumed. If the time constant of the circuit is small 
compared with the time for one-half cycle, show that the voltage across C is a square 
wave whose amplitude is equal to the d-c input voltage minus the tube drop and who8<^ 
frequency equals the control frequency. 

12-46. A single-phase full-wave rectifier is set to operate with a 30-deg delay angle. 
The load consists of a resistor in series with an inductor, the inductance of which is so 
large that the load current may be considered to be constant. The secondary trans- 
former voltage to center tap is 230 volts rms. The tube drop during conduction is 
constant and is equal to 20 volts. 

a. Sketch the voltage of each plate and also of the cathodes (with respect to the 
transformer-secondary center tap) as a function of time. 

b. Sketch — directly below the curves of part a — the anode voltage of each tube as a 
function of time. 

c. Calculate the anode voltage of one of the tubes at the instant before it fires. 

d. Calculate the output voltage across the resistor. 

e. Sketch — directly below the curves of pait 6- -the voltage across the choke as a 
function of time. 

/. Repeat parts fl, h, c, and d under the condition that the load is a pure resistances 
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CHAPTER 13 


FILTERS FOR RECTIFIERS 

It is usually the requirement of a power supply to provide a substan- 
tially ripple-free source of d-c voltage and current from an a-c line. It is 
demonstrated in the last chapter, however, that the output of a rectifier 
contains ripple components in addition to the steady term. Because of 
this, it is customary to include a filter of some type between the rectifier 
and the load in order to attenuate these ripple components. 

The analysis of rectifier circuits containing filters that are composed of 
simple circuit elements is rather complex, owing to the fact that the rectifier 
as a driving source is a nonlinear device. Hence the straightforward meth- 
ods of linear a-c theory cannot, in general, be applied. 

No simple complete method of treating nonlinear devices exists.* Two 
methods of analysis are possible. In one, numerical or graphical inte- 
gration may be used to solve the nonlinear differential equations that con- 
trol the system performance. The more usual approach is to make reason- 
able assumptions that reduce the network to an approximate linear equiv- 
alent circuit, which may then be analyzed by the usual methods of electric- 
circuit theory. It is the latter procedure that will be followed throughout. 
In consequence, the results that are obtained are not exact but do represent 
good engineering approximations. 

13-1. The Harmonic Components in Rectifier Circuits. An analytic 
representation of the output current wave of the single-phase half-wave 
rectifier is obtained by means of a Fourier series. This series representa- 
tion has the form ^ 

f = Bo -f ^ Bk cm ka + X) sin ka (13-1) 

where a = wL For convenience, the subscript h is dropped from ii,. The 
coefficients that appear in the series are given by the following integrals 

I 

Bjfc = - I i cos ka da 

T Jo 

1 

Ak - I i sin ka da 

V Jo 

I 

Bo ** — I i da 

2t Jq 

380 



(13-2) 
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It should be recalled that the constant term Bq in the Fourier series is 
simply the average or d-c value of the current. 

By performing the indicated integrations, using Eq. (12-3) for the 
explicit expressions for the current over the two specified intervals, there 
results 



and where Im is the peak value of the current and Em is the maximum value 
of the transformer voltage. The lowest angular frequency that is present 
in this expression is that of the primary source of the a-c power. Also, 
except for this single term of angular frequency w, all other terms in the 
final expression are even harmonics of the power frequency. 

The corresponding expression for the output of the full-wave rectifier, 
which is illustrated in Fig. 12-9, may be derived from Eq. (13-3). By re- 
calling that the full-wave circuit consists essentially of two half-wave 
circuits which are so arranged that one circuit operates during one half 
cycle and the second operates during the second half cycle, then it is clear 
that the currents are functionally related by the expression ii(a) = 
12 (a + tt). The total load current i = t'l + t 2 attains the form 



and where Em is the maximum value of the transformer voltage to center 
tap. For convenience, this ^vill be referred to simply as the transformer 
maximum voltage. 

It will be observed that the fundamental angular frequency oj has been 
eliminated from the equation, the lowest frequency in the output being 
2w, a second harmonic term. This offers a definite advantage in the effec- 
tiveness of filtering of the output. A second desirable featui-e of the full- 
wave circuit is the fact that the current pulses in the two halves of the 
transformer winding are in such directions that the magnetic cycle through 
which the iron of the core is taken is essentially that of the a-c current. 
Hiis eliminates any d-c saturation of the transformer core, which would 
give rise to additional harmonics in the output. 
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The Fourier series representation of the half-wave and the full-wave 
circuits using gas diodes can be obtained as above, although the form will 
be more complex. This greater complexity occurs because the conduction 
begins at some small angle ai and ceases at the angle x — ai, when it is 
assumed that the breakdown and the extinction potentials are equal. But 
since the angle ai is usually small under normal operating conditions, it will 
be supposed that Eqs. (13-3) and (13-4) are valid for circuits with either 
vacuum or gas diodes. 

13-2. Inductor Filters. The operation of the inductor filter depends on 
the fundamental property of an inductor to oppose any change of cur- 
rent that may be taking place in the circuit. As a result of this, any sud- 
den changes that might occur in a circuit without an inductor would be 
smoothed out by the presence of an inductor in the circuit. 



Fig. 13-1. Half-wave rectifier with choke filter. 


Suppose that an inductor or ^‘choke^’ filter is connected in series with the 
load in a single-phase half-wave circuit, as illustrated in Fig. 13-1. For 
simplicity in the analysis, suppose that the tube and choke resistances are 
negligible. Then the controlling differential equation for the current in the 
circuit during the time that current flows is 


e ^ Em sin (at 



+ R'lib 


(13-5) 


An exact solution of this differential equation may be effected subject to 
the initial condition that z’b = 0 at i = 0. The solution is valid only as 
long as it yields a positive value of current since the diode can conduct only 
in one direction. The time at which the current falls to zero is called the 
‘‘cutout point.^' The solution is given in Prob. 13-1, and the results are 
illustrated graphically in Fig. 13-2 with (aL/Ri as a parameter. The effect 
of changing the inductance on the wave form of the current is clearly seen. 
An oscillogram of the wave shape in a particular system is given in Fig. 
13-3. It should be noted that the simple inductor filter is seldom used with 
a haif-wave circuit. 

Suppose that a choke-input filter is applied to the output of a single- 
phase full-wave rectifier. The circuit is given in Fig. 13-4. An oscillogram 
showing the wave forms obtained experimentally is giv^ in Fig. 13-6. 
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An exact solution of the circuit differential equation can be effected (sec 
Prob. 13-2). However, since no cutout occurs in the load current, it is 
now simpler to proceed by finding an approximate solution. The results 
will be sufficiently accurate for most applications and will be in a much 
more useful form than the exact solution. 

The voltage that is applied to the circuit comprising the load resistor 
and the inductor filter is that given in Eq. (13-4), with the current replaced 
by the voltage (Jm, is replaced by E^). It is now noted that the ampli- 
tudes of the a-c terms beyond the first are small compared with the ampli- 
tude of the first term in the series. Thus, the fourth harmonic frequency 
term is only 20 per cent of the second harmonic term. Further, since the 
impedance of the inductor increases with the frequency, better filtering 
action for the higher harmonic terms results. It is therefore expected that 
the harmonics in the output will be principally of 
second harmonic frequency. It is justifiable to 
neglect all harmonics in the output except the first 
a-c term. That is, the equivalent circuit of the 
rectifier under these circumstances is assumed to 
be that illustrated in Fig. 13-6. For the sake of 
simplicity and because they introduce little error, 
the tube drop and the tube resistance will be neg- 
lected in the ripple calculations of this chapter. 
In addition, the resistance and leakage inductance 
of the transformer and the resistance of the inductor will likewise be neg- 
lected. 

It is noticed that only linear elements exist in the equivalent circuit 
that is excited by a voltage, which consists of a battery 2^,„/ir in series 
with an a-c source whose emf is (— 4Em/3ir) cos2wL The load current 
will then be, in accordance with elementary circuit theory, 


L 


Fig. 13-6. The equiva- 
lent circuit of a full-wave 
choke-input-filtered rec- 
tifier. 



where 


^ cos (2fa>f - iji) 
tRi 3ir \^Ri^ + 

ZaL 

tan 

Ri 


(13-6) 

(13-7) 


That is, the load voltage curve in Fig. 13-6 is expressed by Eq. (13-6) 
(multiplied by Ri), 

The ripple factor, defined in Eq. (12-20), becomes 


r 


iEn, 1 

3rV2 VrF+1^ 


2Bi I 

3V2 VRi’ + 
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which may be expressed in the form 

This expression shows that filtering improves with decreased circuit re- 
sistance or, correspondingly, with increased currents. At no load, = oo, 
whence the filtering is poorest, and r = 2/(3 \/2) = 0.47. This is the re- 
sult that applies when no choke is included in the circuit. This result should 
be compared with Eq. (12-27), which gives 0.482. The difference arises 
from the higher order terms in the Fourier series that have been neglected 
in the present calculation. 

If the ratio 2wL//2i is large, then the ripple factor reduces to 


1 til 

Oilj 


(13-9) 


This shows that at any load the ripple varies inversely as the magnitude 
of the inductance. Also, the ripple is smaller for small values of Ri^ that 
is, for high currents. This indicates the desirability of using low resistance 
chokes to keep the numerator small; also, of using large inductance chokes 
so as to make the denominator large. 

The d-c output voltage is given by 

2Em 

Edc - IdeRi = « 0 . 637 ^,„ = OMErms ( 13 - 10 ) 

IT 

where E^ma is the transformer secondary voltage measured to the center 
tap. Note that under the assumptions made in the analysis the output 
voltage is a constant, independent of the load; f.e., perfect regulation exists. 
Because of the effect of the choke resistance, the resistance of the tube, 
and the resistance of the transformer winding, the foregoing represents the 
output only at no load. The output voltage will decrease as the current 
increases in accordance with the equation 

2Em 

Edc^ IdcR (13-11) 

r 


where R is the total resistance in the circuit, exclusive of the load. 

13-3. Cafidtor Filters.^ Filtering is frequently effected by shunting 
the load witli a capacitor. The action of this system depends upon the 
fact that the capacitor stores energy during the conduction period and 
delivers this energy to the load during the inverse, or ncmconducting, 
period. In this way, the time during which the cunent passes throu^ the 
load is prolonged, and the ripple is considerably decreased. 
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Consider the half-wave rectifier that is connected according to the 
diagram of Fig. 13-7. Suppose first that the load resistor Ri = «. The 

capacitor will charge to the potential 
the transformer maximum value. Fur- 
ther, the capacitor will maintain this po- 
tential, for no path exists by which this 
charge is permitted to leak off, since the 
tube will not pass a negative current. 
The tube resistance is infinite in the in- 
verse direction, and no charge can flow 
during this portion of the cycle. Con- 
sequently, the filtering action is perfect, and the capacitor voltage remains 
constant at its peak value, as is seen in Fig. 13-8. 

Under these conditions, 

C = Cc + Cfe 

or 

Cft = c — Cc (13-12) 

The voltage Cc across the capacitor is, of course, the same as the voltage ei 
across the load resistor, since the two elements are in parallel. It is seen 
from the oscillogram of Fig. 13-8 that the tube voltage is always negative 
and that the peak inverse voltage is then twice the transformer maximum. 



Input 
4.C 9 


Fio. 13-7. A single-phase half-wave 
capacitor-filtered rectifier. 



Fig. 13-8. Oscillogram of voltages in a single-phase half-wave condenser-filtered rectifier 
ai no load. The output voltage 6® is a constant, indicating perfect filtering. The tube 
voltage eb is negative for all values of time, and the peak inverse voltage is 2Em- 

Hence, the presence of the capacitor causes the peak inverse voltage to 
increase from a value equal to the transformer maximum when no capac- 
itor filter is used to a value equal to twice the transformer maximum value 
when the filter is used. 

Suppose, now, that the load resistor Ri is finite. Without the capacitor 
input filter, the load current and the load voltage during the conduction 
period will be sinusoidal functicms of Uie time, as shown in Fig. 12-4. 
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The inclusion of a capacitor in the circuit results in the capacitor chai^g- 
ing in step with the applied voltage. Also, the capacitor must discharge 
through the load resistor, since the tube will prevent a current in the neg- 
ative direction. Clearly, the diode acts as a switch which permits charge to 
flow into the capacitor when the transformer voltage exceeds the capacitor 
voltage, and then acts to disconnect the power source when the transformer 
voltage falls below that of the capacitor. 

The analysis will now proceed in two steps. First the conditions during 
conduction will be considered, and then the situation when the tube is 
nonconducting will be investigated. 

Diode Condmting. If the tube drop is neglected, then the transformer 
voltage is impressed directly across the load. Hence, the output voltage 
is ei = Em sin wL The question immediately arises: Over what interval of 
time is this equation applicable? In other words, over what portion of 
each cycle does the diode remain conducting? The point at which the 
diode starts to conduct is called the ‘^cutin point,'^ and that at which it 
stops conducting is called the ^^cutout point. The latter will first be 
found in the same manner as that indicated for obtaining the cutout point 
for a half-wave inductor filter. The expression for the tube current is 
found, and the instant where this current falls to zero is the cutout time. 

The expression for the tube current can be written down directly. Since 
the transformer voltage is sinusoidal and is impressed directly across R 
and C in parallel, then the sinor current I*, is found by multiplying the sinor 
voltage E by the complex admittance (l/R) + j«C. Hence 



Since £ has a peak value Emy then the instantaneous current is 



This exp^^sion shows that the use of a large capacitor in order to im- 
prove the filtering for a given load Ri is accompanied by a high peak tube 
current h. The tube current has the form illustrated in Fig. 13-9a. But 
it is desirable to use large capacitors for a given load in order to maintain 
the voltage more nearly constant. As a result, the interval over which the 
tube ccmducts may be quite small. Thus, for a certain required average 
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current demanded by the load, the tube current will become more peaked, 
and the conduction period will decrease as the capacitor is made larger. 
The oscillograms of Fig. 13-96 show experimentally determined results. 

It is to be emphasized that the use of a capacitor filter may impose 
serious duty conditions on the rectifying diode, since the average current 
through the tube may be well within the current rating of the tube, and 
yet the peak current may be very high. In the case of vacuum diodes the 
large peak current demands will cause no appreciable damage to the cath- 
ode, sinc^e the tube current is limited by the temperature saturated value. 
Of course, if a current in excess of the temperature saturated value is 




Fig. 13-9. (a) Sketch of tube current and load voltage in a single-phase half-wave 

capacitor-filtered rectifier. (6) Oscillogram of tube current and load voltage in a full- 
wave capacitor-filtered rectifier. 

specified by the equations, the analysis must be modified, as this satura- 
tion value imposes a physical limitation on the output. In this case, the 
tube current pulse will flatten out, and the time duration will increase. 
The analysis to follow is not valid under these conditions. In the case of 
gas tubes, however, if a current higher than the saturation value is re- 
quired by the circuit, even for very short intervals of time, the tube drop 
will increase and positive-ion bombardment of the cathode will be the 
result. If the tube drop exceeds the disintegration voltage of the cathode, 
the cathode may be permanently injured. It is for this reason that large 
capacitor input filters should not be used with rectifiers that employ gas 
diodes, without a careful check of the peak current demands. 

The cutout time ti is found by equating the tube current to zero at this 
time. Thus, from Eq. (13-14), 

0 ~ sin (wti + 

or 4- # * Rir 

where n is any positive or negative integer. The value of ii indicated in 
Fig. 13-9 in the first half cycle corresponds to n * I or 


(13-16) 
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Diode Nonconducting. In the interval between the cutout time ti and 
the cutin time t 2 , the diode is effectively out of the circuit and the capaci- 
tor discharges through the load resistor with a time constant CRu Thus, 
the capacitor voltage (equal to the load voltage) is 

Ce = (13-17) 

To determine the value of the constant A appearing in this expression, 
it is noted from Fig. 13-9a that at the time f ~ fi, the cutout time, 

ec = e = sin uti 

whence 

A = (13-18) 

Equation (13-17) thus attains the form 

Ce = (E„ sin (13-19) 

Since ti is known from Eq. (13-16), then ec can be plotted as a function 
of time. This exponential curve is indicated in Fig. 13-9, and where it 
intersects the sine curve Em sin (at (in the following cycle) is the cutin 
point < 2 - The validity of this statement follows from the fact that at an 
instant of time greater than t 2 f the transformer voltage e (the sine curve) 
is greater than the capacitor voltage Cc (the exponential curve). Since the 
tube voltage is = e — Ccf then Cb will be positive beyond <2 and the tube 
will become conducting. Thus, <2 is the cutin point. 

The output voltage consists of a section of the input sine curve followed 
by an exponential section. The cutin time t 2 cannot be given by an ex- 
plicit analytic expression but must be found graphically by the method 
outlined above. 

In principle at least, the foregoing results permit a complete analysis of 
the capacitor filter to be effected. For given values of «, Ri, C, and Em the 
tube current is given by Eq. (13-14), If a s u>tj ai s u>ti, and o £2 as 
the output potential is given by 

€c = Em sin a 
and by Eq. (13-19) 
eo- 

In these equations ai and a 2 represent the cutout and cutin angles in the 
first haJS cyckf respectively. The cutout angle is found from Eq. (13-16). 

The d-c output voltage, the ripple factor, the peak tube current, etc., 
may then be calculated. These quantities can be plotted as functions of 
the parameters cp, Ru C, and Em- Such an analysis is quite involved, but 
it has been carried out,’ and the results are given in graphical form. 



for «! < a < 2 t + a 2 
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It is possible to make several reasonable approximations which permit 
an analytic solution to the problem. This approximate solution possesses 
the advantage that it clearly indicates the dependence of the important 
factors as a function of the circuit parameters. This approximate analysis 
is sufficiently accurate for most engineering applications and is carried out 
in the next section. 

13-4. Approximate Analjrsis of Capacitor Filters. Refer to the oscillo- 
grams of Fig. 13-10, which show the load voltage for a half-wave and a 



(a) (6) 


Fig. 13-10. Oscillograms of the load voltage in a single-phase (a) half-wave and (b) 
full-wave capacitor-filtered rectifier. The load voltages with the capacitor open- 
circuited are also shown. Since the tube drop, the tube and transformer resistance, and 
the transformer leakage reactance are not zero, cutin does not occur exactly at the 
point €c * *ind during conduction the load voltage does not exactly equal the im- 
pressed transformer voltage. 

full-wave circuit with a capacitor filter. Observe that the voltage curve 
may be approximated by a broken curve which is made up of portions of 
straight lines, as shown in Fig. 13-11. The peak value of this wave is E'm, 



Fig. 13-11. The approximate load-voltage wave form in a full-wave capacitor-filtered 
rectifier. 

the transformer maximum voltage. If the total capacitor discharge volt- 
age is denoted by Er, then from the diagram, the average value of the 
voltage is 


Edn * 


(13-21) 
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The instantaneous ripple voltage is obtained by subtracting Edc from 
the instantaneous load voltage. The result is shown in Fig. 13-12. The 
rms value of this ^ ^triangular wave^^ is independent of the slopes or lengths 
of the straight lines and depends only upon the peak value. Calculation 
of this rms ripple voltage yields 

The two most important characteristics of the capacitor filter circuit, 
the regulation and the ripple, are con- 
tained in Eqs. (13-21) and (13-22), 
respectively. It is necessary, however, 
to express Er as a function of the load 
current and the capacitance. If T 2 
represents the total nonconducting 
time, then the capacitor, when dis- 
charging at the constant rate Idc, will 


Fig. 13-13. The charging of the output 
capacitor is assumed to take place along 
Fig. 13-12. The approximate wave a straight line passing through the zvio 

fromof the ripple voltage in. a full-wave and the peak values of the input sine 

capacitor-filtered rectifier. curve. 




lose an amount of charge /dcT' 2 . 
is IdcT 2 /C or 

Er 


Hence, the change in capacitor voltage 


IdcE 2 

c 


(13-23) 


The value of T 2 is found from Fig. 13-13. This is the same diagram as. 
in Fig. 13-11 except that the time origin is taken at the peak of the wave 
for convenience. It is also assumed that the rising straight-line section 
passes through the zero and the peak values of the sine curve. An inspec- 
tion of the oscillograms of Fig. 13-10 shows that this is a reasonable ap- 
proximation. From the geometry of Fig. 13-13, it follows that 


and 


r _ E^--Er 
T/4: “ 

/ ErY y ^ 2E^^Br T 
\ 4 ^ 4 “ Em 4 


T 

ra « r f ~ 
4 





O.C.^rrenf,m.a. 


Fio. 13-14. Load voltage vs, load current for a capacitor input filter. C * 4 /if. The 
crosses and circles are the experimentally measured points for a 5T4 and a 5U4G, resi>ec- 
tively. These are taken from the RCA manual. The curves are plotted from Eq. 
(13-26). 


values for the 6T4 and the 5U4G tubes are taken from the RCA tube 
manual and are also indicated on the same graph. The maximum devia- 
tion between experiment and theory is less than 10 per cent. This is satis- 
factory agreement, particularly in view of the simplifying assumptions 
made in the derivation. 
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From the graphs of Fig. 13-14 it is seen that the regulation of a capacitor 
filter is poor. The larger the capacitance, the better will be the regulation. 
The ripple factor is given by 


E„ 


r = 


Er 


Idc 


Eic 2y/ZEi, 4\/3/C5* 


(13-27) 


where use has been made of Eqs. (13-22) and (13-25). The ripple is seen to 
vary directly with the load current and inversely with the capacitance. 

In order to keep the ripple low and to ensure good regulation, very large 
capacitors (of the order of tens of microfarads) must be used. The most 
common type of capacitor for this rectifier application is the electrolytic 
capacitor.** These capacitors are polarized, and care must be taken to 
insert them into the circuit with the terminal marked + to the positive 
side of the output. 

If a half-wave circuit is used, then the nonconduction time will be one- 
half a cycle longer, or 


T2 


2 2 


(13-28) 


Using this expression, the ripple and the output voltages 
given by the equations 

I-ic /I 1 \ 

^SCVl\E„ eJ 

and 

^ E,n - hem 

''' 1 + UJ^fCE^ 

A careful inspection of these equations reveals that the ripple of the 
half-wave circuit is approximately double that of the full-wave circuit. 
Also, the drop in voltage from no load to a given load for a half-wave 
circuit is approximately twice that for a full-wave circuit. 

The particular features of rectifiers employing capacitor input filters 
are the small ripple and the high voltage at light load. The no-load volt- 
age is equal, theoretically, to the maximum transformer voltage. The dis- 
advantages of this system are the relatively poor regulation, the high 
ripple at large loads, and the peaked currents that the tubes must pass. 

Refer to Fig. 13-7. It is seen that for a half-wave circuit the voltage 
across the tube on the inverse cycle is approximately twice the transformer 
maximum. In the full-wave circuit the inverse voltage across each tube is 
also twice the maximum transformer voltage measured from the mid-point 
to either end. However, this is independent of the form of the filter used 
and is a property of the full-wave circuit itself, and not of tlie filter system. 


are found to be 
(13-29) 

(13-30) 
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13-5. L-section Filter. The two types oT filtering action considered 
above may be combined into a single L-section filter. This filter combines 
the decreasing ripple with increasing load of the series inductor with the 
increasing ripple with increasing load of the shunt capacitor. Such a filter 

The inductor offers a high series impedance to 
the harmonic terms, and the capacitor offers 
a low shunt impedance to them. The result- 
ing current through the load is smoothed out 
much more effectively than with either Lor C 
alone in the circuit. 

The d-c voltage and the ripple factor are 
readily calculated by taking, for the voltage 
impressed at the terminals AB of the filter of Fig. 13-15, the first two 
terms in the Fourier series representation of the output voltage of the 
rectifier, viz.y 

2Efn 

e = cos (13-31) 

V St 


is illustrated in Fig. 13-15. 


A o 

L 


B<^ 


CJ; tRt 


Fig. 13-15. An L-section filter. 


Thus, the two tubes are replaced by a battery in series with an a-c source 
having twice the power line frequency. This is the same equivalent circuit 
that was used in Sec. 13-2 for a full-wave inductor filter. If the resistance 
in series with the inductance is neglected, then the d-c output voltage 
equals the d-c input voltage, or 


If the sum of the tube, transformer, and choke resistances is R, then 

(13-32) 


2Em 

Eac- LicR 

T 


The ripple will now be calculated. Since the object of the filter is to 
suppress the harmonic components in the system, the reactance of the 
choke must be large compared with the combined parallel impedance of 
capacitor and resistor. The latter combination is kept small by making 
the reactance of the capacitor much smaller than the resistance of the 
load. Very little error will be introduced, therefore, by assuming that the 
entire a-c current passes through the capacitor and none through the re- 
sistor. Under these conditions the net impedance across AB approxi- 
mately Xl » 2a)L, the reactance of the inductor at the second harmonic 
frequency. The a-c current through the circuit is 


1 V2 1 
zVirXt" 3 


(13.33) 
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where the resistance R in Eq. (13-32) has been neglected. The a-c voltage 
across the load (the ripple voltage) is the voltage across the capacitor. 
This is 


V2 Xc 

Erron' = ^~Eac^ 

3 Xl 


(13-34) 


where Xc = l/{2uC) is the reactance of the capacitor at the second har- 
monic frequency. The ripple factor is then 
given by 






E. 


•dc 


V2^ 

~YYl 

= (13-35) 

3 \2uC/\2a.L/ 

which is, at 60 cps, 

0.83 

r = (13-36) 

with C in microfarads and L in henrys. 

It is noticed that the effect of combining 
the decreasing ripple arising with a simple 
inductor filter and the increasing ripple aris- 
ing with a simple capacitor filter for increasing 
loads is a constant ripple circuit independent 
of load. 

The foregoing analysis assumes that a cur- 
rent flows through the circuit at all times. If 
any cutout points of the type discussed in the 
previous section exist, this analysis is no longer 
valid. Consider the conditions that exist when 
no inductor is used. As already found, cur- 
rent ^vill flow in the tube circuit for a small 
portion of the cycle and the capacitor will 
become charged to the peak transformer volt- 
age in each cycle. Suppose that a small 
inductance is now inserted in the line. Al- 
though the time over which tube current 

will exist will be somewhat lengthened, cutout may still occur. As 
the value of the inductance is increased, a value will be reached for 
which the tube circuit supplies current to the load continuously, and 
no cutout occurs. This value of inductance is referred to as the crit- 
ical inductance Under these circumstances, each tube conducts for its 



Fig. 13-16. Oscillograms of 
the tube current in a single- 
phase full-wave circuit when 
an L-section filter is used, 
(a) L less than the critical in- 
ductance Lci (6) L equal to 
Lc’, (c) L greater than Lc, 
The oscillograms were taken 
with a fixed value of L, and 
the load resistance was varied. 
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normal portion of the cycle, and the input voltage to the filter circuit has 
the form given by Eq. (13-31). It is only under these circumstances that 
the above-developed L-section filter theory is applicable. The foregoing 
discussion is illustrated in the oscillograms of Fig. 13-16. 

If the rectifier is to pass current throughout the entire cycle, the peak 
of the a-c component of the current must not exceed the d-c current. But 
the d-c current is Edd^h Also, the peak of the a-c component of the cur- 
rent is (2^^073) (1 /Xl). The critical condition illustrated in Fig. 13-166 
occurs when the d-c current just equals the peak of the a-c component. 
Therefore, for current to pass during the entire cycle, it is necessary that 



The value for the critical inductance is given by 


For a fiO-cps input frequency, this becomes 


(13-37) 


(13-38) 


where Ri is expressed in ohms and Lc is in henrys. 

It must be remembered that these values of critical inductance have 
been based not upon the true input voltage but rather upon an approx- 
imate voltage that is made up of the d-c term and the first a-c harmonic 
term in the Fourier series of the true input voltage. It was shown in 
Sec. 13-2 that this approximation introduced very little error in the calcu- 
lation of the ripple factor. However, the neglect of the higher harmonic 
terms introduces an appreciable error in the calculation of the critical 
inductance.* It is advisable for conservative design to increase the values 
of Lc calculated from Eq. (13-38) by about 25 per cent. 

The effect of the cutout is illustrated in Fig. 13-17, which shows a regula- 
tion curve of the system for constant L and a varying load resistor. Clearly, 

* If A repreaents the amplitude of the fimt a-c term in the Fourier aeries of a wave and 
B O.lii represents the amplitude of the second term, then .4 + B •« I.IX. A 10 per 
cent error is made if B is neglected in calculating the sum. It is this general process 
that is involved in the calculation of Lc. However, the calculatio n of the ripple fac tor 
requizes an evaluation of an expression of the fonii Va* + tP - V.4» + (O.U)* - 
LOOdii. Hence, if B is neglected, this lesidts in an error of only 0.5 per cent. 
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when the current is zero (Ri is infinite) the filter is of the simple capacitor 
typCf and the output voltage is With increasing load current, the 
voltage falls, until at 7 = /c (the current at which L == Lc) the output 
potential is that corresponding to the simple L filter with no cutout, or 
0.636J^,». For values of 1 greater than 7c, the change in potential results 
from the effects of the resistances of the various elements of the circuit. 

It is not possible to satisfy the con- 
ditions of Eq. (13-37) for all values 
of load, since at no load this would 
require an infinite inductance. If 
good voltage regulation is essential, 
it is customary to use a “bleeder^ ^ 
resistor in parallel with the load so 
as to maintain the conditions of Eq. 

(13-37), even if the useful current is 
small. This ensures that the induc- 
tor exerts its influence in the filter 
even at zero useful load. That is, Ri 
in Eq. (13-37) is actually the bleeder resistor and the load resistor in parallel. 

A more efficient method than using a bleeder resistor, with its consequent 
power dissipation, is to make use of the fact that the inductance of an 
iron-core reactor depends, among other things, upon the magnitude of the 
d-c current in the winding. Reactors for which the inductance is high at 
low values of d-c current and which decrease markedly with increased d-c 
currents are called ‘^swinging chokes. A typical curve for such a reactor 
is illustrated in Fig. 13-18. The advantage of using such a choke is evident, 




l.0i 


0.5i 



Tube, fnp! ns former^ and choke 
resistances neglected 


h I 


Resistances not neglected 


-Ide 


Fig. 13-17. The regulation curve of a rec- 
tifier with an L-section filter. 



Fio. 13-18. The inductance of a typical ^^swinging choke” as a function of the d-e 
current through it. 
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for the condition imposed by Eq. (13-37) is that the inductance should 
increase with a decrease in load current in order that the filtering action 
should continue. An inspection of Eq. (13-34) indicates that the ripple 
will increase with increased load when a swinging choke is used since Xl 
decreases with increasing loads. 

In designing an L-section filter, an inductor must be chosen so as to 
satisfy Eq. (13-38) for the specified bleeder resistor. Then a capacitor is 
chosen at least as large as that determined from Eq. (13-86) for the speci- 
fied tolerable ripple. If a swinging choke is used, the minimum value of 
its inductance must be used in the calculation of the capacitor value needed. 


Example. A single-phase full-wave rectifier is to supply 100 ma at 350 volts with a 
ripple that must be less than 10 volts. Specify the elements of a rectifier using a single 
J-.-section filter that will provide the desired results. 

Solution. The effective resistance of the load is 


The ripple factor is 


Ri 


350 

0.100 


3,500 ohms 


r--^= 0.0286 


According to (13-38), ( he critical inductance for such a filter is 

r 3,500 ^ ^ 

“ Mio ° 

According to Eq. (13-36), the product LC must be at least as large as 


LC 


0.830 

0.0286 


29 


These calculations specify the minimum values of L and LC that may be used to 
accomplish the desired filtering. The actual values that will be used are determined by 
the commercially available inductors and capacitors. The desirability of using standard 
comm(‘rcial merchandise is dictated both by availability and by economic considerations. 

Since 10-henry chokes having the desired current rating are readily available, such 
an inductor will be chosen. The capacitor must therefore be about 3 /uf. Since a 
4-Mf capacitor is readily available commercially, it will be chosen. 

A search through a tube manual reveals several rectifier tubes having the proper 
ratings. One such tube is the 5Y3G with a maximum d-c output current rating of 
125 ma, a maximum plate voltage per plate of 500 volts rms, and a peak inverse voltage 
of 1,400 volts. The plate characteristic of this tube shows that the tube voltage is 
50 volts at 100 ma, corresponding to a resistance of approximately 500 ohms. 

The resistance of a 10-henry choke capable of carrying 100 ma is foimd in a manu- 
facturer’s catalogue. A reasonable value is 200 ohms. Similarly, a reasonable value 
for the transformer resistance is 200 c^uns. Hence the total remstanoe in series with the 
inductor is i? » 500 -f* 200 -f 200 « 900 ohms. From Eq. (13-32) the peak transformer 
voltage is 

au - I + IdJH) - ^ [850 + C0.1)(900)] - 690 volts 

and 

_ 690 


488 volts 
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A stock transformer would be purchased whose current rating is at least 100 ma and 
whose voltage to center tap is close to 488 volts, say 500 volts. If the exact value of 
choke and transformer resistances were known, a more accurate calculation of the 
transformer voltage needed could be made. 

The peak inverse voltage is 2Em (2) (690) — 1,380 volts. Since the rated peak 
inverse voltage of the 6Y3G tube is 1,400 volts, it is safe to use this tube in this applica- 
tion. .« 

If the load should be removed accidentally, the circuit will behave as if it had a capaci- 
tor input filter and the voltage will rise to the peak transformer voltage to center tap 
or to 690 volts. Hence the insulation rating of the hlament heating transformer should 
be at least this high. 

The inequalities used in the derivation of the expression for the ripple factor will now 
be checked. Ri ■* 3,500; Xl ** AirfL 7,540; and Xc l/(4ir/(7) = 332 ohms. Hence 
Xc Rii and Xl ^ Xc, thus verifying the inequalities assumed. 

13-6. Ir-section Filter with a Controlled Rectifier. The above analysis 
for the critical inductance of the L-section filter applies for a full-wave 
circuit for which conduction continues for 180 deg in each cycle. Conse- 
quently, the results so obtained are not applicable when an L-section filter 
is used with a controlled rectifier. 

The analysis for a full-wave controlled rectifier is considerably more 
complicated than that above. This greater complexity arises from the 
fact that the harmonic components contained in the Fourier series of the 
output voltage from such a unit are larger than the corresponding terms 
in the output from a rectifier without control and depend on the delay 
angle. The Fourier series representing the output from a single-phase full- 
wave controlled rectifier with no cutout may be shown to be 


ei 



2V ^ \ + tan^ ^ 


cos {ka — ^ik) 




(13-39) 


where the d-c output voltage is 




cos ip 

w 


(13-40) 


and where ^ is the delay angle. The phase-shift angle t^k is given in Sec. 
14-9. 

The results of an investigation that was carried out by Overbeck ® for 
the critical inductance for controlled full-wave rectifiers for various delay 
angles are given in Fig. 13-19. These results are in approximate agreement 
with Eq. (13-38) for the case of zero delay angle. 

In the calculation of the ripple, it is found that Eqs. (13-56) and (13-36) 
are modified only to the e xtent that the right-hand side of these equations 
must be multiplied by Vl -f 4 tan^ In other words the ripple is uv 
creased by this factor. 
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30 40 50 60 70 80 90 

Odiav angle, degrees 

Fig. 13-19. Critical inductance and d-c output voltage as a function of the delay angle 
in a full-wave rectifier. {After Overbeck.) 

13-7. Multiple L-section Filters. The filtering may be made much more 
complete through the use of two L-section filters in cascade, as shown in 
Fig. 13-20. An approximate solution that is sufficiently accurate for 

practical purposes can be obtained by 
. Ag Li Ai proceeding according to the develop- 

i ment in Sec. 13-5. 

4 t 1^/ It is assumed that the reactances of 
B p I chokes are much larger than the 

^ Bi Bj reactances of the capacitors. Also, it is 

Fig. 13-20. A multiple (two-section) assumed that the reactance of the last 
L-section filter. capacitor is small compared with the re- 

sistance of the load. Under these cir- 
cumstances, the impedance between As and Bs is effectively Xcr The 
impedance between A 2 and B 2 is effectively and the impedance 
between Ai and Bi is effectively Zx,. The a-c current Ii is approximately 


Tlie a-c voltage across Cj is approximately 
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The a-c current I 2 is approximately 




AtBi 


Xl, 


The a-c voltage across the load is approximately 

Xc2Xci \/2Edc 


hXc, 




Xl^ 3 

The ripple factor is given by dividing this expression by 

V2Xc,Xc2 


r = 


3 XlX. 




Hence 

(13-41) 


A comparison of this equation with Eq. (13-35) indicates the generalization 
which should be made in order to obtain an expression valid for any num- 
ber of sections. For example, a multiple L filter of n similar sections has a 
ripple factor that is given by 


\^(XcY 1 

~V \Yl) ~ ~V lY^Pficr 


(13-42) 


For a multiple L filter of n similar sections, the product LC (henrys X 
microfarads) for a specified ripple factor may be evaluated from 


/0.471\^^" 

LC= 1.76 f J (13-43) 



To the approximation that the impedance between Ai and Bi is simply 
Xli, the critical inductance is the same for the first inductor of a multisec- 
tion filter as for a single-section unit. The remaining inductors may 
have any values, since they play no part 
in determining the cutout condition. 

13-8. n-section Filters. A very smooth 
output may be obtained by using a filter 
that consists of two capacitors separated 
by an inductor, as shown in Fig. 13-21. 

Such filters are characterized by highly 
peaked tube currents and by poor reg- 
ulation as for the simple capacitor input filter. They are used if, for a 
given transferer, higher voltage than can be obtained from an L-section 
filter is needed, and if lower ripple than can be obtained from a simple 
capacitor or an L-section filter is desired. 

The oscillogram of Fig. 13-22 clearly shows the improved filtering action 
of a n-type filter over an L-section filter. Curve o gives the output wave 
form from the single-phase full-wave rectifier without any filter in the cir- 


Fits. 13-21. 


B 2 

A Il-sectioii filt/er. 
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cuit. Curve h shows the output when a capacitor shunts the load. This 
curve corresponds to that of Fig. 13-102). If an inductor is inserted in the 
line, resulting in an L-section filter, a fairly smooth output voltage is ob- 
tained. This is illustrated in curve c. It should be noted that the presence 
of the inductor causes the output voltage to be equal to the average value 
of output rectified voltage. The addition of a second capacitor, which 
results in the Il-type filter, produces the extremely smooth output of curve d. 



Fig. 13>22. Oscillograms of the output voltage with various filters for a single-phase 
full-wave rectifier, (a) No filter, (b) A capacitor filter, (c) An L-section filter, (rf) 
A n-section filter. 

The action of this filter can best be understood by considering the in- 
ductor and the second capacitor as an L-section filter that acts upon the 
triangular output-voltage wave from the first capacitor. The output 
potential is then approximately that from the input capacitor [Eq. (13-26)], 
decreased by the IRl drop in the inductor. The ripple contained in this 
output is reduced by the L-section filter. 

The ripple voltage can be calculated by analyzing the triangular wave of 
Fig. 13-12 into a Fourier series and then multiplying each component by 
XcJ^Lx for this harmonic. This leads to rather involved expressions. An 
upper limit to the ripple can, however, be more easily obtained. If it is 
assumed that cutout takes place for the entire half cycle (for a full-wave 
rectifier), then Fig. 13-12 becomes a triangular wave with vertical sides. 
The Fourier analysis of this wave form is given by 

( Er\ / sin 4a)/ sin 6a>/ \ 

— J (sin 2a)/ 1 j (13-44) 

From Eq. (13-23), Er ^ heT^IC, and since it has now been assumed that 
T 2 « r/2, this reduces to 

IdcT Ide 


E, 
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The rms second harmonic voltage is 

where Xc is the reactance of C at the second harmonic frequency. 

A second method of obtaining the same result, due to Arguimbau,® is 
instructive. If the instantaneous current to the filter is then the rms 
second harmonic current I 2 is given by the Fourier component 

y/ 2 l 2 = ~ r i cos 2a da 

TT Jq 

The current i is in the form of pulses near the peak value of the cosine 
curve, and hence not too great an error is made by replacing cos 2a by 
unity. Since the maximum value of the cosine is unity, this will give the 
maximum possible value of I 2 . Thus, 

V2/2' <- I ida = 2 /rfc 

TT Jo 

because, by definition, 

r 1 

^dc ^ — I ida 

2ir Jq 

Hence, the upper limit of the rms second harmonic voltage is 
E 2 ' » / 2 'Xc = V2IdoXc 


which agrees with the first method of analysis in which it was assumed that 
the cutout took place over the complete half cycle. If this were true, then 
the charging current could exist only for an infinitesimally small time near 
the peak of the input voltage or at the points for which cos 2a = 1. This 
shows the consistency of the two methods of attack. 

The voltage E 2 is impressed on an L section, and by using the same 
logic as in Sec. 13-5 the output ripple is E^XcJXj^y Hence, the ripple 
factor is 


V2hcXc Xc, ^ (^\ 

Eic E^c Xt, ^“KrJKxJ 


(13-46) 


where all reactances are calculated at the second harmonic frequency. 
This is the second harmonic ripple but, just as for the simple inductor 
filter, very little error is made in neglecting the higher harmonics and 
considering this as the total ripple. 

For 60 cps Eq. (18-46) reduces to 


3,300 

CCiLxRi 


(13-47) 
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where the capacitances are in microfarads, the inductances in heniys, and 
the resistances in ohms. 

If the n section is followed by an L section whose parameters are L 2 and 
C 2 , then the above reasoning leads to the expression 



(13-48) 


This can be extended in an obvious fashion to include any number of 
sections. 

If a half-wave circuit is used, then it can be shown that Eqs. (13-46) and 
(13-48) are still valid provided that all reactances are calculated at the 
fundamental instead of the second harmonic frequency. Thus, for a single 
n section, the half-wave ripple is eight times that for a full-wave circuit. 
The d-c output voltage is that corresponding to the half-wave simple 
capacitor filter [Eq. (13-30)], minus the Id^L drop in the inductor. 


Example. Design a pK)wer supply using a n-section filter to give d-c output of 250 
volts at 50 ma with a ripple factor not to exceed 0.01 per cent. 

Solution. The load resistance is Ri « 250/(50 X 10“*) « 5,000 ohms. 

From Eq. (13-47), with C =» Ci, r - Z,2im/C^LRi or 




3,300 

10“^ X 5,000 


6,600 


There is no unique way of solving this equation for C and L. A reasonable commer- 
cially available value of L will be chosen, and then C will be calculated. The Thordarson 
choke type T20C53 has an inductance of 20 herrys at 50 ma. Its d-c resistance is 
375 ohms. If this is used, then the corresponding required capacitors have values 


C 



18.1 4 


Electrolytic capacitors are available in this range. For example, the Comell- 
Dubilier type BR 2045 has a rating of 20 ^f at 450 volts d-c and would be suitable. 

The d-c voltage drop in the choke is (50 X 10“*) (375) — 19 volts. Hence, the d-c 
voltage across the first capacitor is 250 4- 19 -■ 269 volts. The peak transformer voltage 
to center tap Em is given by Eq. (13-26), 


Edc 


269 - 


1 + IdJ^CEm 

Em^ 


Em 


Em 4* 


50 X 10"* 

4 X 60 X 20 X 10“* 


Em 4- 10.4 


solving Em * 278 and * Em/\/^ • 196. Hence a 200-0-200-volt transformer 
would be used. A suitable tube for this application would be the 6X5. It is rated 
at 70 ma maximum output current and a peak inverse voltage of 1,250. The peak 
inverse for this circuit is 2Em 556, which is well within the tube rating. 

lS*-9. ll-section Filter with a Resistor Replacing the Inductor. This 
type of filter is analyzed in the same manner as above. The d-c output is 
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the value given in Eq. (13-26) for a simple capacitor filter minus the 
drop in the resistor. The ripple factor is given by Eq. (13-46) with Xl 
replaced by R. Thus, for a single section 

Hence, if the resistor R is chosen equal to the reactance of the choke which 
it replaces, the ripple remains unchanged. Since this means a saving in 
the expense, weight, and space of the choke, it is desirable to use the re- 
sistor wherever possible. Tliis can be done, however, only for low-current 
power supplies. Thus, for example, if in a full-wave circuit with an output 
current of 100 ma, a 20-henry choke is to be replaced by a resistor to give 
the same ripple, its value must he R — Xl = ^irfL = 15,000 ohms. The 
voltage drop in this resistor would be (15,000) (0.1) = 1 ,500 volts! The d-c 
power dissipated would be Idc^R = (0.1)^(15,000) = 150 w^atts! Hence 
such a substitution would not be a sensible one. However, if the rectifier 
is to furnish only 10 ma (perhaps for a cathode-ray tube supply) then the 
drop in the resistor is only 150 volts and the power loss in this resistor is 
1.5 watts. The resistor rather than the inductor should be used in such an 
application. 

13-10. Summary of Filters. Table 13-1 contains a compilation of the 
more important information relating to the various types of filters, when 
used with single-phase full-wave circuits. In all cases tube, transformer, 
and filter-element resistances are considered negligible, and a 60-cycle 
power line is assumed. C is expressed in farads, L in henrys, and R in 
ohms. 

TABLE 13-1 

SUMMARY OF FILTER INFORMATION 


Filter 

None 

L 

C 

L section 

n section 

Eje — no load 

0.636E„ 

0.636B„ 

En. 

Em 

Em 

load Idc 

O.mErn 

0.mEn, 

Em 

1 + 

^2^Em 

0.636F„ 

Em 

lie 

240CEm 

a* 

0 Aft 

Ri 

Idc 

0.83 X 10-* 

3,330 X 10~>* 

XLippi" # 


1,600L 

mCEm 

LC 

CCiLiRi 

Peak invene 

If 


2Em 

2Em 

2Bm 
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PROBLEMS 

18-1. a. Prove that the general solution of the differential equation in Kq, (13-5) is 


tb 




sin (orf — ♦) + «' sin ♦ j 


where l^n * taLfRi. 

b. The angle of cutout <*><2 is that angle at which the current becomes zero. Show that 
at cutout 

sin (odt — -h sin ^ « 0 

Plot a semilog curve of o)t 2 vs. oiLIRiy with taL/Ri in the range from 0.1 to 1,000. 

c. Verify the curves of Fig. 13-2. In particular, check the value for uLfRi *» 5. 
18-2. A single-phase full-wave rectifier uses gas diodes. The tube drop and internal 

resistance of the tubes may be neglected. Assume an ideal transformer. 

a. Prove that one tube conducts for one half cycle and that the other tube conducts 
for the remaining half cycle of the input line voltage, if the load consists of a resistor 
R in series with an inductor L. 

h. Find the analytic expression for the load current in the interval 


0 < a *» 2ir/< < T 


Hint: Set up the differential equation for the load current i in this interval. The 
solution of this equation will consist of a steady-state a-c term added to a '‘transient” 
term. Evaluate the arbitrary constant in the "transient” term by noting that the 
current repeats itself at intervals of r in a, so that f(0) « i(ir). 

c. Evaluate the d-c current Ide by averaging the instantaneous current. 

d. Evaluate the first term in the Fourier series for the current, and compare with 
Eq. (13-6). 

Compare this method of attack with that used in Sec. 13-2. 

18-8. Prove that the rms value of the triangular voltage depicted in Fig. 13-12 is 
given by Eq. (13-22). 

18-4. A single-phase full-wave rectifier uses an 83 gas tube. The transformer voltage 
is 350 volts rms to center tap. The load consists of a 4-^1 capacitor in parallel with a 
2,500-ohm resistor. The tube drop and the transformer resistance and leakage reactance 
may be neglected. 

a. Calculate the cutout angle. 

b. Plot to scale the output voltage and the tube current (see Fig. 13-9). Determine 
the cutin point graphically from this plot, and find the peak tube current corresponding 
to this point. 

c. Repeat parts a and 6, using a 16- instead of a 4-Mf capacitor. 

18-6. a. Show that Eq. (13-26) reduces to 


provided that 


Edc “ Em 


Ide 

VC 


Ide 

4fCEm 


<Kl 


6. Show that this result is obtained if it is assumed that the capacitor discharges for 
the complete half cycle T/2. 

18-8. The circuit of Fig. 13-15 can be analysed by the methods of elementary a-c 
theory without making the approxiniations used in Sec. 13-5. Assuming that the input 
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voltage to the filter is given by Eq. (13-31), prove that the ripple factor is 
r \/2/3 

Under what condition does this reduce to the simpler equation (13-36)? 

18 - 7 . By error the capacitor of an resection filter is connected to the input aide of the 
inductor. Examine this filter analytically, and derive an expression for 

a. The regulation of the system. 

b. The ripple factor. 

Compare these results with those in Sec. 13-5. 

18 - 8 . The output of a full-wave rectifier is fed from a 400-0-400-volt transformer. 
The load current is 0.1 amp. Two 4-/if capacitors are available. The tube drop of 
each gas tube is 15 volts. The circuit resistance exclusive of the load is 500 ohms. 

a. Calculate the value of inductance for a tvvo-stage L-section filter. The induct- 
ances ^e to be equal. The ripple factor is to be 0.0001. 

b. Calculate the d-c output voltage. 

18 - 9 . Given two equal capacitors C and two equal inductom L. Under what circum- 
stances will it be better to use a double L-section filter than to use a single section with 
the inductors in series and the capacitors in parallel? 

18 - 10 . An L-section filter is used in the output of a full-wave rectifier that is fed from 
a 375-0-375- volt transformer. The load current is 0.2 amp. Two 4-/tff capacitors and 
two 20-henry chokes are available. The drop in the gas rectifier tubes is 16 volts. 

a. Calculate the 120-cycle ripple voltage, if a single-section filter is used, w’ith the two 
chokes in series and the two capacitors in parallel. 

b. Repeat part a for a two-section filter. 

c. Calculate the 240-cycle ripple voltage if a single-section filter is used. 

18 - 11 . Design a power supply for a load varying from zero to 150 ma at a full-load 
output voltage of approximately 250 volts. Good regulation is desired. The ripple 
voltage is not to exceed 0. 1 volt. 

Specify the type of circuit, the type of filter and the type of tube. Give nominal 
ratings of all the circuit elements used. 

Assume 

a. Vacuum-tube rectifiers have a plate resistance of 350 ohms. 

b. Gas-tube rectifiers have a tube drop of 10 volts. 

c. Power transformers are rated in steps of 50 volts (i.e., you can buy a transformer 
whose total secondary voltage output is 60 volts, or 100 volts, or 150 volts, etc. rms). 

d. The transformer secondary resistance totals 200 ohms. 

e. Chokes are rated in steps of 5 henrys. 

/. Each choke resistarice is 200 ohms. 

g. Capacitors are rated in 4-^1. steps. 

18 - 12 . Design a power supply for a load that varies between the limits of 20 and 100 
ma at a nominal voltage of 300 volts. The ripple factor is not to exceed 0.1 per cent, 
and good regulation is desired. Specify the type of circuit, the type of tube, and the 
type of filter to use. Give nominal ratings of all the circuit elements used. Make the 
same assumptions as in Prob. 13-11. 

18 - 18 . Given a full-wave rectifier circuit, a 375-0-375 volt transformer, Ri ■■ 2,000 
ohms, gas diodes with a 20-volt drop, two 20-henry chokes and two lO-^f capacitors. 
The transformer resistance to center tap and each choke resistance is 200 ohms. 
Calculate the approximate output voltage and ripple factor under the following filter 
arrangements: 

a. The two chokes are connected in series with the load. 
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b. The two capacitors are connected in parallel across the load. 

c. A single-section L filter, consisting of the two inductors in series and the two 
capacitors in parallel. 

d. A two-section L filter. 

c. A n-section filter, using both inductors. 

18-14. Derive an expression for the ripple in a n-section filter when used with a half- 
wave rectifier, subject to the same approximations as those in Sec. 13-8 for the full-wave 
case. 

13-16. A full-wave single-phase rectifier employs a H-section filter consisting of two 
4-/uf capacitors and a 20-henry choke. The transformer voltage to center tap is 300 
volts rms. The load current is 50 ma. Calculate the d-c output voltage and the ripple 
voltage. The resistance of the choke is 200 ohms. 

13-16. A single center-tapped transformer (350-0-350 volts) is to supply power at 
two different voltages for certain service. The negative is to be grounded on each sys- 
tem. The low voltage is full wave and is filtered with a two-section L filter. The 
high voltage is half wave and has a capacitor input filter. Show the schematic diagram 
for such a system. What is the nominal output voltage of each unit? 

18-17. What voltages are available from the rectifier circuit shown? A 425-0-425-volt 
transformer is used. Label the polarities of the output voltages. 








PnoB. 13-18. 


18-18. The circuit shown is to be used to supply power for an amplifier and also for 
the accelerating voltage of an associated cathode-ray tube. What output voltages are 
obtained if a 350-0-350-volt center-tapped transformer is used? (Hint: See Prob. 12-15.) 




18-18. The circuit shown operates from a 300-0-300-volt transformer. 

а. What are the magnitude and polarity of the d-c voltage at A; at B; under no load? 

б. What is the peak inverse on each tube? 

c. If the load current at A is 100 ma, what is the voltage at A? 

d. If the load current at B is 20 ma, what is the voltage at B? 
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CHAPTER 14 


POLYPHASE RECTIFIERS 

The single-phase rectifiers which are discussed in some detail in Chap. 12 
are used extensively to provide sources of rectified power at voltages to 
several kilovolts, and for currents to several amperes. If larger powers are 
required, it is customary and desirable to employ polyphase rectifiers for 
the purpose. Such polyphase systems are used for supplying power for 
railway systems, for supplying the large d-c currents required for electro- 
plating, for supplying the moderate-current high voltage required for the 
plate circuits of radio transmitters, or, in fact, for any application that 
requires large d-c currents. 

A number of reasons exist for preferring pol 3 q)hase rectifiers for high 
power service. One reason is that most a-c power is generated and dis- 
tributed as three-phase power, and a rectifying system which operates 
directly from the three-phase lines is clearly desirable. Second, it will be 
seen in what follows that the ripple in the output of a polyphase rectifier 
which operates without a filter decreases with an increase in the effective 
number of phases. Moreover the lowest harmonic that exists in the out- 
put of a rectifier is directly dependent on the number of effective phases. 
The larger the number of phases, the higher is the first harmonic term, 
with the consequent ease of filtering with a simple and generally inexpen- 
sive filter. Third, the transformers and associated equipment are utilized 
to better advantage in certain polyphase circuits than with single-phase 
circuits, so that for a given rectifier output, the rating of the auxiliary 
equipment is smaller than with the single-phase system. 

Although the primary source of power is usually a three-phase system, 
considerable advantage may be realized by using more than three-phases. 
The desired phase transformation is effected by means of transformers to 
yield 6-phase, 12-phase, or other polyphase power. The analysis to follow 
will be based on a 3-phase primary power source, but the results will apply 
to a p-phase rectified output. 

Because of the greater current capacity of gas tubes and the fact that 
the tube drop remains substantially constant during the conducting por- 
tion of the cycle (thereby providing a high and substantially constant 
efficiency), polyphase rectifiers seldom, if ever, employ vacuum diodes. If 
moderate values of current are required at high voltage, mercury-vapor 
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diodes are usually employed. If high currents are required at low voltage, 
Se or CuO rectifier stacks may be used. For high-current sources at mod- 
erate values of voltage, polyphase pool-cathode tanks or banks of ignitrons 
or excitrons are employed. Hie general operating theory is substantially 
the same in either case. 

The use of rotating machinery, either the synchronous converter or the 
synchronous motor-generator set, for converting from a-c power into d-c 



power is very widespread. The use of metallic rectifier stacks for low- 
voltage high-current service has become increasingly important during the 
past decade. Also, the use of mercury pool rectifier systems is gradually 
displacing the use of rotating machinery for the larger capacities. The 
efficiency curves given in Fig. 14-1 will indicate one of the reasons for this. 



Fig. 14-2. Three-phase half-wave rectifier connections using eithf^r gas-filled tube.s or 
a pool-cathode tank. 


14-1. Elexxientary Theory. The circuit of the three-phase half-wave 
rectifying system for either diode or tank operation is given in Fig. 14-2. 
The corresponding primary and secondary transformer windings are shown 
parallel to each other, a method of representation that will be adhered to 
throughout the text. The symbol e* represents the voltage at anode S 
with respect to the neutral 0 of the tranrformer secondary. 
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The operation of such a system is made clear by reference to Figs. 14-2 
and 14-3. At a time such as tx (indicated on Fig. 14-3), only ex is positive, 
and so only anode 1 is passing current. Since the volt drop across the tube 
is small, then most of the voltage appears across the load Ri, At an in- 
stant later than t 2 , the transformer voltage 62 also becomes positive. How- 
ever, the second tube remains nonconducting 
because the voltage of the plate with respect 
to the cathode, Cb2, is still negative. That 
this is so can l)e seen from Fig. 14-2. It is 
noticed that 

et2 — 62 — 61 


where ei is the voltage across the load Ri. 
However, when tube 1 conducts, then ei — 
ex — jFq, where Eq is the constant tube drop. 
Hence 

«62 = ^2 — Ci -f £^0 (14-1) 

Thus, so long as ex is greater than 62, 61,2 will 
be less than Eq and tube 2 will not conduct. 
At the time ^3, however, 62 equals cj. At 
an instant later, €2 exceeds €1, and tube 2 will fire because > Eq, 
Further, since the plate voltage on the first rectifier is 

e^x — ex — €2 + Eq 

as is evident from the way Eq. (14-1) has been derived, then ebx will fall 
below Eq and conduction of tube 1 will cease. 

By following the same sequence of arguments, it may be shown that the 
current will transfer to tube 3 at the time / = <4. Thus each tube conducts 
for 120 deg, or one-third of the total cycle. The output current is the sum 
of the currents through each of the anodes and is given by n of Fig. 14-3. 
Actual oscillograms showing the output from such a polyphase system are 
given in Figs. 14-4 and 14-5.* 

Also indicated in Fig. 14-3 is the average or d-c component of current 
that exists in anode 1. The magnitude of this d-c current is obtained from 
an analysis of the output-current wave form and is given in the next sec- 
tion. Since this is the value of the d-c current through each transformer 
secondary winding, it will cause some saturation of the transformer core. 
This is undesirable, for a distortion of the output wave form may result. 

*A1] oscillograms showing characteristics of polyphase rectifiers were taken using 
type 83 tubes at a load current of approximately 100 ma. At these low currents, the 
transformer leakage reactance has little effect. 
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1 1 I I ►a 

fiG. 14-3. Transformer volt- 
ages, tube currents, and load 
current in a three-phase half- 
wave rectifier. 
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The effect of the d-c current in the transformer winding may be over- 
come by using transformers that are provided with two secondary wind- 
ings, connected in ^^zigzag,*' as shown in Fig. 14-6. The two windings are 
connected into separate circuits in such a way that the instantaneous cur- 
rent in each winding, though of the same magnitude, will be in the opposite 


Fig. 14-4. Oscillograms of trans- Fig. 14-5. Oscillograms showing 

former voltages and load current in the load current and the tube 

a three-phase half-wave rectifier. currents in a three-phase half-wave 

rectifier. 

direction, and the mmf ’s due to each current will cancel each other. Spe- 
cifically, the current Ii is equal to the current Ii but is in the direction 
opposite to Ii. It must be remembered that 1 and 1' are the two secondary 
windings on the same core, both of which are fed by the same primary 
winding 1^'. 

Although this connection eliminates the effects of core saturation, it does 
so at the expense of economy, since it does not utilize the voltage of each 
winding to yield the highest possible output voltage. This condition is 
indicated in Fig. 14-6, where it is seen that the two secondary windings in 
series give but instead of 2E volts. This results from the 

addition of two sinor voltages that are 60 deg apart. 
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For the same reasons that the single-phase full-wave circuit is more de- 
sirable than the single-phase half-wave circuit, the three-phase full-wave 
circuit is more desirable than the three-phase half-wave system. The full- 
wave circuit supplies higher power at a higher efficiency than the half-wave 
circuit. 



Fig. 14-6. ‘‘Zigzag” secondary wind- 
ings used to eliminate saturation of the 
transformer cores resulting from the 
d-c current. 



Fig. 14-7. Three-phase full- wave or six- 
phase half-wave rectifier connections. 


If three transformers with center taps or with double secondary wind- 
ings are available, the six rectifier units may be connected as in Fig. 14-7. 
The physical behavior of this circuit is identical with that of the three- 
phase half-wave rectifier, except that each tube conducts for 60 instead of 



Fia. 14-8. Oscillogram showing one tulx* current and the load curnmt in a six-phaw* 
lialf-wave rectifier. 


120 deg. The oscillogram of Fig. 14-S shows the current through one tulx^ 
and iJso the load current. 

If three transformers without center taps are available, then full-wave 
rectification is possible through the use of the three-phase bridge circuit, 
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shown schematically in Fig. 14-9. The output wave shape is the same as 
that shown in Fig. 14-8 for the six-phase half-wave circuit. However, the 
individual tube currents differ from those in the six-phase half-wave cir- 
cuit, since each pair of tubes conducts for two successive 60-deg intervals 


A 


3 


Fig. 14-9. Three-phase full-wave bridge circuit. At the instant shown Ihe potential 
of point B is positive with respect to point A, and tubes 4 and 2 are conducting. The 
corresponding current path is indicated by the broken line. 

during each cycle. As was also true in the case of the single-phase bridge 
circuit, two tubes always act in series to pass current to the load. Though 
such a three-phase bridge circuit cannot be used with a single multianode 
pool-cathode tank because of the manner of connection, it is readily 
adaptable for use either with a 
bank of ignitrons or excitrons or 
with externally heated gas diodes. 

If ignitrons or excitrons are used, 
these must be insulated from 
ground because the cathodes in 
Fig. 14-9 are not all at the same 
potential. 

From the way in which the cir- 
cuit diagram has been drawn, it is 
noted that tubes 1, 2, and 3 form 
a Y-connected system which is 
connected in parallel with a second 
group of tubes 4, 5, and 6. This latter group has the plates connected to 
the lines feeding the cathodes of the first group. 

To understand the operation of this rectifier, refer to Fig. 14-10, in 
which the three-phase line voltages cbai and ecB are indicated by solid 
lines. The negative of these voltages cab, and eac, respectively, are 
indicated by the broken lines. The diodes that conduct over each 60-deg 
interval of the output voltage are also indicated. Thus, at the instant 
when the voltage bba is a maximum (fi being positive with respect to A),* 

* In accordance with the voltage-notation convention explained in Appendix VlII, €ba 
lepreaentB the voltage drop from point B to point A . If bba is positive at a given instant 
of tame, then B is at a higher potential than A at this instant. 
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Fig. 14-10. In the three-phase bridge cir- 
cuit two tubes pass current simultaneously. 
£ki.ch tube conducts for 120 deg of each 
cycle as shown. 
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the plates of tubes 4 and 2 are positive, so that these tubes are conducting 
current. The current path through these tubes, the transformer secondaries, 
and the load is given in Fig. 14-9. When the voltage esc exceeds then 
the current will switch from tubes 4 and 2 to tubes 4 and 3. The explana- 
tion for this commutation is very similar to that given for Fig. 14-3 for the 
three-phase half-wave circuit. The reader should check the commutation 
sequence indicated in Fig. 14-10. In particular, note that the tubes con- 
duct in pairs and that each tube carries current for 120 deg in each cycle, 
as predicted. 

14-2. Harmonics in p-phase Rectifiers. The general case of a p-phase 
gaseous rectifier will be considered. The results so obtained will apply to 
the single-phase full-wave circuit (p = 2), a three-phase half-wave circuit 
(p = 3), a six-phase half-wave or a three-phase full-wave circuit (p = 6), 



Fig. 14-11. The current wave shape of a p-phase rectifier. 


and circuits represented by higher values of p. This analysis will not apply 
to the simple-phase half-wave circuit, which has been considered in some 
detail separately in Chap. 12. 

By neglecting the effect of the small tube drop, the general form of the 
output current from a p-phase system is that illustrated in Fig. 14-11. 
This is merely an extension of the form of the current that has been shown 
to exist in Fig. 12-9 for the single-phase full-wave circuit, and in Figs. 
14-5, and 14-8. This wave can be expressed analytically, for the regions 
specified, by the relations 

/ ir\ 

H ** m cos la I 0<a< — 

\ p/ p 

^ / 3t\ 2t 4ir 

-<«<- (14.2) 

^ / 5t\ 4t 6x 

fs * im cos I a j — < a < — 

\ p / p p 

etc. 

where a ^ (d. 
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The validity of these equations is verified by applying them to the 
individual cases already considered in detail, namely, p = 2, 3, 6. It is 
to be noted that each expression differs from the previous one only through 
the change of phase of 27r/p. Hence, with 

p « 2, the phase between currents is 2?r/2 ** 180®; 1-phase full-wave 

p » 3, the phase between currents is 2ir/3 «• 120®; 3-phase half-wave 

p * 6, the phase between currents is 2tr/6 * 60®; 6-phase half-wave 

In order to analyze the wave form of the output current in a Fourier 
series, the existence of certain conditions of symmetry, \^'hich simplifies the 
analysis rather markedly, is noted. The existing symmetries are 



These equations state that the value of the current at any phase a is the 
same as that at the phase —a, and also at the phase a + 27r/p. That 
these are valid can be seen from an inspection of Fig. 14-11. 

The first symmetry which is known as zero-axis symmetry,'' requires 
that the general Fourier series representation 

i = Bo -h ^ Bk cos ka + ^ -4* sin ka (14-3) 

k^l A:=l 

must satisfy the condition that 

Bo + cos ka + XAk sin ka = Bq + ^Bk co^ + 24^ sin ( — ka) 

Noting that cos ka = cos (~ka)y whereas sin ka = —sin ( — ka), then, for 
equality, Ak = —Ak. This can be true only if 4 a- = 0. Hence, zero- 
axis symmetry requires that the Fourier series contain no sine terms. Be- 
cause of this, the Fourier series becomes 

i — Bo + ^ Bk cos ka (14-4) 

k 


Tliis shows that only the cosine harmonic terms are present in the resulting 
series. 

Further, by virtue of the second symmetry, the series must satisfy the 
relation 


Bq -f* l^Bk cos ka = Bq -f- 2^Bk cos 


C03 ka « cos A; 




2irA;\ 

ka H ) 

P / 


from which 
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Since the cosine of one angle can equal the cosine of another angle only 
when the two angles differ by an integral multiple of 2w, it then follows that 

2tA; 

= 2im 

P 

where n is an integer. It follows from this that 

k == np (14-5) 

This is a rather remarkable condition, for it shows that a large number 
of terms in the series (14-4) will be absent. Specifically, it shows that for 
p = 2, the case of the single-phase full-wave system, only the second, 
fourth, sixth, etc., harmonics are present [see Eq. (13-4)]. For a three- 
phase half-wave system, k = 3n, and so only the third, sixth, ninth, etc., 
harmonics are present. This shows that, the greater the number of phases 
of the supply system, the higher will be the order of the first a-c component 
that is present in the output wave. This condition is of extreme impor- 
tance, for the filtering becomes increasingly simplified as the order of the 
harmonic increases. 

In order to determine the explicit form of the series represented by Eq. 
(14-4), it is noted that the term 

I ^2r 

Bq = — I i da 

2tJo 

simply represents the average current between the limits 0 and 27r. Since 
the current repeats itself in the interval 27r/p, then Bq can be obtained by 
averaging over this interval. Thus 

This becomes, upon carrying out the indicated integration, 

Bq « /wi - sin - (14-6) 

T p 

The general coefficient in the Fourier series, Bkt is 

I ^2r 

I i cos ka da 

The value of this integral is p times the same integral between the limits 0 
and 2w/p* This step is valid because both i and cos ka ■» cos npa repeat 
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at intervals of 2ir/p. Thus, 


p ( t\ 

~ J j ^ ^ 

Performing the indicated integration yields 

Finally, the general expression for the output-current wave form of the 
p-phase system becomes 


p . A 

[Im-sm-] 

1 - Y 

^ 2 cos hat 1 

\ r pj 

lc—p,2pji 

(A:+ l)(fc- 1)J 


(14-7) 


The expressions for several specific cases are written out explicitly, 
p = 2, single-phase full-wave 


r 


(-r 


X 3 


cos 2a)^ 


3X5 


cos 4<i>/ 


5X7 


cos 


p = 3, three-phase half-wave 
3V3 . / 2 


f ~~ im I 1 
2ir \ 


2X4 


cos 3w^ — 


5X7 


cos 6(p< 


8 X 10 

p = 6, three-phase full- wave; six-phase half-wave 

2 

cos 


cos 


% = ( 1 cos — 

2t \ 5X7 


11 X 13 


17 X 19 


cos lS(»)t 






-■)J 


(14-8) 


An inspection of these expressions indicates that not only does the order of 
the lowest harmonic term in the output increase with an increased number 
of phases but the magnitude of this term is smaller for large values of p. 

The ripple factor can be evaluated from the Fourier series of the output 
wave. It follows from the first of Eqs. (14-8) for the single-phase full-wave 
system that 

2 /« 

/d. » — * 0.536/^ 
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Furthermore, if a wave is of the form 

i = 3q 4“ Hi cos o)t “f“ H^ cos 4" H^ cos 4" * • * (14-9) 


then the rms value of this wave is given by the well-known expression 

( 14 - 10 ) 


/nnH = 


+ 


Bl" + B2^ + + . 


Hence 




= 0.307/„ 


This is, of course, simply the rms value of the a-c components, since the d-c 
term has been omitted from the expression. The ripple factor defined in 
Eq. (12-20) as 


is then 


■*dc 

0.307 

r = = 0.482 

0.636 


This is the value that has already been found [see Eq. (12-27)]. 

Suppose now that all terms in the Fourier expansion except the first 
harmonic term are neglected. The ripple factor becomes under these con- 
ditions, since 


simply 



^ 0.636 


It is noted that this value is only about 2 per cent different from the value 
which results when all the terms in the expansion are used. In view of 
this, only the first harmonic term in the Fourier series for the case p = 2 
or higher will be retained in calculations of the ripple factor, since the re- 
sults will be within 2 per cent of the correct value. Under this approxima- 
tion the output current for the p-phase system may then be written as 





( 14 - 11 ) 
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It follows from this expression that 



The ripple factor attains the form 



V2U 
- 1 


(14-12) 


(14-13) 


This expression shows that the ripple factor decreases rapidly as the num- 
ber of phases increases. The ripple factors are 0.472, 0.177, and 0.0404 
for p = 2, 3, and 6, respectively. Thus, a vsix-phase system without a filter 
has a ripple of only 4 per cent. 

14-3. D-c Output Voltage, and Efficiency of Rectification in a p-phase 
Rectifier. The effect of the tube drop Eq was neglected in the last section. 
However, it will be taken into account in the calculation of the d-c output 
voltage and the rectifier efficiency. 

By analogy with Eq. (14-12) for the output current, the d-c output volt- 
age will be Entivh) sin (x/p) if the tube drop is neglected. Since the out- 
put voltage is reduced by the amount of the tube drop, then clearly 


Edc =■ - sin - - £'o (14-14) 

TT p 

This expression is valid, of course, only for those circuits in which only one 
tube conducts at a time. For the bridge circuits (see Figs. 12-13 and 14-9) 
in which two tubes conduct simultane- 
ously, Eq in this expression must be re- 
placed by 2Eq. Since this expression is 
independent of the load current, it ap- 
pears that the regulation of a gaseous 
rectifier system is perfect. This is true 
only when the tubes are fed from ideal 
transformers (those with zero leakage 
reactance and zero resistance). The 
effect of the transformer leakage react- 
ance will be considered ;n Sec, 14-5. 

A plot t»f this expression (the small 
tube drop l>eing neglected) is given in 
Fig. 14-12. It will be noted that as the 
number of phases is increased the ratio of the average or d-c voltage t,o 
the peak voltage of the transformer increases and approaches the 
value unity. That is, Edc approaches Em. as the number of phases is in- 
creased. 



Fig. 14-12. Ratio of d-c output volt- 
age to peak transformer voltage as a 
function of the number of phases in a 
polyphase rectifier. (Tube drop is 
neglected.) 
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The efl&ciency of rectification, defined as the ratio of the output d-c 
power to the input a-c power, may readily be calculated. The secondary 
transformer voltage e is given by 

/ T 

e = Etn cos la 

\ V 



and the corresponding current i is given by 


Em cos 




Ri 


(14-15) 


for the period from 0 to 2ir/p during conduction. The a-c input power to 
the system is 


as — I et da 

2tJo 


JL 

2ir. 


which integrates to 
Pi 


Em COS 




Eo 


Ri 




(P\EJ 

T T / TT 2£'o\ 

— h sin “ 1 cos ) 

\2w} R, 

Lp p\ P E.„ ^ i 


da 


(14-16) 


The corresponding output d-c power is 



(14-17) 


since Pdc = Edc^lRiy where Edc is given by Eq. (14-14). The efficiency of 
rectification is given by the ratio of Eq. (14-17) to Eq. (14-16) and may be 
written in the form 


1?r 


200p 



pE„) 


r 


T IT / T 

- + sin “ I COS ~ 
_p p\p 



% 


(14-18) 


This expression is seen to remain substantially constant and independent 
of the load current. It depends only upon the number of phases p, the 
transformer maximum voltage Emt and the tube drop Eq. The general 
form of the variation predicted by this expression is shown in Fig. 14-13. 

It must be emphasised that the value of fjr given by this expression is 
valid only for those circuits in which a single tube conducts at any time. 
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For the bridge circuits where two tubes conduct simultaneously, Eq must 
be replaced by 2Eo. Furthermore, the symbol Em must be correctly inter- 
preted. In most cases, it represents the maximum transformer secondary 
alternating voltage to the common junction of the interconnected trans- 
former bank. In the case of the three-phase 
zigzag connection, it still represents the phase 
voltage to the common junction, although this 
value will be \/3 times the maximum winding 
voltage. In the case of the three-phase bridge 
circuit, it represents the line-to-line voltage and 
is \/3 times the peak a-c value of each wind- 
ing of the secondary. In other cases, a care- 
ful examination of the wiring diagram of the 
system must be made to determine the ap- 
propriate value. 

The advantages of the poljnphase systems 
are evident: higher values of d-c current; 
higher efficiency of rectification; smoother 
output; and the existence of higher harmonics in the output, which permits 
effective filtering by means of simple filters. 

Example, Compare the efficiency of rectification of two 600-volt 1,000-kw three- 
phase rectifiers, one of which consists of a polyphase tank (cathode-anode fall 25 volts), 
the other of a bank of ignitrons (cathode-anode fall » 14 volts). 

SoliUion. For the polyphase tank: By Eq, (14-14), 



P 


Fig. 14-13. Efficiency of 
rectification as a function of 
the number of phases in a 
polyphase rectifier. (Tube 
drop is neglected.) 


from which 


By Eq. (14-18), 


Efjtc “* Etn — sin “ Eq 

T p 

Ede+Eo 600 + 25 


V . 

-sm- 

X p 


3 . 1 
-sin- 


755 volts 


nr ' 


200 X 3 


/ , X X 25 
(sin- -- X—) 
\ 3 3 7bb/ 

. X / X 

an - I cos - — 

3 \ 3 


-+8in 


755 / 


92.4% 


For the bank of ignitrosis: 

whence, from Eq. (14-18), 

200 X3 


614 

Em - 742 volts 


3 . ir 
-sm- 


( . X 


14 y 
742/ 


X ^ r X / X 2 X 14\ 
-+«n-(ooej-— )J 


IT 


94.3% 
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The percentage improvement resulting from the use of the ignitrons is 


94.3 - 92.4 
94.3 


X 100 « 2% 


14-4. The Transformer Utilization Factor. If the curves of Fig. 14-3 are 
examined critically, it will be observ^ed that the current flows through 
each anode for times corresponding to 120 deg of each cycle for the case 
n = 3. That is, the transformer that supplies the power to an anode is 
being utilized for one-third of the cycle and remains idle for the remaining 
two-thirds of the cycle, or the time required for each of the other anodes 
to pass through their conducting periods. Evidently, the larger is the 
number of phases, the shorter is the period during which any particular 
transformer is supplying power to the output circuit. The transformer 
“utilization factor’^ gives a measure of the effectiveness with which the 
transformers in a polyphase rectifier system are used. 

The utilization factor may be specified for either the primary or second- 
ary winding of the transformer and is defined as the ratio of the d-c output 
power supplied to the load to the volt-ampere capacity of the transformer hank. 
Thus p 

Utilization factor (UF) = — (14-19) 

volt-amp 


This definition applies for both the primary and the secondary transformer 
windings. In each case, Phc refers to the d-c load power, whereas volt- 
amperes refers to either the primary or the secondaiy volt-amperes, respec- 
tively. The utilization factor is evidently less in magnitude than unity. 

The utilization factor gives a measure of the output power that may be 
obtained from a transformer bank having a given volt-ampere rating when 
used in any particular rectifier circuit. Rewrite Eq. (14-19) in the following 
form, which specifies the rating of transformers for a given output power: 


Transformer rating (volt-amp) 


P dc 

UF 


(14-20) 


Y-2fr/p-M 



An approximate analytic expression for UF is readily derived. It will be 
supposed that the output current of each transformer during its conduct- 
ing period is a pure d-c value, as shown in Fig. 
14-14, since the ultimate purpose of the rectifier 
system is to convert a-c power into d-c power. 
This involves an assumption that is not seriously 
in error for polyphase rectifiers. The error resulting 
from this assumption is very small when an inductor 
is placed in series with the load. The oscillograms 
of Figs. 14-15 and 14-16 show the “square*^ or 
“block*' waves that exist under these conditions. 




A 


T 


Fiti. i4-14. Ill an ideally 
filtei-ed rectifier the trans- 
former current is con- 
stant while it is deliver- 
ing power to the load. 
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Fig. 14-15. Oscillogram of the tube currents and the load current in a three-phase 
half-wave rectifier with a small inductance in series with the load. (Compare with Fig. 
14-5, which was taken under identical conditions except that the inductance was shorted 
out.) 



Fia. 14-16. A tube current and the load currents in a six-phase half-wave circuit with 
a small inductance in seiies with the load. The same inductance was used in th:s circuit 
as in the circuit of Fig. 14-15. Note how much more effective the filtering is for the 
six-phase than for the three-phase circuit. (Compare with Fig. 14-8, in which all condi- 
tions were the same except that the inductance was shorted out.) 
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Under these conditions, the average or d-c value of the voltage during 
the conducting part of the cycle is, from Ekj. (14-14) (the tube drop being 
neglected), ^ ^ 

^dc ^ Em- sin - 

T p 

The rms value of the current in the ideally filtered output system of 
Fig. 14-14 is readily seen to be 




(14-21) 


The total volt-amperes of the transformer secondaries is 


V 




The d-c power supplied to the load is 


P . 

Edc^ dc ^ J oEfn — sin — 

T p 


(14-22) 


The ratio of these two terms is the transformer secondary utilization factor 
defined in Eq. (14-19), 

*v 2p T 

Secondary UF = sin - (14-23) 

T p 

A plot of this expression as a function of the number of phases p is given in 
Fig. 14-17. It is noted that rectifiers with p =* 3 utilize the transformer sec- 
ondaries to the best advantage, although 
even for this system the utilization factor 
is only 0.675. The mathematical maxi- 
mum value of (14-23), obtained by setting 
the derivative equal to zero, occurs at p = 
2.69. This has no physical meaning, of 
course, since p must be integral. Actu- 
ally, F^gs. 14-12, 14-13, and 14-17 should 
possess ordinates only at the discrete 
points p » 2, 3, 4, etc. 

The problem of determining the trans- 
former primary utilization factor is some- 
what more complicated than that of find- 
ing the transformer secondary utilization 
factor. This complication arises from the 
necessity of determining the wave shape 
of the current in the primary winding when the current in the secondary 
winding is the rectangular wave shape illustrateid in Fig. 14-14. The de- 



Fio. 14-17. Transformer secondary 
utilisation factor as a function of 
the number of phases. 
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sired result may be obtained in the following way: The current wave 
illustrated in Fig. 14-14 may be expressed analytically over the complete 
cycle by means of a Fourier series of the form given by Eq, (14-3), viz.^ 

00 00 

t = ^0 4* ^ BjcCO&ka + X) sin ka (14-24) 

kmml A;-l 

where, of course, Ho, the average value for the block wave, may readily be 
found. Now, if the transformer is considered to be perfect, all terms con- 
tained in the Fourier expansion (14-24) will be reflected into the trans- 
former primary with the exception of the d-c term, since d-c current can- 


Sccondary 

current 


Primary 

current 


fdc=^o/p 





h-'h/p 


Fig. 14-18. The wave shape of the secondary current and the corresponding primary 
current in an ideally filtered p-phase rectifier. These are designated as block currents. 


not be transformed. Consequently, the wave shape of the current in the 
primary winding will be simply that of the secondary current with the d-c 
term absent. This requires that the axis of the current wave in the sec- 
ondary must be shifted by an appropriate amount in order to obtain the 
current in the primary winding. The amount of shift is such that the net 
area of the curve is zero. That is, the resultant curve has as much area 
above as below the axis. These results are illustrated in Fig. 14-18. 

The rms value of the primary current illustrated above is 



This reduces to 

/m» = - Vp- 1 (14-25) 

V 

Hence, the primary volt-amperes is 

” (^) ( p '^) ~ 

The ratio of Eq. (14-22) to Eq. (14-26) is the transformer primary utilisa- 
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tion factor. This ratio becomes 

! 2 p T 

Primary UF = sin- (14-27) 

\ p — 1 TT p 

This expression is valid only for those systems in which each transformer 
supplies power to the rectifier system for 2Tr/p degrees in each cycle. Con- 
sequently, this expression is not valid 
either for the bridge circuits or for the 
six-phase half-wave circuit. 

In the case of the six-phase half-wave 
circuit, an inspection of Fig. 14-7 shows 
that the primary current results from 
the action of two secondary windings, 
since there are two secondary wind- 
ings per transformer required in this 
system. The transformer primary uti- 
lization factor may readily be calcu- 
lated for this system. Let the two 
secondary windings be denoted by the 
letters A and B. Then Fig. 14-19 
Fio. 14-19 Block-current diagram of secondaiy currents iA and 

one transformer of a six-phase half- . . 

wave rectifier. corresponding primary current 

components ia' and is' (obtained from 
iA and is by subtracting the d-c value); and the resultant primary cur- 
rent lA — W (the negative sign arises from the fact that the currents are 
in opposite directions in the two secondary windings). 

Except for the exciting current in the primary of a transformer, a balance 
is required between the mmfs produced by the secondary and the primary 
currents. This means that in order to find the primary current in a rectifier 
transformer which is provided with multiple secondary windings, due ac- 
count must be taken of the relative number of turns of each winding, as 
well as the direction of the currents in the several windings. In the above 
illustration all secondary windings have the same number of turns. How- 
ever, this is not always true (see Fig. 14-29). 

From Fig. 14-19 the rms value of the current in each transformer primary 
is found to be 



The volt-ampere rating of the A-coimected transformer hank is 
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Also, the d-c output [>o\ver of the system is 


Therefore, 


6 ir 3 
— sin - = — l{)Em 

IT 6 T 


3/ir 

Primary UF = = -- = 0.777 

\/3/2 r 


(14-28) 


From the foregoing analyses, it is evident that the single-phase full-wave 
circuit, the three-phase half-wave circuit, and the six-phase half-wave 
circuit possess very low utilization factors. This means that the kva 
capacity of the rectifier transformers must be much 
greater than the d-c kilowatt output. It should 
also be noted that the transformer primary utiliza- 
tion factor is higher than the corresponding sec- 
ondary utilization factor. A little thought will 
show that this will always l>e true if the secondary 
current carries a d-c component. This means, of 
course, that unlike transformers used for ordinary 
a-c power applications the kva rating of a rectifier 
transformer secondary is usually different from and 
higher than that of the primary winding. 

By virtue of its operation, the three-phase full- 
wave bridge circuit makes much better use of its 
rectifier transformers than any of the above-men- 
tioned circuits. A careful study of the operation 
of this system (see Figs. 14-9 and 14-10) shows that 
the transformer currents in the three secondary 
windings A, and C are as pictured in Fig. 14-20. 

It should be noted that there is no resultant d-c component of current in 
the transformer windings. This eliminates any effect of core saturation. 
Furthermore, the primary currents will have exactly the same wave shape 
as the secondary currents. As a result, the transformer primary and sec- 
ondary utilization factors will be the same. 

To find these factors, it is noted that 



Fig. 14-20. The second- 
ary block currents in the 
three transformers of 
Fig. 14-9 (the three- 
phay bridge circuit). 
Current toward the 
neutral of the trans- 
former bank is taken as 
positive. 


Edc = V^Em - sin ~ 

T p 

where is the transformer maximum voltage. The factor \/3 arises 
from the fact that two transformers supply power simultaneously (the 
voltages are 120 deg apart in time phase). Since the output is that of a 
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three-phase full-wave circuit, p = 6, whence this expression reduces to 

3\/3 




E„, 


The d-c output power is given by 

3v/3 

EdJo = 

V 


The rms current is 

= ^^0 


and the rms transformer voltage is Em/\^. The total volt-ampere rating is 


Hence 




UF 


(3v/3/»-)g„/o _ 3 
•>/3E„Io T 


(14-29) 


for either the primary or the secondary windings. The reciprocal of this 
is 1.05, which means that the transformer rating (both primary and sec- 
ondary kva) need be only 5 per cent greater than the d-c kilowatt output 
power. 

14-6. The Effect of Leakage Reactance on Rectifier Operation.^ The 

foregoing analyses have explicitly supposed that the transformers were 
perfect. That is, the losses were considered to be negligible, and the leak- 
age inductance was considered to be 
zero. This idealization is approxi- 
mately true. However, the presence 
of the leakage reactance does have 
marked effects upon the operation of 
the rectifier system. It causes two 
anodes to fire simultaneously, result- 
ing in an electrical connection be- 
tween the windings of the trans- 
formers of the “overlapping^' phases 
(see Fig. 14-21). Thus, instead of 
the arc transferring immediately 
from one anode to the next in firing sequence, as depicted in Fig. 14-3, a 
short region exists during overlap in which both anodes conduct. The 
overlap results from the presence of the leakage inductance L, which con- 
sists of the leakage inductance of the secondary winding plus the effects of 
the line and primary leakage inductances reflected into the secondary. 




Fig. 14-21. Two tubes conduct simul- 
taneously during overlap. The load 
current is assumed constant so that I 
lo. 
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The application of KirchhofT^s law around the path of the overlapping 
phases yields . , . v . , . v 

,,4.30) 

where, for simplicity, the tube drops have been neglected. Furthermore, 
since two anodes are passing current, then 

/a = ti + ^2 (14-31) 

It will be assumed that the load circuit is highly inductive, so that the load 
current Iq is constant. 

et^^EjnCosTT/pcosa. 

et t / ^2 ea 


\ ^cc-wt 

,1 


Angle V 

of overlap ^ ^ I during overlap 

Fig. 14-22. The load voltage and individual tube (currents taking into account ovt*rlap 
in a p-phaee rectifier. 

If the origin a = 0 is chosen as shown in Fig. 14-22, the transformer 
voltages ex and €2 are given by the expressions 


ex = E^n cos 


(-0 


62 = E„ COS 




(14-32) 


By combining Eqs. (14-30), (14-31), and (14-32), there results 


dix 

2L — Em cos 
dt 




2Em sin - sin a 
V 


When a = (at equals izero, anode 1 is carrying all the current, so that ix = lo 
at a ~ 0. Integrating the above equation subject to this initial condition 

/E„ t\ 

ij - /o - ( — sin - ) (1 - cos a) (14-33) 

\<aL p/ 

during the overlap period. The current t 2 becomes 

/ Em ir\ 

^ In- ix-=( — sin - ) (1 - cos a) (14-34) 

\<aL p/ 

during the overlap period. These currents are shown in Fig. 14-22. 
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During that portion of the cycle when one tube only is carrying current, 
the load voltage equals the transformer voltage feeding this anode (the 
tube drop being neglected). However, during the overlap period the out- 
put voltage is €i — L dii/dt or €2 — L di 2 /dty as is evident from an inspec- 
tion of Fig. 14-21. From the known values of e and i, the load voltage 
during the overlap p)eriod reduces to 


which is also 


«u = Em cos - cos a 
V 


€u — 


+ ^2 
2 


(14-35) 

(14-36) 


This shows that the load voltage during overlap is the average of the 
transformer induced voltages of the two phases. 

In order to calculate the angle of overlap u, it is to be noted from the 
diagram that t'l = 0 when a == u. Thus, from Eq. (14-33) 


from which it follows that 


/ Em 

0 = /o — ( — sin - 1 (1 — cos u) 
\o}L p/ 


cos u 


1 - 


wLIq 


Em sin (w/p) 


(14-37) 


An inspection of Fig. 14-22 shows that the most serious consequence of 
the presence of appreciable leakage reactance is an output d-c voltage Edc, 
which will vary with the load current. That is, an appreciable voltage 
regulation will result from the existence of the leakage reactance. The 
exact dependence of the output voltage upon the load current is readily 
determined. Thus, 

p \ 

Edc ^ — I €i da - — I I eu da + I 62 da) 

The result of the integration is 


Edc « ( — Em sin ~ ) (1 ■+• cos m) (14-38) 

\2ir p/ 

Substituting the value of cos u from Eq. (14-37) into this expression gives 

P IT wLIq 

Edc * Em - sin p (14-39) 

T p 2t 

This shows that the voltage decreases linearly with the load current. If 
the tube drop £0 is to be taken into account, it is only necessary to reduce 
this expression by this value £ 0 * 
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14-6. The Double-Y Rectifier Circuit. It was shown in Sec. 14-4 that 
the three-phase full-waVe bridge circuit is characterized by high trans- 
former primary and secondary utilization factors. For this reason, plus 
others to be considered below, this circuit recommends itself for certain 
applications where single-anode tubes are to be used. However (see 
Fig. 14-9), this circuit cannot be used with multianode pool-cathode tanks. 

A very important rectifier circuit, which is known as a double-Y circuity 
is illustrated in Fig. 14-23. The double-Y circuit possesses a transformer 
primary utilization factor equal to that of the bridge circuit, but the trans- 
former secondary utilization factor is somewhat lower than that of the 



Fig. 14-23. The double-Y rectifier connections. Winding 1 is 180 deg out of phase 
with 4, winding 2 is 180 deg out of phase with 5, and winding 3 is 180 deg out of phase 
with 6. 

bridge circuit. There are, however, several features that more than offset 
this, the most important being that pool-cathode multianode or single- 
anode tanks may be used. This permits, of course, the very high currents 
that are available from the pool cathode. Also, the peak anode current in 
such a system is one-half the total load current, whereas in the bridge 
circuit the peak anode and the load currents are equal. Consequently, the 
double-Y connection recommends itself for systems that are to supply high 
currents and is used on most large six-phase or higher phase rectifiers. 

It will be noted that this system consists es.sentially of two separate 
three-phase Y-connected secondary systems whose corresponding wind- 
ings are displaced by 180 electrical degrees with respect to each other. 
The two three-phase systems have their neutral points connected together 
by a center-tapped reactor, generally referred to as the “interphase trans- 
former,'^ which is marked ONO' in the diagram. 

The three-phase system of voltages of group I, consisting of anodes 1, 3, 
and 5, are shown in Fig. 14-24. Directly below are indicated the three- 
phase voltages of group II, consisting of anodes 2, 4, and 6. It should be 
noted that the voltage of anode 4 is the negative of that of anode 1, 5 is 
the negative of 2, and 6 is the negative of 3. The action of the circuit can 
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best be understood if the interphase transformer is considered simply as 
a commutating reactor” ® that causes two anodes to fire simultaneously. 

Consider, for example, the instant of time ti shown on the curves of 
Fig. 14-24. At this instant, the voltages 63, 64, and are negative, so that 
anodes 3, 4, and 5 are not conducting. The voltages ei and 62 are positive, 
and anodes 1 and 2 conduct simultaneously. Although the voltage is 
positive, the anode-cathode voltage of anode 6 is + Cft — ^2, which is nega- 
tive, so that anode 6 is not conducting. (This result is obtained by apply- 



GROUP 1 


GROUP II 


1 2 3 4 5 6 


' A A /n a a a a 


Fig. 14-24. The internal and external behavior of a double-Y-connected rectifier. 
Anodes 1, 3, and 5 act as a simple three-phase half-wave rectifier. The same is true of 
anodes 2, 4, and 6. Each anode conducts for 120 deg in each cycle. The two groups act 
effectively in parallel so that at every instant of time one anode of each group is con- 
ducting. The load voltage is the average of the output voltages of the two groups. 


ing Kirchoflf^s law to the path W'2K^ of Fig. 14-23, the tube drop being 
neglected for simplicity.) Consider the path \ONO'2Kl, which connects 
anodes 1 and 2 together through the interphase transformer. If Cc is the 
voltage to center tap of this reactor (the ‘‘commutating voltage”), then 
Kirchhoff’s law around this path gives 


from which 


61 — 26 o — 62 *= 0 
«c = §(«l - «2) 


(14-40) 


This means, of course, that anode 2 is also passing current, and it is the 
difference in voltage between the two conducting anodes that appears 
across the reactor. 

The load voltage is found by choosing a path through the load, through 
one-half of the interphase reactor, and through either anode 1 or anode 2. 
The result is either 

s* — So or 6/ « C2 + Sc (14-41) 
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By adding these expressions, 

e, = + 62 ) (14-42) 


This shows that the load voltage is the average value of the transformer voltages 
ei and 62. This is clearly shown in Fig. 14-24. 

At the time t 2 when ei equals 63, the current shifts from anode 1 to anode 
3, exactly as in a simple three-phase system. However, anode 2 continues 
to carry current. The commutating voltage shortly after this instant 
becomes 

= ^(^3 62) 

and the load voltage becomes 

= 5(^2 + ^a) 


(The leakage reactance of the rectifier transformers has been neglected.) 

At the time ts the current transfers from anode 2 to anode 4, which then 
conducts simultaneously with tube 3. 

From the foregoing reasoning, it can be concluded that internally group 
I behaves independently of group II, each functioning as an ordinary 
three-phase half-wave rectifier, and each 
tube conducts for 120 deg/cycle. Since 
two anodes always conduct simultane- 
ously, these two groups may be considered 
to be acting essentially in parallel. The 
difference in voltage between the trans- 
former potentials to the anodes that are 
conducting appears across the commutat- 
ing reactor. The load voltage is the aver- 
age value of the output voltage of group 
I and group II. This load voltage ap- 
pears to have, from Fig. 14-24, twice the 
frequency of either group I or group II. 

It will be shown that this is true and that 
the lowest harmonic frequency in the output voltage is a sixth harmonic of 
the supply frequency. An oscillogram showing these features is given in 
Fig. 14-25. 

The Fourier series of the output voltage of group I is that given by 
Eq. (14-8), viz., 

3 v^3 / CoS 3a 2 cos 6a \ 

S ) 



Fig. 14-25. Oscillogram verify- 
ing the behavior of the double-Y- 
connected rectifier as depicted in 
the sketches of Fig. 14-24. 


It is evident from Fig. 14-24 that en can be obtained from ei merely by 
shifting the horizontal axis by 60 deg, t.e., by changing a to a ~ 60 deg. 
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3-v/3 


3V3 

2ir 




[-i 

On 


COS 3 (a — 60) cos 6(a 

4 35 


cos 3a cos 6a + • 

35 


Hence, the load voltage becomes 

1 3'\/3 

+ ^II) = — 

2 27r 


(, - 1 
\ 35 


cos Ca 



(14-43) 


It should be noted that the third harmonic term cancels out of the expres- 
sion and that the lowest frequency in the output voltage is the sixth har- 
monic, as predicted. The d-c load voltage is 


3\/3 

^dc = — Em 

^TT 


which is the d-c value of each three-phase group, despite the fact that the 
output voltage contains no third harmonic term. 

The voltage that appears across the commutating reactor is a third 
harmonic of the supply frequency, and not a sixth harmonic as appears in 
the load voltage. This follows from Eq. (14-40), from which it is found that 


1 

«c ~ ~ — «Il) 

2 


3\/3 / 

— — E„ I cos 3a -f- 
8t \ 


cos 9a 
10 




•) 


(14-44) 


This expression when plotted indicates that the voltage across the com- 
mutating reactor has a triangular wave form (compare with Prob. 14-9). 

This result is illustrated in the oscillo- 
gram of Fig. 14-26. It is noticed, there- 
fore, that there is no d-c voltage across the 
interphase reactor. This means, of course, 
that no saturation results from the presence 
of a d-c current component in this reactor. 
Also, the lowest frequency voltage that ap- 
pears across this reactor is a third harmonic, 
and only odd multiples of Sw will appear 
across this reactor. That is, all even multi- 
ples of 3ci) cancel out. 

The subtraction indicated in Eq. (14-44) may also be carried out graph- 
ically from the plotted voltages ei and en of Fig. 14-24. This construction 
confirms the conclusion of the pi’ecediiig paragraph that the voltage across 
the commutating I'eactor is approximately triangular in wave shape and 
of a frequency 3«. 



Fig. 14-26. Osciilogiam show- 
ing the approximately triangular 
wave form of the voltage across 
the commutating reactor of a 
double-Y-connected rectifier. 
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The entire foregoing analysis is based upon the fact that KirchhofT’s 
voltage equation is satisfied around every closed loop. However, one addi- 
tional condition must be fulfilled in order 


to have a physically realizable system, 
viz.: the current through any anode can 
never be negative. Consider, therefore, the 
conditions that exist when anodes 1 and 2 
are conducting simultaneously, as at the 
instant ti of Fig. 14-24. The conducting 
circuit of Fig. 14-23 is redrawn in Fig. 
14-27, the nonconducting anodes having 
been omitted from the diagram. It is as- 
sumed that the load circuit is highly in- 
ductive so that the load current is constant 



Fig. 14-27. In the double-Y- 
connected rectifier the current in 
the conducting anodes may be 
considered to be made up of two 


and equal to /q. The tube currents, how- 
ever, are not equal. ii is decreasing and 
is increasing at this instant. The d-c 
component of the current delivered by each 


components. These are: one- 
half the constant direct current, 
/o/2, and a commutating or cir- 
culating current ic. 


is Iq/2. The instantaneous current in anode 1 is then 


and that in anode 2 is 



(14-45) 


where ic is the commutating or circulating current indicated in Fig. 14-27. 
This commutating current is determined by the voltage Cc [Eq. (14-44)] 
and the reactance X of the interphase reactor. 

Since ii cannot be negative, the minimum value of Iq is twice the maxi- 
mum value of ic. This minimum load current value is called the ^‘critical 
load current.” The interphase transformer is so designed that its react- 
ance X limits the commutating current to a low value. The critical load 
current is usually less than 2 per cent of the full load current, and the cir- 
culating current must be kept smaller than one-half of this value. 

Since the foregoing theory is not valid for currents less than the critical 
value, what is the true situation at these low currents? Consider the ex- 
treme case of zero load current. Figure 14-27 shows that if /o = 0 then 
the current tiirough anode 1 is —ic and that through anode 2 is +ic. Since, 
however, neither anode can pass negative current (the electrons can flow 
only from cathode to. anode within each tube), then ic must equal zero. 
There can therefore be no commutating current and the commutating volt- 
age must also be zero. Under these circumstances the interphase reactor 
may be considered to be missing from the circuit. This means that the 
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(louble-Y circuit must reduce to the simple six-phase half-wave circuit 
(compare with Fig. 14-7). As a result, each tube conducts for 60 deg in 
each cycle, and the output voltage is 1.35JS^rms [obtained from Eq. (14-14) 
with p = 6 and Eo = 0]. However, for currents Iq that are greater than 
the critical value, the load voltage is that of a three-phase half-wave sys- 
tem, or lAlErmB- Thus, the voltage at no load is 1.35/1.17 times the load 
voltage. This results in a 15 per cent voltage regulation in the range from 
no load to the critical load. 

In the range from no load to the critical load, the situation is precisely 
that discussed in the last section in which the matter of overlap was in- 


^dc 
UlE. 


Tins 




Slope resuming ft om inierphase reacfor 


^ Slope resuHing from iransfbrmer 
leakage reacfance 


•ir 


0 '^CriHca! had Iq 

Fig. 14-28. Regulation curve of the double-Y circuit. 


vestigated. Because of the overlap, which results in this case from the 
presence of the reactance of the interphase transformer (the leakage re- 
actance of the transformer being negligible in comparison with this value), 
conduction proceeds for more than 60 deg as the load current is increased. 
The angle of overlap increases with load current until the critical load is 
reached. At this point, each anode is conducting for 120 instead of 60 deg, 
and the rectifier has attained the double-Y features. As the load is in- 
creased beyond the critical value, only a small increase in overlap occurs, 
resulting now from the effect of the transformer leakage reactances. 

A typical voltage regulation curve is shown in Fig. 14-28. The large 
slo^ due to the interphase reactor is indicated ; and the gradually decreas- 
ing voltage, given by Eq. (14-39), resulting from the transformer leakage 
reactance is also shown. 

A group of double-Y circuits may be connected together by commutating 
reactors to provide higher than effective 6-phase operation. This requires, 
of course, that the appropriate phase shift between groups be introduced 
in order to 3 deld the desired results. One such circuit is the quadruple 
zigzag rectifier, which is illustrated in Fig. 14-29. It is a 12-phase rectifier 
which behaves like two double-Y circuits in parallel. These circuits retain 
the desirable features of the 3-phase circuits (viz., conduction for 120 deg 
of each cycle), although the load voltage contains only iiarmonics of higher 
order.* 
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Fio. 14-29. The transformer connections of a quadruple zigzag rectifier system. 


14-7. Rectifier-design Data. The main results of the analj'sis of the 
rectifier circuits outlined above are summariaed in Table 14-1. All the 
items contained therein can be obtained from the formulas and the methods 
of analysis developed above. 


TABLE 14-1 ♦ 

RECTIFIER-DESIGN DATA 


Circuit 

One- 

phase 

full- 

wave 

One- 

phase 

bridge 

Three- 

phase 

half- 

wave 

Three- 

pluwe 

bridge 

Doubl(‘- 

Six- 

phase 

half- 

wave 

Circuit diagram 

12-« 

12-13 

14-2 

14-9 

14-23 

14-7 

Transformer secondary 
rms volts/deg 



0 . 855Pdcr 

0.427A'* 

0.855£^dc 

0.741Eac 

Peak inverse voltage 

ZA^Edc 

1.57^de 

2.(H)Pdr 

1 .046£dr 

2.09Pdc 

2.09J?dc 

Average tube current . . . 

0.5/dc 

0.5/dc 

0.33/dc 

0.33/dc 

0.167/dc 

0.167/de 

Peak tube current 

/dc 

he 

I<ic 

/* 

0.5/dr 

lie 

Transformer secondary 
kva rating 

1.57Pdr 

l.llPdc 

1.481Pdc 

1 .047/’* 

1.481Pdr 

1.814Pdc 

Transformer primary 
kva rating 

l.UP* 

l.llPdc 

1.2lPdc 

1 .047Pdc 

1 .047Pdr 

1.288Pdc 

Principal ripple fre- 
quency 

V 

2/ 

3/ 

6/ 

6/t 

6/ 

Ripple factor 

0.472 

0.472 

0.177 

0.0404 

0.0404 

0.0404 


*1^ valufw in Has tuble are based upon the following assumptions: sero transformer resistance; aero 
Uanafonner reactance} eero tube drop; very large reactance in series with the load so that tihte tube current 
is constant (except for the ripple frequency and ripple factor). 

t The load ripple frequency if Q/, but the interphase reactor ripple frequency is 3/. 


Suppose that the three circuits that yield effective six-ph^ output are 
compared. The six-phase half-wavc| circuit possesses no features that 
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compensate for the low transformer utilization factors, and so this circuit 
is seldom used. 

The three-phase bridge circuit is characterized by (1) high transformer 
primary and secondary utilization factors, (2) two tubes in series during 
the conduction period, (3) low inverse peak voltage per tube. Though (1) 
and (3) are desirable features, the drop in the two conducting tubes results 
in a reduced rectifier efficiency. Also, by virtue of its connection, a multi- 
anode tank cannot be used with this circuit. This circuit is used exten- 
sively for high-voltage moderate-current service. 

The double-Y circuit is characterized by (1) poor transformer secondary 
utilization factor, but with a high primary utilization factor, (2) high 
inverse peak voltage per anode, (3) low average tube current. By virtue 
of (3) and the fact that this connection is possible with multianode tanks, 
although modem practice favors the use of single-anode tanks for rectifier 
service, this circuit is recommended for moderate-voltage high-current 
service. Other advantages arise from the fact that the arc drop is lowered 
as a result of the low peak current. This results in an increased efficiency. 
Furthermore, since a lower current is commutated, the regulation is im- 
proved. 

Example. The plates of a certain radio-frequency power amplifier require 4.5 amp 
at 16,000 volts. Design a polyphase rectifier that will supply this power from a 220-volt 
three-phase supply. 

Solution. The three-phase bridge circuit is used for the reasons given in the foregoing 
discussion. From the data in column 5 of Table 14-1, it is found that 

Peak-inveree voltage « 1.045 X 16,000 — 16,700 volts 
Average tube current — 0.33/dc ■■ 1.6 amp 
Peak-tube current — 4.6 amp 

Western Electric type 255-A mercury-vapor diodes, for which 

Peak^nverse-voltage rating 20,000 volts 
Peak-tube-current rating » 5.0 amp 

would be satisfactoiy tubes to use in this circuit. 

Transformer characteristics: 

n. . j 1047 X 16,000 X 4.6 , 

Transformer-secondary rating — — 26.1 kva 

o 

Transformer-primary rating 25.1 kva 
Transformer-secondary voltage « 0.427 X 16,000 -« 6,830 volts rms 
Transformer-primary voltage — 220 volts rms 

14-4. Controlled Polyphase Rectifiers. Many of the circuits considered 
above for polyphase rectifiers, using either the mercury pool-cathode tanks 
or single-anode units, have been adopted for use with grid pool tanks, 
ignitrons, and excitrons. Figure 11-17 is a photograph of a six*tank 
excitron assembly. 
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Figure 14-30 shows a typical circuit of a three-phase double- Y controlled 
ignitron circuit/ Each ignitron is controlled by an individual thyratron. 
For simplicity, only one ignitron is shown connected to its control thyra- 
tron. The A-connected primaries of the grid transformers are supplied 
from the three-phase supply through a phase shifter. The output voltage 



Fig. 14-30. A double-Y ignitron circuit with thyratron control. The complete ignitor- 
rod control circuit is shown for only one ignitron. 

of this system for a pure resistance load with an angle of delay ^ is shown 
in Fig. 14-31. This output wave shape will be considered in some detail 
in Sec. 14-9. 

The phase-shifting circuit above can also be employed with grid pool 
tanks. Another common circuit for grid pool tanks is the bias phase con- 


//fVf\AA\\ 




Fig. 14^1. The output-voltage wave shape of a controlled six-phase rectifier. 


trol discussed Sec. 12-10,® which has been extended for polyphase opera 
tion. The circuit connections for a three-phase tank employing this 
method of control are shown in Fig. 14-32. 

The grid transformers are energised from the same a-c source as the 
rectifier transformers. The use of the zigzag connection for the power 
transformers provides a phase displacement of 30 deg between the grid 
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voltage and the corresponding anode voltage. In addition, the use of an 
auxiliary d-c grid bias, which is obtained from a single-phase rectifier sys- 
tem, together with the alternating grid voltage, provides a grid potential 
that may be smoothly varied over an appreciable range. This is evident 



Fig. 14-32. Three-phase grid pool tank (see Sec. 11-9). The bias-phase method of 
control is used. 

from an inspection of Fig. 14-32, from which it is seen that the instanta- 
neous potential is the corresponding value of the grid phase voltage less 
the d-c bias potential. Obviously, the grid potential is zero when the grid 
alternating voltage is positive and just equal to the d-c grid bias. 



Fig. 14-38. The grid drcuit potentials in a grid-wiitroUed thive-phase tank rectifier. 

The curves of Fig, 14-33a represent the potentials oi the grid with 
respect to the neutral of the Y-connected grid transfomnerS) the ocmstant 
d-c bias giving the cathode vdtage with wepdost to the neutral. The 




POLYPHASE RECTIFIERS 


443 


difference of these two potentials, which gives the grid potential with 
respect to the cathode, is the pol3rphase system of voltages taken with 
respect to the displaced axis a . This has been separately redrawn in 
Fig. 14-336, with only the positive lobes of the grid potential with respect 
to the cathode being indicated. 

The positive portions of the three-phase voltages applied to the anodes 
are shown in Fig. 14-34. Also included in this figure are the cathode-grid 
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Fig. 14-34. Current and voltage wave shapes in a three-phase giid-controUed tank 
with the grid voltage adjusted as in Fig. 14-33. 

voltages, which have been redrawn from Fig, 14-336. The proper phase 
relationship between these two sets of voltages has been maintained. That 
is, the peak of the grid voltage occurs 30 deg later than the peak of the 
corresponding anode voltage. 

If it is assumed that the critical grid starting characteristic is the aero 
voltage axis, then conduction m\\ begin at the point a of phase 1, point 6 
of phase 2, and point c of phase 3. That is, conduction will begin at the 
points where the grid-cathode voltage crosses the aero axis. The output 
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wave shape is, of course, exactly the same as that which would arise if 
three ignitrons or three excitrons, adjust/cd for the same delay angle tpy 
were used. 

Careful consideration reveals that the delay angle ip can be varied be- 
tween the limits 0 and 90 deg. If the d-c bias Ec is zero, the grid-cathode 
voltage crosses the zero axis at a point 30 deg beyond the start of the anode- 
voltage cycle. This corresponds to zero delay angle, and the output is 
exactly that from a three-phase mercury-arc rectifier without control. The 
other extreme condition occurs when the d-c bias is equal to the peak value 
of the grid-transformer phase voltage. The grid-cathode voltage will just 
graze the zero axis at the 90-deg point of its cycle, or at the 120-deg point 
of the anode-voltage cycle. This corresponds to a 90-deg delay angle. If 
the d-c bias were increased beyond this value, the grid-cathode voltage 
would always be negative and conduction would never occur. 

14-9. p-phase Rectifiers with Delay.® From the discussion in the fore- 
going section, it should be clear that the d-c output current, and so the d-c 

output voltage of a controlled poly- 
phase rectifier, depends upon the angle 
of delay. In order to obtain explicit 
expressions for this dependence, it will 
be assumed, for simplicity, that the tube 
^ drop, the transformer resistance, and 
the transformer leakage reactance are 
Fig. 14-35. The load voltage in a negligible. 

p-phase rectifier with delay. An inspection of Fig. 14-35 reveals 

that conduction starts at the angle ^ 
and continues over the range 27r/p, or until a = ^ + (27r/p). The instan- 
taneous load voltage in this range is 

\ p 



Hence the d-c voltage is given by 



V 

Edc “ - sin - cos ^ (14-46) 

T p 

By comparing this result with Eq. (14-14) for the output d-c voltage from 
a system without delay, it is seen that 

Edc cos ip 


(14-47) 
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where Ede^ denotes the asero-delay d-c voltage given by Eq. (14-14), This 
simple result shows that the d-c output voltage at a delay angle ip is equal 
to cos if times the output with zero retardation. 

Equation (14-47) actually represents the Bq term in the Fourier series of 
the output wave. The harmonic terms can be found by the usual methods 
of analysis, just as was done in Sec. 14-2 for the output wave of the p-phase 
system without control. The analysis leads to the terms 


and 

where 


Ak = 


— (cos kip cos ^ + A; sin ktp sin ip) 

- 1 

2Edc^ 

— (sin kip cos ip -- k cos kip sin ip) 

/c 1 

k = np n = 1, 2, 3, . . . 


(14-48) 


It should be noted that the Fourier series contains sine components as well 
as cosine components since the wave no longer possesses zero axis sym- 
metry. However, the wave still repeats at intervals of 27r/p rad. The 
latter condition again requires that only those frequency components 
which are integral multiples of p are present. The magnitude of the kth 
harmonic Jerm is given by \/Ak^ Bk^y which reduces to 


2Edc^ cos ip 


Vl + fc* tan% 


The complete Fourier series of the rectifier with delay is then given by 


ei *= Edc 


X;»p.2p.3p,. . . 


2 Vl+Ptan^ 
fc* - 1 


cos {ka 




(14-49) 


where 

Ak 

tan » — 

Ok 

which is a function of 

If the retardation angle ip is zero, this expression reduces to the Fourier 
series of the p-phase system without retardation, as it should [see Eq. 
(14-7)]. It is se en that the ma gnitude of eacih harmonic term of the system 
with delay is V 1 -f k^ tan^ ip times the corresponding term without delay. 
Since this term is greater than unity, it means that the ripple factor will be 
inoreaBed. 
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The foregoing analysis is not valid for all values of ^ but applies only for 
retardations within a limited range. For example, suppose that the angle 
of delay is greater than 30 deg in a three-phase system. The output from 
such a system is illustrated in Fig. 14-36. It is noticed that the current 
falls to zero for a certain portion of each cycle. If denotes the angle at 
which the current through anode 1 falls to zero, and with ^ the pickup 
angle of anode 2 the rectifier is nonconducting over the angular range 
ip — P, The load current thus consists of portions of sine waves separated 
by zero-current regions. 



Fio. 14-36. A p-phaae system with delay such that the load current is |ero for a por- 
tion of the cycle. This condition prevails for all values of the delay angle ^ greater 
than For a three-phase rectifier « 30 deg. 


The maximum delay angle for which the current will pass continuously 
through the load is equal to the angle To find this angle, it is noted 
from the figure that 


from which 




= - - - (14-50) 

2 p 


Clearly, the equations that have been derived above for Edc and ei are 
valid only for values of ^ that are less than fi. 

In order to obtain the d-c output voltage for angles of delay that are 
greater than /?, it must be remembered that conduction will begin at the 
angle ^ and will stop when the anode voltage falls to zero. With respect 
to the origin O, as indicated in the figure, the anode voltage becomes zero 
at the angle (ir/2) + (ir/p). Then 

^ —J — -Jda 
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This integral becomes 

= — |l -sin(^--)] ,»>/3 (14-51) 

2sin(ir/p)L \ p/J 

The Fourier components for the present case can be found by straight- 
forward analysis. The results are rather complicated in form, however. 
They can be found in the references cited (in graphical form for purposes 
of calculation). 

It is seldom desirable in practice to permit the current to fall to zero for 
even a very short interval of time. It is customary, therefore, to make the 
load highly inductive so that such a condition cannot occur. With suffi- 



Fig. 14-37. The broken curves are the six-phase plate transformer voltages in a grid- 
controlled rectifier. The load consists of a resistor /?/ in series with an inductor L. The 
solid curves are the rectifier output voltages (across Ri and L in series) for various delay 
angles. The inductance is assumed so large that the voltage across Ri is constant. This 
d-c voltage is indicated by the solid horizontal lines. 

deni inductance in the drcuit the instantaneous load current never falls to 
zero, and Eq. (14-47) will then be valid for all values of if> from 0 to 90 deg. 
At this extreme condition cos ^ = cos 90® * 0, and the output voltage is 
zero. The d-c output voltages for various values of delay angle are shown 
as heavy horizontal lines in Fig. 14-37 for a six-phase rectifier. Note that 
since the instantaneous output voltage (across Ri and L in series) equals 
the transformer voltage as long as the tube conducts, it may be negative. 
It is only required that the load current never become negative. This 
means that the average value of a solid curve must never be negative. 
The difference between a solid curve and the solid horizontal line through 
it is the instantaneous voltage which appears across the inductor L. 

14-10. The Effect of Leakage Reactance in Controlled Rectifiers. The 
presence of leakage reactance in tiie rectifier transformers causes overh^ 
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in a controlled rectifier, just as it does in rectifiers with zero delay angle. 
Figure 14-38 shows the output voltage and the anode currents under these 
conditions. The load voltage during the overlapping periods is the aver- 
age value of the anode voltages of the overlapping anodes. This is the 
condition found in Eq. (14-36), and the reasons here are precisely the same 





Fig. 14-38. The effect of leakage reactance on the operation of a controlled rectifier. 
The load current is assumed to be constant. 

as for the case considered in Sec. 14-5. The remainder of the diagram 
should be clear from the discussion in the preceding sections. 

The d-c output voltage under the present conditions of delay plus over- 
lap is found to be 

+ <’> + "> .] ( 1 « 2 ) 

which reduces, of course, to the forms deduced previously for the cases 
where either ^ or w or both are zero. 

The generation of a large number of harmonics on the output, or d-c, 
side of a rectifier will obviously result in the presence of harmonics in the 
input. The presence of these harmonics in either the arC or the d-c side 
may cause considerable disturbance in neighboring telephone lines.^ It is 
usually possible to avoid this difficulty by careful disposition of the recti- 
fier and the communication feeders. In a few cases, it has been found 
necessary to use resonant shunts, one for each disturbing harmonic, in 
order to reduce this telephone interference to a tolerable value. 

14-11. Controlled Rectifier Applicationi. Because the output voltage 
can be varied from a maximum voltage to zero, controlled rectifiers are 
adaptable to varied applications. . One such application is a variable-speed 
drive for d-c motors.* The armature of a separately excited motor is fed 
from the rectifier, and any desired speed may be maintained by adjusting 
the grid to (^ve -any deirired voltage. Pu^ennore, the motor can be 
storti^ or stopped by means of the grid controlling unit. 
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The voltage regulation of a mercury-arc rectifier is about 5 per ceat.® 
This decrease in voltage with load results from the transformer leakage 
reactance, as discussed in Sec. 14-5. However, by employing controlled 
rectifiers, it is possible to obtain characteristics resembling those of a d-c 
compound-wound generator. This is accomplished by employing a small 
delay at zero load and then decreasing this delay as the load increases. In 
this way, either effective flat compounding or effective overcompounding 
can be accomplished. The variation of delay angle with load can be man- 
ually controlled or may be made automatic by employing proper control- 
lers.^® In a similar manner, it is possible to obtain constant d-c output 
voltage despite variations of the alternating input voltage. In this case, 
it is necessary to employ circuits that regulate the delay angle with varia- 
tions in the input voltage. 

Any attempt to obtain a large range of Voltages with grid control results 
in the introduction of a large number of harmonic terms. This results in a 
poor power factor and an increased ripple. In order to avoid these dis- 
advantages of grid control, it is sometimes advisable to use tapped rec- 
tifier transformers. This makes it possible to provide large changes in 
voltage by varying the transformer tap, the smooth variation between 
such changes being provided by the grid-control feature. 

Controlled rectifiers are desirable for use on systems that may be dam- 
aged by voltage surges. Such controlled units permit the voltage to be 
brought up to its rated value slowly. For example, the use of a controlled 
rectifier for the power supply of a radio transmitter considerably decreases 
the initial surge charging rate of the filter capacitors. “ In addition, the 
plate potential applied to the transmitting tubes can be applied slowly. 


PROBLEMS 

14-1. Prove that the ripple factor of a p-phase gas-rectifier system is approximately 
given by 

’’ ” p* - 1 1 - 

where E\ *■ Em (p/ir) sin (t/p) and Eq is the constant tube drop. 

14-2. Prove that for a p phase vacuum rectifier 

Ede « Em - sin - - Idefp 
T p 

and 

^ 2t) ain^ (r/p) 100% 

” r fir/p) -h sin (r/p) COS (ir/p) 1 -h rp/Ri 

where the symbols have the meanings used in the text. It is assumed that p > 1, that 
bridge-type circuits are nol under consideration, and that each tube conducts for 2» p 
rad in each cycle. 
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pROB. 14-5. 


14-8. Consider the three-phase zigzag rectifier circuit of Fig. 14-5. Draw complete 
wiring and sinor diagrams for the six secondary windings. Show that, if th^ windings 
are connected properly, balanced three-phase voltages are obtained, each of magnitude 
E volts, where E is the magnitude of one of the six secondary windings. 

14-4. Show that the transformer currents in the three-phase bridge circuit of Fig. 
14-9 are as depicted in Fig. 14-20. 

14-6. It is found that an appreciable amount of telephone interference occurs because 
of the proximity of telephone lines to the feeders from a polyphase rectifier. In order 

to reduce this interference, resonant shunts, of the type 
shown, are used across the lines. Ln and Cn are ad- 
justed for resonance at the nth harmonic, which is to 
be suppressed. The resistance of the series choke Lo 
can be neglected. The resistance Rn of Ln is small 
compared with the load resistance and with the react- 
ance of Lo at the nth harmonic angular frequency npw. 
Show that under these conditions the nth harmonic voltage from the rectifier is mul- 
tiplied by the factor RnlnptJiLa at the feeders. 

14-8. If there is a large enough inductance in series with the load so that the 
load current may be considered to be constant, show that the efficiency of rectifica- 
tion is given by EdcKEde + ^o) for those circuits in which a single tube conducts at a 
time. 

14-7. Sketch the “block’* waves for the secondary and primary transformer currents 
in a double-Y circuit, assuming constant output current. Find the primary and sec- 
ondary utilization factors. 

14-8. Sketch the “block” waves for the line currents in the following polyphase gas 
rectifier systems: 

а. Three-phase half-wave. 

б. Six-phase half-wave. 

e. Three-phase bridge, 

d. Doubl^Y. 

The primary-transformer bank is assumed to be A-connected. 

14-9. Show that the Fourier series of the triangular wave shown is given by 


^ ^cos d" ^ ^ p ^ ' 


Compare the first few terms in this series with those of Eq. (14-44) for the voltage across 
the interphase reactor in a double-Y polyphase rectifier. 


e 



Pbob. 14-0. 


14-10. a. Calculate the inductance of the commutating reactor in a double-Y 825- 
volt LOOO-kw tank rectifier in order that the “critical” point occur at 2 per cent of the 
full load current. 
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6. Calculate the maximum permissible transformer leakage inductance if a 4 per 
cent regulation from critical load to full load is desired. 

14-11. Given a 200-kw 600-volt double-Y rectifier 83n3tem. Calculate 

a. The transformer secondary voltage. 

b. The efficiency of rectification. 

c. The direct current in each anode. 

d. The rms current in each anode. 

e. The kva rating of the transformer primaries and secondaries. 

Assume a constant tube drop of 20 volte. The load is so inductive that the output 
current may be considered to be constant. Neglect overlap. 

14-12. In the preceding problem the net leakage reactance of each transformer is 
0.4 millihenry. Calculate 

а. The angle of overlap. 

б. The percentage regulation from critical load to full load. 

c. The percentage regulation from no load to full load. 

14-13. Verify all the items in one of the columns of Table 14-1. (The column is to 
be designated by the instructor.) 

14-14. In the double-Y rectifier does the circulating current ic depend upon the load 
current 

a. For loads above the critical load? 

b. For loads below the critical load? 

Explain carefully. 

14-16. The tube drop in a 3,000-kw 600-volt three-phase double-Y rectifier is 15 
volts. 

a. Calculate the size of inductance needed to reduce the ripple factor to one-tenth of 
1 per cent at full load. 

b. Calculate the ripple factor at half rated load for the value of inductance used in 
part a. 

14-16. A 4-henry choke having a 5-amp d-c rating and a 0.25-A«f capacitor (20,000- 
volt rating) are available. Calculate the percentage improvement possible when an 
L-eection filter is used instead of a simple inductance choke in the output of the three- 
phase bridge rectifier of the illustrative example of page 440. Calculate the ripple volt- 
age in each case. 

14-17. The circuit of a six-phase forked Y rectifier is illustrated. Determine the 
anode currents, the primary winding currents, and the line currents. Assume that the 
primary windings are connected first in A and then in Y. 




Pbob. 14-17. 
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14-18. Repeat Prob. 14-17 for the twelve-pha«* forked star shown. 


10 11 



S 4 


Inner legs 0.8 IS Em 
Outer legs 0.80 Em 

Pros. 14-18. 

14-19. Each transformer of a group of three contains the primary winding, four 
windings of relative voltage 0.815£'m, and four windings of relative voltage O.SOjE^m. 
These transformers are to feed a rectifier system in quadruple zigzag (two interconnected 
zigzag double- Y systems as shown in Fig. 14-29) to yield a 12-phase output, 
a. Discuss the reasons for including such windings. 
h. What frequencies appear across each commutating reactor? 
c. Determine the anode currents, the primary winding currents, and the line currents 
of this system. Assume that the primary windings are connected first in A and then in Y. 
14-20. Repeat Prob. 14-19 for the zigzag double six-phase circuit shown. 



Pros. 14-20. 


14-21. Obtain the Fourier components of the current wave in a p-phase rectifier 
with delay; t.e., verify Eqs. (14-47) and (14-48). 

14-22. The leakage reactance of the transformers that supply a three-phase 626-volt 
l,0(X)-kw grid-controlled tank rectifier causes a full-load regulation of 5 per cent. At 
what delay angle must the system be set at no load in order to have flat compounding? 
The delay angle is, of course, reduced to zero as the output increases from zero to full 
load. 

14-2S. Verify Eq. (14-52), giving the magnitude of the d-o output voltage, taking 
into account both delay and overlap. 
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CHAPTER 15 


PHOTOELECTRICITY AND PHOTOELECTRIC CELLS 

Ihe liberation of electrons from matter under the influence of light is 
known as the photoelectric effect. This effect was discovered by Hertz ^ in 
1887. This subject has received the attention of physicists since that time 
although photoelectricity was not put to much practical use until about 
1928, when the phototube was developed for the sound unit of the “talk- 
ing” motion pictures. As the quality of the commercial cells has improved, 
the range of application has been extended to a very varied field. 

Three classes of phenomena are classified as photoelectric phenomena: 
(1) the liberation of electrons under the influence of light; (2) the genera- 
tion of an emf by chemical or physical reactions produced by the light; 
(3) the changes of electrical conductivity with changes in light intensity. 
The reactions of the first type are termed “photosensitive,” the usual 
photoelectric cell being the most common example. The second class of 
reaction is termed “photovoltaic,” the Photronic and Photox cells being of 
this type. The third class of reaction is termed “photoconductive,” an 
example being furnished by the changes in electrical conductivity of sele- 
nium under the action of light. 

16-1. Photoemissivity. The experimental features that are character- 
istic <rf the photoemissive effect are the following: * 

1. The photoelectrons liberated from the photosensitive surface possess 
a range of initial velocities. However, a definite negative potential when 
applied between the collector and the emitting surface will retard the 
fastest moving electrons. This indicates that the emitted electrons are 
liberated with all velocities from 2 sero to a definite maximum value. The 
maximum velocity of the emitted electrons is given by the relation 

* eEf (15-1) 

where Er is the retarding potential, in volts, necessary to reduce the 
photocurrent to zero. As the potential is increased, the number of elec- 
trons to the collector increases until saturation occurs. It is to be noted 
from Fig. 16-1, in which are plotted curves showing the variation of photo- 
currmt Iph with cdlector potential (^e light intensity j is a paraineter)i 
that Er and hence are independent of the light intensity. 

454 
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2. If the photoelectric current is measured as a function of the collector 
potential for different light frequencies / and equal intensities of the inci- 
dent lights the results obtained are essentially those illustrated in Fig. 16-2.* 
It is observed that the greater the frequency of the incident light, the 
greater must be the retarding potential to reduce the photocurrent to 
zero. This means, of course, that the maximum velocity of emission of 
the photoelectrons increases with the frequency of the incident light in a 



Fig. 15-1. Photocurrent vs. plate volt- 
age with light intensity as a parameter. 
The frequency of the inci<ient light is a 
constant. 



Fig. 15-2. Photocunrent vs. plate 
potential with the frequency of in- 
cident light as a parameter. The light 
intensity is a constant. 


measurable way. Experimentally, it is found that a linear relationship 
exists between Er and /. 

The experimental facts listed under 1 and 2 may be summarized in the 
statement that the maximum energy of the electrons liberated photoelectrically 
is independent of the light intensity hut varies linearly with the frequency of the 
incident light, 

3. If the saturation current is plotted as a function of the light intensity, 
the results show that the photoelectric current is directly proportional to 
the intensity of the light. 

4. The foregoing photoelectric characteristics are practically independ- 
ent of temperature, within wide ranges of temperature. 

5. The electrons are emitted immediately upon the exposure of the sur- 
face to light. The time lag has been experimentally determined to be less 
than 3 X sec.^ 

6. Photoelectric cells are selective devices. This means that a given 
intensity of light of one wave length, say, red light, will not liberate the 
same number of electrons as an equal intensity of light of another wave 
length, say, blue light. That is, the photoelectric yield ^ defined as the 
photocurrent (in amperes) per watt of incident light, depends upon the 
frequency of the light. Alternative designations of the term “photoelectric 
yield^^ to be found in the literature are relative I’esponse, quantum yield, 
spectral sensitivity, ^)ecific photosensitivity, and current-wave-length 
characteristic. The relative response curves for the alkali metals are 
shown in Fig, 16-3. 
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Curves of these types are obtained experimentally in the following way: 
Light from an incandescent source is passed through the prism of a mono- 
chromator for dispersion, a narrow band of wave lengths being selected by 

means of an appropriately placed slit 
system. The current given by the pho- 
toelectric surface when exposed to the 
light passing through the system of 
slits is noted. The current given by a 
blackened thermopile when exposed to 
the same light is also noted. The ratio 
of these two readings is plotted vs. the 
wave length of the incident light. 
Blackened thermopiles are used be- 
cause they absorb all radiation incident 
upon them equally, regardless of the 
wave length. This permits a measure 
of the energy contained in any part of 
the spectrum to be made. An automatic spectral sensitivity curve tracer 
has been designed for obtaining these curves quickly with the aid of a 
cathode-ray tube.® 

16-2. Photoelectric Theory. The foregoing experimental facts find their 
explanation in the electronic theory of metals and in the light-quantum 
hypothesis of Planck. As already noted, the light-quantum hypothesis 
regards light as consisting of photons (discrete units or bundles of light) 
that possess some characteristics similar to those of material particles. 
Associated with light of frequency / are a number of photons, each of which 
has an associated energy, hj joules, where h is Planck^s constant. The 
greater the intensity of the light, the larger is the number of photons 
present, but the energy of each photon remains unchanged. Of course, if 
the light beam is heterogeneous rather than monochromatic, then the 
energy of the photons therewith associated will vary and will depend upon 
the frequency. 

If monochromatic light of frequency / falls upon a metal whose work 
function is Ewj the velocity of the emitted electron is, according to Ein- 
stein’s -equation,® 

^ hf ^ eEw (16-2) 

The significance of this equation l)ecomes apparent when considered in the 
light of the electronic theory of matter. Since photoelectric devices ar<j 
operated at normal temperatures, the completely degenerate distribution 
function must be employed. This is given in Fig. 16-4, which shows the 
energy distribution function at low temperatures, and also the potential- 
energy barrier at the surface of the meteJ (see Chap. 4). 



Fig. 15-3. Spectral sensitivity as a 
function of wave length for the alkali 
metals. (E. F. Seiler, Asirophya. J., 
62 , 129, 1920.) 
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This figure indicates that the electrons within the metal exist in energy 
levels ranging from zero to a maximum energy, Em electron volts, but 
none have energies greater than this value. If an electron possessing the 
energy Em receives the photon of light energy hf and travels normal to 
the surface of the metal, the kinetic energy that it will have, upon escap- 
ing from the metal, will be hf — eEw joules. This follows directly from 
the significance of the work function Ew^ which is the minimum energy 
that must be supplied in order to permit the fastest moving surface-directed 


Electron 

volts 



energy barrier at the surface of the metal is also shown. 

electrons just to surmount the potential barrier at the surface of the metal 
and to escape. 

Since some of the electrons in levels other than the highest energy states 
may absorb the incident photons, an energy greater in magnitude than Ew 
will be expended when they escape. This fact explains the inequality of 
Eq. (15-2) 

According to this equation, the retarding potential Er that will just 
repel the fastest moving electron is given by 

eEr = = hf — eEw (15-3) 

which is in agreement with the experimental facts 1 and 2. This result 
shows that the maximum energy of the escaping electrons varies linearly 
with the frequency and is independent of the light intensity. This latter 
condition follows from the fact that the intensity of the incident light does 
not enter into this expression. This equation was experimentally verified 
by Millikan.’ He plotted retarding voltage vs. frequency and obtained a 
straight line. The slope of this line gives the value of the ratio h/e. The 
value of this ratio by this method agrees very well with that found from 
other experiments. The intercept of the Einstein line with the axis of 
abscissa gives Ew (provided that corrections are made for contact differ- 
ence of potential). The value of the work function obtained photoelec- 
trtcally agrees well with that measured thermionically for the same emitter. 
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The minimum frequency of light, known as the '^threshold frequency, ’’ 
that can be used to cause photoelectric emission can be found from the 
equation above by setting the velocity equal to zero. The result is 



(15-4) 


The corresponding wave length, known as the ^‘long-wave-length limit^^ or 
the “threshold wave length,’* beyond which photoelectric emission can- 
not take place is 


c ch \ 2,400 

Sc ^Ew Ew 


(15-5) 


where A denotes the angstrom unit (10~^® m) and where Ew is expressed 
in electron volts. For response over the entire visible region, 4,000 to 
8,000 A, the work function of the photosensitive surface must be less than 
1.55 volts. This follows directly from Eq. (15-5). 

The similarity between this equation and Eq. (9-5) is evident. Yet the 
two expressions represent physical processes that are almost direct com- 
plements of each other. In the present case the energy is transferred to 
an electron by a light quantum. In Chap. 9, the light quantum was emit- 
ted when electrons jumped from one atomic energy level to another. 


Example. A tungsten surface having a work function of 4.62 ev is irradiated with 
the mercury line, 2,537 A. What is the maximum speed of the emitted electrons? 

Solvium. The electron-volt equivalent of the energy of the incident photons is 
12,400/2,537 » 4.88 ev. According to the Einstein equation the maximum energy 
of the emitted electrons is 

4.88 - 4.52 - 0.36 ev 


From Eq. (2-13) the corresponding velocity is 

= 5.93 X 10* Va36 - 3.56 X 10* m/sec 

The fact that the photoelectric current is strictly proportional to the 
light intensity is readily explained. A greater light intensity merely de- 
notes the presence of a larger number of photons. Further, since each 
photon is equally effective in ejecting electrons, the number of electrons 
per second ejected must be proportional to the light intensity. 

If it is remembered that the distribution function of electrons in metals 
varies very little with temperature, then fact 4 is evident. Strictly speak- 
ing, however, the totally degenerate distribution fimction applies only at 
the temperature 0®K. At room temperature, therefore, a few electrons 
will have emission velocities greater than those predicted by Eq. (15^). 
These ccmsiderations are illustrated in Fig. 15-5. A frequency slightly less 
than the threshold value has been chosen. Hie distribution function has 
been shifted up in energy by the amount hf/e electrmi volts on the assump* 
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tion that each electron is capable of absorbing the incident photons hf and 
so having its energy increased by this amount. 

As is evident from an inspection of this curve, and as predicted by the 
Einstein equation, no photoelectric emission should exist under the condi- 
tions of absolute zero of temperature and for photons of frequency /. At 
room temperature, some electrons will possess sufficient energy to overcome 
the surface barrier, and these will be emitted. These are represented by 
the shading under the broken distribution curve. This shows that no 
absolutely sharp long-wave-length limit exists for any substance, since the 


Energy 

(electron-volfe) 



with light of illuminated the surface of 

frequency f , si ightly the meta I 

less than fc 

Fig. 15-5. The energy distribution of the free electrons within a metal with and with- 
out the surface illuminated (not drawn to scale). 

curves, such as those of Fig. 15-1, theoretically approach the axis asymp- 
totically. Fowler ® investigated this matter theoretically, and this theory 
provides a method of determining photoelectric work function independent 
of the temperature of the surface. 

According to the Fowler theory the relation between photoelectric cur- 
rent Iphy surface temperature T, and frequency / for constant intensity of 
the incident light can be represented by an analytic expression of the form 

)og^ = B + ln/W (15-6) 

where f(x) is expressed as a series expansion in x. In this expression 
hj — cEfjiy 

^ and J? * a constant (15-7) 

kT 

A plot of In (Iph/T^) vs hf/kT as determined by Eq. (15-6) is shown in 
Fig. 15-6. This figure * shows the theoretical curve and also the form of 
typical experimental curves which are obtained at two different tempera- 
tures. 
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Indicated in Fig. 15-6 is the method for determining the work function, 
and so the photoelectric threshold, of the surface. This requires a dis- 
placement of the experimentally observed curve, both horizontally and 
vertically, in order to superpose it on the theoretical curve. The horizon- 
tal displacement is a measure of eEw/kTy and thereby permits a calcula- 
tion of Ewy since the temperature T is known. The vertical displacement 
is a measure of B, which has no particular significance. Very accurate 
measurements verify this theory.® This permits the accurate determina- 
tion of Ew‘ 

For most practical purposes the use of the completely degenerate dis- 
tribution function even at room temperatures is quite reasonable. Under 

these circumstances, it is justifiable 
to consider cutoff to occur sharply 
for frequencies below the critical 
value fc. 

A qualitative explanation for the 
shapes of the spectral response 
curves of Fig. 15-3 is readily pos- 
sible. There can be no response for 
frequencies below /«; hence cutoff 
occurs at the point / = fc. As / in- 
creases above /c, the energy of the 
incident photon hf increases and 
some electrons in levels below the 
maximum energy state are per- 
mitted to escape. As a result, the 
response increases as the frequency 
increases or, correspondingly, as the wave length decreases. However, a 
point of maximum response must exist. This follows from the fact that if 
the energy of the light is W joules, then the number of photons in the light 
beam is W /hf. But since this number decreases with increasing frequency, 
the photocurrent must decrease as / increases because of the decreased 
number of photons present. The decrease is accentuated by the rapid de- 
crease in the efficiency of interaction between the radiation and the con- 
duction electrons at the surface with increased frequency. A second peak 
is sometimes found to occur at the short wave lengths. This is ascribed to 
the interaction of the radiation with the more tightly bound conduction 
electrons of the matter. This volume photoeffect becomes significant for 
light in the violet or near ultraviolet. A complete quantitative explanation 
for the shapes of these curves has not yet been given. 

15-3. Phototubes. The essential elements of a phototul>e are a sensitive 
cathode surface of large area, and a collecting electrode, contained in an 
cwaeuated glass bulb. These electrodes may be arranged in numerous 
ways. In the older type of tube, the cathode was made by distilling the 



mining the true photoelectric work func- 
tion. 
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photosensitive material, generally an alkali metal (usually cesium), on 
the inner surface of the bulb, which first was silvered in order to enstire 
good conduction. The anode was made in the form of a straight wire or 
ring, in any case being small, so that it did not obstruct the light that was 



Fio. 15-7. A group of typical phototubes. {W eMinghouae Staff, ''Industrial Electricity 
Reference Book,** courtesy of John Wiley & Sons, Inc., New York, 1948.) 


incident upon the cathode. Many of the present-day phototubes consist 
of a semicylindrical metallic cathode on which the photosensitive sub- 
stance has been evaporated. The anode is a straight wire that is practi- 



Fio. 16-8. Volt-ampere characteristics of a vacuum phototube with light intensity as 
a parameter. 


cally coaxial witli the cathode. Phototubes of modem design are shown 
in Fig. 16-7, 

The glass bulb either may be highly evacuated or may contain an inert 
gas at low pressure. The volt-ampare characteristics of the ordiniuy vac- 
mm phototubes are shown in Fig. 15-8. The current that exists at sero 
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accelerating potential results from the initial velocities of the electrons. 
Note that a retarding potential must be applied in order to reduce the cur- 
rent to zero. 

As the anode-cathode potential is increased, the current to the anode 
increases very rapidly at first, the nonsaturation resulting from the possible 
space-charge effects, and also from the fact that some electrons are missing 
the wire anode on their journey from the cathode, since the attractive field 
is small at these low potentials. The current very soon reaches a satura- 
tion value, for the field becomes sufficient to attract all the electrons lib- 



Fig. 16-9. Volt-ampere characteristics of a gas-filled phototube with light intensity 
as a parameter. 

erated from the cathode under the influence of the incident light. The 
continued increase in photocurrent as the anode potential is increased 
results partly from the more complete collection of the electrons, and 
possibly from the reduction of the work function of the material of the 
cathode surface as a consequence of the presence of the applied electric 
field at the cathode (the Schottky effect; see Sec. 4-11). 

By filling the glass envelope with an inert gas, such as neon or argon, at 
low pressure of the order of 0.6 mm, the current yield for a given intensity 
of illumination is greatly increased, as illustrated in Fig. 16-9. As de- 
scribed in Sec. 10-2, the increased current is produced by the field-intensi- 
fied or Townsend discharge. It is important never to raise the potential 
across the tube to the point where a glow discharge occurs, for this will 
cause cathode sputtering with a consequent permanent damage to the 
cathode surface. 

For purposes of comparison, the outputs of the vacuum and the gas- 
filled phototubes (specifically, the result obtained under identical experi- 
mental conditions with the General Electric PJ-22 and PJ-23 phototubes) 
are illustrated in Fig. 15-10. These tubes are idenrical in all respects, 
except for the fact that one is a vacuum tube and the other is an argon- 
filled tube. It is obiserired that the curves have the same shape until 
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ionization by collision occurs in the gas tube. Beyond this point, the 
sensitivity of the gas tube continues to increase with increased anode po- 
tentials, owing to the contribution to the current by the electrons result- 
ing from the ionization of the gas. The gas amplification ratio of a gas- 
filled tube is of the order of 7 for an anode voltage of 80 volts. From Fig. 
15-10, this ratio is seen to depend upon the amount of incident light flux 
and upon the applied anode voltage. If an attempt is made to obtain 



Fig. 15-10. Comparison of the volt-ampere characteristics of vacuum and gas-filled 
tubes with similar photosurfaces. The same light intensity was used for both tubes. 


amplification ratios larger than about 10, a glow discharge usually takes 
place. 

16-4. Sensitivity of Phototubes. According to the above discussion, the 
stcUic sensitivity of a phototube may be defined as the ratio of the d-c 
anode current to the incident radiant flux of constant value. In a similar 
way, the dynamic sensitivity of a phototube is the ratio of the alternating 
component of the anode current to the alternating component of the inci- 
dent radiant flux. The dynamic characteristics are very important in 
sound projectors, television, and facsimile systems and in fact in any sys- 
tem which depends for its operation on changes in light intensity. 

For a vacuum phototube, the two sensitivities are equal. For a gas- 
filled photocell, there is a falling off of sensitivity with an increase in the 
frequency at which the incident light is interrupted or modulated. The 
average sensitivity characteristic of an RCA type 868 gas-filled phototube 
is shown in Fig^ 15-11. The explanation of the shape of this curve lies in 
the amplification characteristics of the gas contained in the cell. It takes 
a negligible time for the |)hotoelectrons to appear after the cathode surface 
has been illuminated. However, a finite amount of time is required for 
these electrons to build up the steady-state amplified current in the cell. 
This results from two causes. The one of minor importance is the time 
required for the relatively slow ions that are formed by the electron col- 
lision process to travel to the catiiode. As mentioned in Sec. 10-4, these 
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times are measured in microseconds and would not cause any difficulties. 
The more important limitation is imposed by the drift or diffusion times 
of the metastable atoms, which move slowly, as they are electrically neu- 
tral and are not affected by the applied field. These metastable ions 



Fig. 15-11. Average sensitivity characteristic of an RCA 868 gas-filled phototulx*. 
The anode voltage is 90 volts. {Courtesy of RCA.) 


bombard the cathode and emit electrons. Such metastable diffusion times 
are of the order of milliseconds, so that for modulating frequencies above 
1,000 cps the sensitivity will drop, as indicated in Fig. 15-11. This feature 
restricts such gas tubes to applications for lower frequencies of light inter- 



Fig. 15-12. Photocurrent as a function of illumination for a vacuum cell (PJ-22) and 
a gas-filled cell (PJ-23). 


ruption, since a sudden change in light intensity is not accompanied by 
corresponding instantaneous change in photocurrent. 

Another disadvantage of gas-filled cells is the lack of linearity of current 
with incident flux. The photocurrent increases more rapidly than the 
illumination for anode voltages that are higher than the ionisation poten- 
tial of the gas. This is iUustrated in Fig. 16-12 fw the PJ-23 tube. The 
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linear response of the vacuum cell is also shown. Gas phototubes are used 
primarily for on-off (relay) operation or with sound-reproduction equip- 
ment, where the slight nonlinearity and the variation of dynamic sensi- 
tivity with frequency are not too important. 

It should be kept in mind that the curves shown in this chapter, and also 
those supplied by the phototube manufacturers, are typical of the opera- 
tion, rather than specific for any particular tube type. Large variations 
may exist in the characteristics of phototubes manufactured under pre- 
sumably identical conditions. This results from the fact, already noted, 
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Fig. 16-13. The relative response of three commercial surfaces as a function of wave 
length. The phototubes using these surfaces are listed on each diagram. {From Zworyhin 
and Ramberg, '^Photoelectricity and Its Applications^*^ courtesy of John Wiley & Sons^ Inc,) 


that the number of photoelectrons emitted for a given illumination varies 
appreciably for even slight changes in the surface preparation of the cath- 
ode. For the same reason, it is often found that different portions of the 
same emitting surface may possess different sensitivities. It is advisable, 
therefore, to illuminate a large part of the cathode uniformly whenever 
possible, rather than to focus the light source on only a portion of the photo- 
emissive surface. 

In any particular application, careful consideration must be given to 
the choice of the light source as well as to the photocell characteristics. 
For example, it is desirable that the source emit strongly in the frequency 
range in whicii the photocell is most sensitive, if large photocurrents are 
to be obtained. Commercial phototubes are now available with photo- 
electric yields “ that have peaks in various portions of the visible spectrum. 
Figure 15-13 shows the spectral response of the three most common photo- 
surfaces. 

Surface <S-1 consists of a composite silver-cesium oxide-cesium surface. 
Such a surface is sensitive throughout the entire visible region md has a 
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fair sensitivity in the infrared. As a result, this composite surface is used 
extensively in commercial phototubes. Surface S-3 is a silver-rubidium 
oxide-rubidium surface which has a sensitivity largely confined to the visi- 
ble region, although it has its greatest sensitivity in the blue end of the 
spectrum. Surface shows the response of an antimony-cesium surface 
that is very sensitive to the green, blue, and near ultraviolet and is in- 
sensitive to red and infrared radiation. 
This is the most sensitive surface com- 
mercially available today. The tube 
has a sensitivity of 120 /xa/lumen when 
daylight is used as the source. When 
a tungsten lamp, operating at a fila- 
ment temperature of 2870®K, is the 
source of light, the sensitivity of the 
^-1 surface is 20, of the *8-3 surface 6.5, 
and of the *8-4 surface 45 /za/lumen. 

Figure 15-14 contains curves show- 
ing the spectral sensitivities of the 
Cs-CsO-Ag photosurface, the eye, 
and the energy distribution curve of 
the output from an incandescent 
tungsten lamp for purposes of com- 
parison. It will be noticed that the Cs-CsO-Ag photosurface is sensitive 
over a wide range of wave lengths and so is very well adapted for use with 
lamps as the source of illumination. Of course, if a photocell is desired 
that has a response somewhat resembling that of the human eye, the 
Cs-CsO-Ag surface would not be suitable. 

In order to provide reasonably large currents from phototubes that are 
used with very low light levels, units that incorporate electrostatic elec- 
tron multipliers are available.^* Figure 3-196 gives the electrode structure 
of one such type of tube. These tubes provide currents of almost 1 ma 
when the luminous flux on the cell is only 1 millilumen. 

By comparing this figure with the sensitivity of the 
PJ-23 phototube, it is seen that the multiplier in- 
creases the sensitivity by approximately 500,000 
times. 

16-5. Phototube Applications. The basic circuit 
employing a phototube is shown in Fig. 15-15. As 
the luminous flux that is incident on the cell varies, 
the oul^ut current changes and a changing voltage 
appears across the load resistor Ri, Although the basic circuits are the 
same, there are three important types of application of phototubes: (1) 
A definite fixed amount of illumination is to be measured. (2) Rapid 
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variations in light intensity are to be faithfully reproduced. (3) A definite 
large change in light intensity is to be detected. 

The field of photometry and colorimetry offers many examples of the 
first type of application. In such cases, Ri might simply be the internal 
resistance of the indicating instrument. If the incident light is too small 
to be measurable directly, a d-c amplifier might be used. In this case, Ri 
will be the input resistance of the amplifier. The light beam of varying 
intensity that has been modulated by the sound track of a motion-picture 
film or by the scanning process in a television tube is of the second class. 
Applications of the third type are exemplified by ^^on’^ and “off^’ circuits. 
In such cases the phototube is used in conjunction with a relay so that 
some circuit is either energized or deenergized when the light intensity ex- 
ceeds or falls below some preassigned value. Many of the common appli- 
cations of the “electric eye” belong to this third class. A few illustrations 
are the counting or sorting of objects on a conveyer belt; the automatic 
opening of a door as it is approached: devices for the protection of human 
life; and fire-alarm systems.’* 

As a specific illustration of one type of “on” and “off” control, the following demon- 
stration experiment is offered: An electric lamp is to be “lit” by means of a match and 
is to be “extinguished” by a wave of the hand. The circuit for accomplishing this action 
is shown in Fig, 15-16. The f)hototui)e load resistor is the grid n^sistor of a thyratron. 



Fig. 15-16. Phototube control of a thyratron circuit. 

The rating of the thyratron must be high enough to supply the lamp current. The plate 
circuit of the thyratron is fed from the a-c line. 

As long as the phototube is dark, no voltage appears across Ri and the bias voltage 
Ece is sufficiently negative to prevent the thyratron from firing. However, if a match 
is lit in front of the lamp so that the light rays strike the photocell, a voltage is developed 
across The net cathode-grid voltage is greater than the critical grid value of the 
thyratron for some point on the alternating plate voltage wave. The lamp lights; and 
if its luminous flux is intercepted by the photocell, the lamp remains on. If the hand is 
interposed between the photocell and the lamp so that the cell is dark for a brief interval 
of time (long enough for the lamp filament to cool), the lamp will remiun extinguished. 
This action follows from the fact that once the plate voltage wave passes through zero 
at the end of a half cycle the grid again regains control and the thyratron will not fire 
again. 

In order to determine the current that will flow in a phototube circuit 
for a given light flux, battery voltage, and load resistance, it is necessary 
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to use the volt-ampere tube characteristics. The straight line, expressed 
by the relation 

et) = Ebb “■ hEi (15-8) 

is superposed on this set of static characteristics. This is the same load 
line that was discussed in connection with the diode rectifier in Sec. 12-1. It 
is drawn through the point it = 0, = Ebbf and with a slope determined 

by the load resistor Riy as shown in Fig. 15-17. 

The intersection of the load line with each volt-ampere curve gives the 
current output at the value of intensity for which that curve was con- 



Fio. 15-17. Volt-ampere characteristics of an RCA 929 vacuum phototube. The load 
lines for a plate supply voltage of 250 volts and resistances of 1.0, 25, and 60 megohms 
are also shown. {Courtesy of RCA Manufacturing Co.) 

structed. In this way a curve of current vs. intensity or flux for each value 
of load resistance can be found. The curves for Ri == 10, 25, and 50 meg- 
ohms and Ebb = 250 volts for the RCA 929 vacuum phototube are repro- 
duced in Fig. 15-18. It is noted that these curves are practically linear and 
almost independent of the load resistance. This results from the fact that 
the volt-ampere characteristics of Fig. 15-17 are essentially horizontal lines 
that are equally spaced for equal inter^^als of light flux. Since, for a given 
light intensity, the plate current is nearly independent of voltage, except 
for small voltages, the vacuum photocell may be considered to be a constant 
current generator. This characteristic is made use of in certain applications. 

The output-voltage curves corresponding to these current curves are 
shown in Fig. 15-19. The voltage drop across the load resistor is plotted 
as a function of light flux. It is observed that a given change in light flux 
results in larger changes in voltage for the higher load resistances. This 
would seem to favor very large values of load resistanoes. The practical 
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upper limit to the resistance that can be used in such a circuit is set by the 
leakage currents that are ever present. Thus, Ri must be kept consider- 
ably below the resistance between the cathode and anode of the phototube 
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Fio. 15-18. Photocurrent as a func- 
tion of light flux (dynamic curves) for 
load resistances of 10, 25, and 50 meg- 
ohms. The plate supply voltage is 250 
volts. 
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Fig. 15-19. Load voltages as a func- 
tion of light flux corresponding to the 
current curves of Fig. 15-18. 
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(and also below that between the cathode and grid of the associated ampli- 
fier, if one is used). It is desirable, therefore, to reduce the leakage cur- 
rents as much as possible. In certain tubes a long leakage path is provided 
by bringing the leads from the electrodes through opposite ends of the glass 
envelope (.see Fig. 15-7). For very sensitive 
measurements, it is desirable to clean the glass 
surface carefully and then coat the bulb with 
a thin layer of ceresin wax. This reduces the 
leakage currents to very small values. 

If the load resistance is too high, or if the 
plate supply voltage is low, the load line will 
intersect the volt-ampere curves for the higher 
intensities in the region near the origin, where 
the curves are close together. Under these 
circumstances, a curve of current vs. light in- 
tensity or light flux will no longer be linear. 

In fact, it will show a saturation value, as 
indicated ih Fig. 15-20. Where modulated 
light is to be translated into proportional elec- 
trical pulses, this condition is to be avoided. However, such a character- 
istic may be highly desirable in certain special applications. 

The analysis of a gas-phototube circuit is performed in exactly the same 
manner as above. Since the volt-ampere characteristics of such cells (see 
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Fig. 15-20. The nonlinear dy- 
namic curve resulting from 
operation at too low a supply 
voltage or too high a load 
resistance. 
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Fig. 15-9) are no longer horizontal equidistant lines for equal intervals of 
light flux, the output will not, in general, be proportional to the light-flux 
variations, except for small variations. Furthermore, as discussed in 
Sec. 15-4, the graphical construction considered above is valid only at low 
frequencies, since the dynamic sensitivity of a gas cell decreases with the 
frequency. 

15-6. Photovoltaic Cells. Photovoltaic cells depend lor their operation 
on the fact that an emf is internally generated by the action of the radiant 
energy. This causes a current to flow in an external circuit even though no 
external battery is applied. Such cells may be electrolytic in nature, con- 
sisting of two electrodes immersed in a suitable electrolyte, or they may be 
electronic in nature,*® consisting of suitable materials in physical contact. 
It should be noted that these cells possess many features in common with 
the metallic disk rectifiers discussed in Sec. 7-7. There are two types of 
electronic photovoltaic cell that are commercially important, m., the 
iron-selenium Photronic cell,*® and the copper-eopper-oxide Photox cell.*®-*^ 

In one t>’pe of copper-copper-oxide cell, the blocking layer, which is the 
point of origin of the photoelectrons, exists between the copper base plate 
and the cuprous oxide, precisely as in the rectifying disk. A semitrans- 
parent metallic layer is placed over the oxide layer. The copper base plate 
is one electrode, and a thin copper ring in contact with the semitransparent 
metallic layer is the other electrode. Under illumination the photoelec- 
trons travel from the cuprous oxide to the copper, t.e., from the semicon- 
ductor to the metal through the barrier layer. This is illustrated in Fig. 
15-2 la. These cells are called hack wall cells, since the barrier layer is re- 
mote from the point of incidence of the light. 

A front wall cell is also possible in which the barrier layer lies at the 
boundaiy between the top electrode and the cuprous oxide. In these cells 
the direction of current flow is also from the semiconducting cuprous oxide 
to the metal (the front electrode) through the barrier layer. In conse- 
quence of this, the direction of electron flow in the external circuit is oppo- 
site to that in the back wall cell, as illustrated in Fig. 15-21&. The sensi- 
tivity of the front wall cell is greater than that of the back wall cell because 
the light reaches the barrier layer without first being partially absorbed by 
the ineffective cuprous oxide. The spectral-response characteristics are 
also different, the peak of the front wall cell occurring at about 5,000 A, 
that of the back wall cell occurring at about 6,000 A. 

The Photronic cell is a front wall cell and consists essentially of a base 
plate of iron on which is placed a thin layer of iron selenide, which is cov- 
ered with a semitransparent layer of sUver.^ A copper ring in contact 
with the base plate acts as one electrode, and a copper ring in contact with 
the silver layer is the other electrode. The variaticoi of the emf with the 
intensity of illumination is illustrated in Fig. 15-22. In this case the gen- 
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Li^ht 



Fia. 15-21. Cuprous oxide * ^sandwich” photovoltaic cells of the (o) back wall and (6) 
front wall types. 


Illumination, lumens 



Pia. 15-22. Generated voltage in a Photronie cell aa a fimetion ol bgjit kiteosity. 
(Cowrlssy We§Um Bketrieal Inttruimni Carp.) 
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erated volta^ may be related to the intensity of the incident light by an 
empirical expression of the form 

Et = kf (15-9) 

where n is a constant of the order of JO.4. 

The maximum current that flows in the external circuit occurs under the 
short-circuit conditions. Experiment shows that the short-circuit current 
varies linearly with the light intensity, as indicated. Unlike the vacuum 


Illumination, lumenft 



Fio. 15-23. The output current of a Photronic cell as a function of light intensity with 
load resistance as a parameter. (Courtesy of Weston Electrical Instrument Corp.) 

phototubes, the output current is a function of the load resistor, and the 
linearity no longer applies for other than short-circuit conditions. This 
variation is shown in Fig. 15-23. 

The response of these ceUs to modulated light is very bad. With equal 
off-on intervals of light at 60 per second, the off-response current is about 
60 per cent of the on-response value, instead of the expected sero value. 
At 1,000 per second, the off-response is about 97 per cent of the on-response 
value. Because of this feature, these cells are used primarily in photo- 
metric measurements or with low-resistance relays for “on-off’’ operation. 
Since for linearity of response a low-resistance load must be used (so that 
the short-circuit current is obtained), it is difficult to amplify the output 
from such a unit. 

lS-7, Photoconductive Cells. I%otoconductive cells ure those for which 
the electrical resistance of the cell decreases with increases of illumination. 
Selenium is widely used for sudi cells. The dectrical resistance of such a 
cell may decrease by a factor oi 5 when placed in a strong light. The re- 
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sponse of such a cell to intemipted light is poor, there being an appreciable 
time lag between change in light and change in current. Since such cells 
have an appreciable “dark^^ current and a bad time lag, photoemissive 
tubes are much preferred. As a consequence, the photoconductive cell is 
of small commercial importance. 


PROBLEMS 

IS-l. Find the m&ximum npeed with which the photoelectrone will be emitted (if at 
all) when radiation of wave length 5,893 A falls upon 

а. A cesium surface, for which the work function is 1,8 volts. 

б. A platinum surface, for which the work function is 6.0 volts. 

c. Repeat parts a and b if the surfaces are illuminated with neon resonance radiation 
(743 A) instead of the yellow sodium line. 

15 - 2 . What is the minimum energy, expressed m joules and in electron volts, required 
to remove an electron from the surface of metallic potassium, the photoelectric threshold 
wave length of which is 5,500 A? 

15 - S. A cesium surface, for which the work function is 1.8 volts, is illuminated with 
argon resonance radiation (1,065 A). What retarding potential must be applied in 
order that the plate current in this photocell drop to zero? Assume that the contact 
potential is 0.50 volt, with the plate negative with respect to the cathode. 

16 - 4 . When a certain surface is irradiated by the 2, 537- A mercury line, it is found 
that no current flows until at least 0.54 volt accelerating potential is applied. Assume 
that the contact potential is 1.00 volt, the cathode being positive with respect to the 
anode. 

a. What is the work function of the surface? 

b. What is the threshold wave length of the surface? 

15 - 6 . A certain photosurface has a spectral sensitivity of 6 ma/watt of incident 
radiation of wave length 2,537 A. How many electrons will be emitted photoelectrically 
by a pulse of radiation consisting of 10,000 photons of this wave length? 

15 - 4 . The photoelectric sensitivity of a PJ-22 photocell is 14 /la/lumen, when the 
anode potential is 90 volts. The window area of the photocell is 0.9 in.*. A 100-watt 
electric-light bulb has a mean horizontal candle power of 120 cp. What will be the 
photocurrent if the cell is placed 3 ft from the lamp? 

15 - 7 . The energy distribution curve of a light source is known. The spectral sensi- 
tivity curves of several of the commercially available photosurfaces are supplied by the 
tube manufacturer and are shown in Fig. 15-13. Explain exactly how to determine which 
tube should be used with this particular light source in order to obtain the maximum 
photocurrent. 

15 - 8 . Devise a circuit for determining automatically the correct exposure time in 
the photographic printing proicess. Use a photocell, a relay, and any other auxiliary 
apparatus needed. The blackening of a photographic emulsion is determined by the 
product of the luminous intensity falling on the plate and the time of exposure. The 
instrument must trip the relay at the same value of this product regardless of what 
light source is used. 

15 - 0 . Plot curves of photoourrent vs. light intensity for a PJ-23 for load resistances 
of 1 and 10 megohms, respectively. The supply voltage is held constant at 80 volts. 

15 - 10 . a. The intensity of iUundnation on a ^9 phototube is constant at 0.1 lumen. 
An adjustable voltage supply in series with a 25-megohm resistance is applied to the 
tube. Plot a curve of anode current vs. supply voltage. From this curve, determine 
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the wave shape of the photocurrent if the impressed voltage is sinusoidal and has a 
peak value of 250 volts. 

b. Repeat part a if the load resistance is 50 megohms instead of 25 megohms. 

c. Repeat part a if the impressed voltage consists of a 125- volt battery in series 
with an alternating voltage whose peak value is 125 volts. 

15-11. In the circuit of Fig. 11-11 a 929 phototube is used in place of the resistor R. 
Explain clearly why this circuit will now give a linear sweep output. 

Design a 1,000-cycle 50-volt sweep. The intensity of the illumination on the photocell 
is 0.1 lumen. Specify Ebb, Eoc, and C, Assume that an 885 thyratron is used for which 
the maintaining voltage is 15 volts and the critical grid starting characteristic is that 
given in Fig. 11-10. 

15-12. In the circuit sketched the 929 phototube controls the current in the 884 
thyratron. For what range of values of light flux will the thyratron be nonconducting? 
Explain your analysis clearly. 


SK 


929 
Phohtube 



nsvofis 
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15-lS. Plot a curve of the effective intemal resistance vs. ligjit intensity of the Pho- 
tronic cell, the characteristics of which are given in the curves (ff Figs. 15-22 and 15-23. 
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CHAPTER 16 


TRIODE CHARACTERISTICS 


A.N EQUATION that relates the space-charge current in a diode with the 
potential existing between the anode or plate and the cathode has already 
been developed. This is the three-halves-power equation which is given 
by Eq. (7-16), viz., 

ih = W (16-1) 

where is the effective plate-cathode potential. If, therefore, the effective 
potential were changed by any means whatsoever, this change would be 

manifest as a change in plate current. In 
the case of the rectifier systems, it was 
found that the application of an a-c poten- 
tial between the plate and cathode gives 
rise to a varying current in the output 
circuit. Evidently, the application of a 
constant voltage to the plate will give rise 
to a constant current in the output. Also, 
the application of a voltage of the form 

Cb == Eb + \/2E sin cot (16-2) 

to the diode will give rise to a varying 
current in the output, the form of which 
can be obtained graphically by the point-by-point method from the dy- 
namic curve of the circuit. The results are illustrated in Fig. 16-1. If 
the method is not clear, refer to the discussion in connection with the con- 
struction of Fig. 12-4. 

It is seen from this diagram that the current consists of a d-c component Ib 
and an a^ variation ip. It is noted that the effect of the voltage Eb has 
been to shift the operating point from the origin to that marked Q on the 
diagram. Evidently, with the presence of the large d-c term indicated, 
the tube no limger acts as a rectifier if the dynamic curve is a straight 
line. 

16-1. Tlie Grid. Suppose now that the mechanical structure of the tube 
is altered by inserting a metallic grid between the cathode and the plate. 
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Fig. 16-1. The current output 
from a diode when the supply volt- 
age consists of a d-c and an a-c 
voltage in series. 
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This converts the tube into a triode. A schematic arrangement of the elec- 
trodes in a triode having cylindrical symmetry is given in Fig. 16-2. With 
a fixed d-c potential between the plate and the cathode and an a-c poten- 
tial impressed between the grid and the cathode, the over-all result is to 
simulate the effects of a voltage of the form (16-2) applied to a diode. 
Under these circumstances, other conditions being comparable, the current 
that flows in the output or plate circuit is again of the form illustrated in 
Fig. 16-1. This action will be demonstrated quantitatively in the next 
chapter, when the use of a triode as a circuit element \vill be studied. 



grid 

Fio. 16-2. Sche- 
matic arrangements 
of the electrodes in a 
triode. The tube has 
cylindrical aymmetry. 
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Fig. 16-3. Sketch of a plane- 
electrode triode, showing the paths 
for the potential profiles given in 
Fig. 16-6. 


A study of the potential distribution in a triode is very instructive. For 
simplicity, consider a plane cathode and a parallel anode each of infinite 
extent. The grid is assumed to consist of parallel equidistant wires lying 
in a plane parallel to the cathode. The diameter of the wires is small com- 
pared with the distance between wires. Such an arrangement is shown in 
Fig. 16-3. If it is assumed that the cathode is so cold that it emits no elec- 
trons, then the potential at any pmnt in the tube can be found by an elec- 
trostatic anal 3 rsis. The results of such a calculation are shown in Fig. 16-4, 
where equipotential surfaces are indicated for various values of grid volt- 
age. Since the electrodes are assumed to be of infinite extent, then it is 
only necessary to plot the equipotentials over a distance corresponding to 
the spacing between grid wires. Each picture is to be imagined repeated 
indefinitely to the right and left. 

It should be noted, in particular, that the grid structure does not produce 
an equipotential plane at the position of the grid. If it did, there could 
never be plate current for any value of negative grid voltage because the 
electrons would find th^ooselves in a retarding field as soon as they left the 
cathode. (This assumes, for the moment, that the cathode is heated but 
that the electrons leave with sero initial velocity.) Because the influ- 






Fig. 16-4. Equipotential oontoura in the plane-electrode triode: (a) grid beyond cutoff 
potential; (6) grid at cutoff potential; (c) grid negative at half cutoff value; (d) grid at 
zero potential; (e) grid poeilive. (From K. R, Sptmgmberg, ‘‘Vacuum Mdifrayh 

HiU Book Companit, Inc*) 
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ence of the positive plate potential, it is possible for an electron to find a 
path between grid wires such that it does not collide with a potential 
energy barrier (provided that the grid is not too highly negative). Thus, 
the potential variation between cathode and anode depends upon the 
path. The potential vs. distance curves (called “profile presentations”) 
corresponding to Fig. 16-4 are given in Fig. 16-5 for the two extreme con- 
ditions, a path midway between grid wires (upper curve) and a path 
directly through the grid wires (lower curve). 

If an electron finds itself in a retarding field regardless of what part of 
the cathode it comes from, then it certainly cannot reach the anode. This 
is the situation pictured in (a) of Figs. 16-4 and 16-5 and corresponds to 
conditions beyond cutoff. In (6) are shown ,the conditions just at cutoff, 
where the elec^c-field intensity at the catlu>de is eyeiy where zero. Actu- 
alI5^ ou jofTis oblaili^ at a grid less than this value so that 

tl^ fieW at is somewhat negative an3 Hence repels all the 

emitt^^^electrona. It should be cl^ar from a study of the^e, figures that the 
current distriburipn is not constfflat alopg patfis at different distances, frim 
the grid wires. If the grid is made sufficiently negative, then cutoff will 
occur throughout the entire region. This is the situation for all grid volt- 
ages more negative than that indicated in (6). If the grid voltage is made 
more positive than this cutoff value, then as shown in (c), current will flow 
only in the region midway between the grid wires, because any electrons 
starting out toward a grid will be repelled. This is the situation with the 
usual operating voltages in a triode voltage amplifier. In (d) the grid is at 
cathode potential, and in (e) it is held positive with respect to the cathode. 
Under these conditions, electrons can reach the anode by all paths unless 
they collide with a grid wire and are collected as grid current. 

It should be emphasized that these diagrams represent space-charge-free 
conditions. In Chap. 7 it was shown that under space-charge conditions, 
the electric-field intensity at the cathode is reduced to zero. Hence, for a 
hot cathode, the diagrams (c), (d), and (e) must be modified (lowered) 
somewhat and must have zero slope at the cathode. 

16-2. The Electrode Current. From the qualitative discussion already 
given, it follows that the current should depend upon the space-charge-free 
cathode field intensity. This, in turn, is a linear function of the grid and 
plate potentials. Since the grid is much closer to the cathode than the 
plate, a given change in potential of the grid has a much greater effect on 
the field intensity at the cathode than does the same change in potential 
of the anode. For example, if the plate voltage is changed slightly in 
Fig. 16-5, then it will affect the slope of the potential curve at the cathode 
veiy little. If the grid Voltage is altered the same amount, the sdope will 
change by a very much larger amount. In view of this discussion and the 
known three^mlves-power law tor diodes, it is anticipated that the plate 
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Distance from grid, mils 

Fio. 18 ^. PotentuJ profiles in a plane-eleotrode triode: (e) with grid negative at half 
the cutoff value of potential; (d) with grid at eero potential. (JFrm K, R, Sffongenbergt 
'Taeuuia McOraw-Mitl Book Company ^ Inc.) 
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Distance from grid, mils 

Fig. 16-5€. Potential profiles in a plane-electrode triode, with grid at a positive 
potential. 

current may be represented approximately by the equation 



where et is the plate potential, €c is the grid potential, and where the fac- 
tor /X is a measure of the relative effectiveness of the grid and plate poten- 
tials. The parameter m is known as the ‘‘amplification factor'^ and is sub- 
stantially constant and independent of current. The exponent n is approx- 
imately equal to I-. The constant k is called the “permeance.’^ 

The validity of Eq. (16-3) has been verified experimentally for many 
triodes. No rigorous theoretical derivation of this equation exists, even 
for a triode of relatively simple geometry. In particular, the exact de- 
pendence of the constant k upon the dimensions of the tube is not known. ^ 
However, the value of the amplification factor /x can be calculated with a 
fair degree of accuracy from equations that are based on certain electro- 
static considerations.* Semiempirical relationships that are suitable for 
design calculations are available.* 

Deviations from Eq. (16-3) exist for the same reasons that deviations 
from the three-halves-power law exist for diodes, vtz,, the effects of contact 
potential, initial velocities, nonuniform structure, etc. (see Sec. 7-4). For- 
tunately, it is seldom necessaiy to know the exact mathematical relation- 
ship that exists among e6, and Cc- Hence the principal emphasis in what 
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follows will be on the experimentally determined relationships among these 
variables. 

If the grid potential be made positive, the electron stream will increase 
because of the combined action of both the grid and the plate. With a 
positive potential on the grid, some of the electrons will be attracted to it 
and a current into the grid will result. Unless the grid is designed to dissi- 
pate the power represented by the current to it, when maintained at a 
positive potential, the grid structure may be seriously damaged. The grid 
is generally maintained negative, al- 
though positive-grid triodes for pov er- 
amplifier applications are available. 

The variations of the plate and 
grid currents with variations of grid 
voltage are illustrated in Fig, 16-6. 

In this diagram, the plate potential 
is assumed to be constant. It is seen 
that cutoff occurs if the grid potential 
is sufficiently negative. As the grid 
potential is made less negative, the 
plate current follows a smooth curve, 
this variation being expressed ana- 
lytically with fair approximation by 
Eq. (16-3). As the grid potential is 
made positive with respect to the cathode, a grid current is obtained. This 
current increases rapidly with increasing potentials. 

Once the grid potential is made positive so that a grid current ie exists, 
Eq. (16-3) is no longer applicable, since only a portion of the total space- 
charge current is collected by the anode. Equation (16-3) does give a good 
representation of the total space current i, = u + ic. Hence, as the grid 
potential is made increasingly positive, the plate current increases rapidly, 
but not according to Eq. (16-3). The plate current will ultimately fall, as 
shown, since, for a constant available space current and an increasing grid 
current, the current to the plate must decrease. Because the electrons are 
emitted with finite initial velocities, some of these will be collected by the 
grid even when its potential is slightly negative. This grid current may be 
of the order of a few nucroamperes when the grid voltage is, say, ^ volt 
negative. 

16-3. Triode Characteristics. The plate current depends upon the plate 
potential and upon the grid potential and may be expressed mathematically 
by tile functional relationship 

ib = /(Cb, Be) (16+4) 

This is read is some function / of eb and This relationship is some- 



Fig. 16-6. Plate, grid, and total space 
current in a triode as a function of grid 
voltage for a fixed plate voltage. 
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times written as u = H(e6, ec), the quantities in the parentheses designate 
ing the variables upon which the function / (or h) depends. If it is assumed 
that the grid current is zero, then the approximate explicit form of this 
function is that expressed by Eq. (16-3). Of course, the plate current also 
depends upon the heater current; but as this is usually maintained con- 
stant at the rated value, and this is such as to provide perhaps five to ten 



faj“PI«tc charoicfenstics (b) “Transfer characferistics 
Fig. 16-7. (a) Plate and (6) transfer characteristic curves of a triode. 

Fel > Eei > Eci. Ebl > Ehi > Ebb. 

times the normal required space-charge current, this term does not enter 
into the functional relationship. 

The important variables that give a complete description of the char- 
acteristics of the triode are, as already noted, u, e*,, and Cg. By plotting 
these three variables on a three-dimensional system of axes, a space dia- 
gram is obtained. The traces of these surfaces on the three coordinate 


Fig. 16-8. Constant-current characteristic curves of a triode. 

Ibi > Ibt > /fei. 

planes (and cm planes parallel to these) give three families of characteristic 
curves. These curves, easy to visualize, are given in Figs. 16-7 and 16-8. 

Figure 16-7a shows a family of characteristic curves known as the ‘Opiate 
characteristics,’’ since they give the variation of the plate current with the 
plate potential for various values of grid potential. The only effect ot 
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making the grid more negative is to shift the curves to the right without 
changing tile slopes appreciably. If the grid potential is made the inde- 
pendent variable, the family of curves known as the “mutuar^ or “trans- 
fer'' characteristics, illustrated in Fig. 16-76, is obtained. The effect of 
making the plate potential less positive is to shift the curves to the right, 
the slopes again remaining substantially unchanged. These conditions 
are readily evident if it is remembei*ed that the sets of curves in these 



Fia. 16-9, Oscillogram of the plate 
characteristics of a 6C5 triode. The 
grid-bias values vary from +4 to —22 
volts in 2-volt intervals. 



Fig. 16-10. Oscillogram 
of the transfer character- 
istics of a 6C5 triode for 
plate voltages of 100, 200, 
300, and 400 volts. 


diagrams are plots of Eq. (16-3) with either Ce or €b maintained constant 
as a parameter. 

The simultaneous variation of both the plate and the grid potentials so 
that the plate current remains constant gives rise to a third group of char- 
acteristics, known as the “constant-current" characteristics, illustrated in 
Fig. 16-8. These show the effects of the plate and grid voltages on the 
plate current of the tube. 

The most important family of characteristics is the plate family, and 
these are supplied in convenient form in data books supplied by the tube 
manufacturers. The plate characteristics for several representative tubes 
are reproduced in Appendix IX. It will be found in the following chapters 
that all operating characteristics may be deduced from this one set of 
curves. An oscillogram of the plate characteristics of a type 6C6 tube is 
given in Fig. 16-9. The transfer characteristics of this tube are shown in 
the oscillograip of Fig. 16-10. 

16-4« Triod« Pstfimeteni, In the analysis oi networks using triodes as 
circuit elements (Chap. 17), it is found necessary to make use of the slopes 
of the characteristic curves of Figs. 16-7 and 16-8. Hence it is c<Hivenient 
to introduce special isfymbob and names for these quantities. This will 
now be done. 
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The dope of the constaat^-current characteristic gives the amplification 
factor introduced in Eq. (16^). Hiat is, the amplification factor is de- 
fined as the ratio of the change in plate voltage to the change in grid volt- 
age for a constant plate current. Mathematically, ^ is given by the relation 



The subscript It denotes that the plate current remains constant in per- 
forming the indicated partial differentiation. In order that m be a positive 
number, the minus sign is necessary because an increasing plate voltage 
will require a decreasing grid potential, if the current is to remain un- 
changed. The reciprocal of the amplification factor is called the ^^durch- 
griff^’ or the ‘‘penetration factor.*’ 

The quantity (d€t/dii,)E^^ which expresses the ratio of an increment of 
plate potential to the corresponding increment of plate current when the 
grid potential is kept constant, has units of resistance and is known as the 
“plate resistance” of the tube. It is designated by the symbol Vp. It is 
noted that the plate resistance is the reciprocal of the slope of the plate 
characteristics of Fig. 16-7a. It should be recalled that the plate resistance 
of a diode was defined in a similar manner. The reciprocal of the plate 
resistance is called the “plate conductance,” Qp ^ l/fp. 

The quantity {dih/d€c)Ei,y which gives the ratio of an increment of plate 
c\irrent to the corresponding increment in grid potential for constant plate 
f/otential, has the units of conductance. This quantity is known as the 
“plate-grid transconductance” and represents the change of current in the 
plate circuit owing to the change in potential of the grid. The plate-grid 
transconductance is frequently referred to simply as the “mutual conduct- 
ance” and is designated by the symbol The quantity is the slope 
of the mutual characteristic curves of Fig. 16-76. 

To summarize: The triode coefficients, parameters, or “constants,” which 
are characteristic of the tube, are 



fp, plate resistance 


g^j mutual conductance 


fly amplification factor 


( 16 ^) 


Since there is only one equati<»i (16-4) relating the three quantities 
and ec, the three partial dmvatives cannot be independent. The int^rre- 
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lationship may be shown to be (see page 505) 

M = (16-7) 

Tlie variations of these parameters for a particular value of plate poten- 
tial for the 6C5 tube are shown in Fig. 16-11. The variations for other 
values of plate potential may be some- 
what different, although the general 
trends will be the same. It is noticed 
that the plate resistance varies over 
rather wide limits. It is very high at 
aero plate current and varies approx- 
imately inversely as the one-third 
power of the plate current Tsee Prob. 

16-2). The transconductance in- 
creases with plate current from zero 
at zero plate current and varies 
directly as the one-third power of 
the plate current. The amplification 
factor is observed to remain reason- 
ably constant over a wide range of 
currents, although it falls off rapidly 
at the low currents. 

The usual order of magnitude of 
the tube parameters for conventional triodes is approximately as follows: 

/z: from 2.5 to 100. 

TpX from 500 to 100,000 ohms. 
gm : from 500 to 6,000 micromhos. 

Among the most commonly used triodes are the general-purpose twin 
triodes designated by the manufacturera as 6SL7 and 6SN7. These con- 
tain two triode units in one envelope, and each section has the following 
parameters at the recommended operating point: 



J 




Fig. 16-11. The parameters ^p» and 
Qm of a 6C5 triode as a function of plate 
current. {Courtesy of Raytheon Produc- 
tion Corp.) 


1 


1 

rp, 

Omt 



ohms 

micromhos 

6SL7 

70 

44,000 

1,600 

6SN7 

20 

7,700 

2,600 


Hie 6J5 is a single triode whose characteristics are identical with each 
seotion of the 6SN7. 
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Example. Find approximate values of tpt and Om directly from the plate character- 
istics of a 6SN7 at the operating point Eh - 200 and Ec - —6. 

Solvium. The plate curves are given in Appendix IX and are reproduced for con- 
venience in Fig. 1^12. The operating point is designated A and is seen to correspond to 
7.6 ma. To fid the tube parameters, the definitions summariKed in Eq. (16-6) are used. 



Fig. 16-12. The plate characteristics of a 6SN7 dual triode. 


Approximate values of the partial derivatives are obtained by taking finite differences 
instead of differentials. Thus, 

( change in plate voltageX 
change in plate current /grid voiuge ooMt 
/Adb\ AB 

BC • 


The point B is characterized by Eh * 160, h * 7.6, and Ec 
specified by Eh *■ 160, h * 3.2, and Ee •* —6. Hence AB ■ 


and BC » 7.6 ~ 3.2 


4.4 ma. 

40 


^ 4.4 X 10“« 


9,100 ohms 


Similarly, 


( change in plate currentx 
change in grid voltage /plat* voitac* 

/ AitX ^ ^ 

\Aec/«6 ASe 


■ —4. The point C is 
200 - 160 - 40 volts, 


The point D is specified by Eh 200, h “ 3.4, and — —8. Hence AD — 7.6 — 8.4 
— 4.2 ma, and Ae« • -6 — (—8) — 2 volts. 

4.2 X 10-» 

9m ■■ 


2 


2.1 X 10*^ mho - 2,100 mioromhos 
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which checks well with /« «■ 20. 

It should be noted that, for increasing currents, the plate resistance decreased, the 
transconductance increased, and the amplification remained essentially constant (actually 
increased slif^tly). This is consistent with Fig. 16-11. 


If fp were constant, then the slope of the plate characteristics would 
everywhere be constant. In other words, these curves would be parallel 
lines. If M were constant, then the horieontal spacing of the lines {AB or 
EA in the above example) would be constant. This assumes that the 
characteristics are drawn with equal increments in grid voltage (as they 
always are). If fp and p are constant, so also is = mAp* Hence, an 
important conclusion can be drawn: If <mr a portion of the ib-eb plane, the 
characteristics can be approorimaled by parallel lines which are equidistant for 
equal increfmnts in grid voUage, then the parameters p, fp, and gm can be con- 
sidered constant ooer this region. It is shown in the next chapter that if the 
tube operates under this condition (tube parameters sensibly constant) 
then the analysis of the behavior of the tube as a circuit element is quite 
simple. 

16-5. Power Triodes. Hi^-power triodes are extensively used in radio 
transmitters. The grids of such tubes have very large signals impressed 
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on them. During one part of the grid driving cycle, an appreciable grid 
current flows. During a second part of the grid driving cycle, the grid 
causes plate-current cutoff to occur. Because of this class of operation, 
the grid structures have been designed to Avithstand the resulting heating 



Fig. 16-13. Photograph of two transmitting tubes. {Courtesy of RCA Mariufaduring 
Co,) 

of the grid without damage to the tube. The analysis of the operation of 
triodes in these applications is beyond the scope of this book, but it is of 
interest to note that such an analysis may be accomplished with either the 
plate characteristics or the constant-current characteristics. 

Photographs of two power triodes, one designed for water cooling of the 
plate, the other for air cooling of the plate, are given in Fig. 16-13. The 
892 tube measures approximately 20 in. long and has a maximum allow- 
able plate dissipation of 7.6 kw. The 893A-R measures approximately 
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27 in. long and has a maximum allowable plate dissipation of 20 kw. The 
power output of these tubes de]>ends on the character of the operation, but 
in a common application, the corresponding output powers are 6 kw and 
18 kw, respectively. 

16-6. Triodes at Ultrahigh Frequencies. The curve of Fig. 16-6, which 
is representative of triodes, shows that the grid current is appreciable only 
when the grid is positive with respect to the cathode. For the usual neg- 
ative-grid triode, the grid current seldom exceeds lO"”® amp. If the elec- 
trodes, including the heater, are operated at reduced potential, the grid 
current may be as little as 10“^^ amp. In fact, special electrometer tubes 
are available which have grid currents as low as 10"“^® amp. It would ap- 
pear from this that the effective grid loading that results when a tube is 
connected in a circuit is very low. Actually, as will be discussed below, 
the grid loading increases with frequency of the applied signal, and the 
usual triode is limited in applications to frequencies of 200 megacycles or 
less. 

To understand the physics of grid loading, consider an electron that has 
left the cathode and is approaching the grid on its way to the anode. As- 
sume also that the grid potential is negative with respect to cathode, so 
that no electrons will be collected by the grid. As the electron approaches 
the grid, a changing image charge density will be induced on the grid (see 
Sec. 4-7 for more details). This changing charge on the grid represents an 
instantaneous grid current, and the current is in such a direction as to 
charge the grid bias battery. The power for this charging process is sup- 
plied by the approaching electron, and it is decelerated as a result. Once 
the electron passes beyond the grid, the process is reversed and the elec- 
tron will take energy from the grid, and it is repelled thereby. The amount 
of energy lost by the electron as it approaches the grid is just equal to that 
which it gains as it recedes from the grid, and the net energy is zero. Under 
these conditions the net grid loading is zero. 

The situation of negligible grid loading will exist over a wide range of 
frequencies of voltage applied to the grid. This follows from considera- 
tions of Chap. 2, where it was shown that the velocity acquired by an elec- 
tron when it is accelerated by even a few volts is quite high, with a conse- 
quent small transit time in passing from cathode to plate through the 
interelectrode space. If tiie transit time is very small compared with the 
period of the voltage applied to the grid, then in so far as any electron is 
concerned, the situation is just as though a d-c potential existed on the grid. 

At those frequencies of applied voltage to the grid when the transit time 
of the electron is no longer small compared with the period of the applied 
voltage, the grid loading is no longer negligible.* Now it is possible for the 
energy that is supplied to the grid by the electron on its passage from 
cathode toward the grid to exceed the amount of energy that is returned 
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by the grid, as the electron continues from the grid to the anode, with a 
resultant net energy loss in the grid circuit. Since this energy must be 
supplied by the grid driving source, it represents a loading on this driving 
source. This loading increases with increased grid driving frequency and 
ultimately reaches the point where the tube can no longer be used. 

Tlie foregoing discussion may be expressed in terms of a circuit point 
of view, by noting that at the lower frequencies, the current that is induced 
in the grid by the moving electron is 90 deg out of phase with the grid 
voltage, with a consequent aero net power loss. At the higher frequencies 

a net inphase component exists, 
and this represents a resistive com- 
ponent of input impedance. This 
effective input resistance acts as a 
shunt on the high-impedance signal 
applied to the grid. 

In addition to the electron-trans- 
it-time grid loading just discussed, 
there is reactive loading of the in- 
put because of interelectrode ca- 
pacitances and lead inductances. 
Although these values are small 
(of the order of a few micromicro- 
farads and 0.01 microhenry, res- 
pectively), yet at frequencies above 
100 megacycles they become im- 
portant. Thus, there may be an 
appreciable loss in radio-frequency voltage across the lead inductance. 
Series resonance may occur between the inductance and the capacitance 
at some high frequency, and it now will act as a short circuit on the input. 
Even if the inductances are neglected, the capacitances will be small shunt- 
ing reactances which load the input and output circuits. 

Because of these considerations, tubes for high-frequency operation are 
made in a manner to reduce transit time, interelectrode c^acitances, and 
lead inductances. This means very close spacing of electrodes (sometimes 
only a few thousandths oi an inch between cathode and grid). It also re- 
quires that the physical dimensions of the electrodes be small. Among 
these high-frequency tubes are the so-called **acom,'^ “doorknob,*^ and 
''disk-seal*^ or '^lighthouse’' tubes with upper-frequency limits of about 
2,000, 1,700, and 3,500 megacydes, rei^>ectiveiy. The names of these 
tubes are descriptive ci the ph 3 rsieal shape of their envelopes. The first 
two are built like conventic^ cylindrical triodes, except for the close 
spacing, small electrode sise, and the fact that the leads are brous^t out 
of the envelope at widely spaced points so as to cut down capacitances. 



Fia. lC-14. The construction of a light- 
house or disk-seal triode. {From K. R. 
Spangenberg, **Vacuum Tubes, McOrauh 
Hill Book Company, Inc.) 
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The lighthouse tube * has essentially plane-parallel electrode construction 
but with the connections to the electrodes brought out in the form of disks. 
When these tubes are inserted into a coaxial-line resonator, le^ induct- 
ance is unimportant because the electrodes are integral parts of the res- 
onant cavities. Radiation losses are also eliminated by this construction 
and use. The construction of a lighthouse tube is shown in Fig. 16-14. 


PROBLEMS 

16-1. a. From the plate characteristics of the 6C6 triode (see Appendix IX), obtain 
the mutual characteristics for Eb « 80, 160, 240, and 320 volts. 

6. Obtain the constant-current characteristics of the 6C6, Plot eb vs. ee for h 4, 8, 
12, and 16 ma. 

c. Repeat part a for the 6SF5 high-M triode. 

d. Obtain the constant-current characteristics for the 6SF5 high-/A triode. Plot eb 
vs. ec for h — 0.2, 0.6, 1.0, and 1.4 ma. 

16-2. If the plate current in a triode can be represented by Eq. (16-3), show that 
is proportional to and that gm is proportional to tb"*, where m ^ {n — l)/n. Note 
that if the three-halves-power law ie valid, then m » -J-. 

16-3. The plate resistance ot a 6J5 triode or one unit of a 6SN7 is 7,700 ohms, and 
the transconductance is 2,600 micromhos. 

a. If the plate voltage is increased by 50 volts, what is the increase in plate current? 
The grid voltage is maintained constant. 

b. What change in grid voltage will bring the plate current back to its former value? 
The plate voltage is maintained at the value to which it was raised in part a. 

16-4. The plate resistance of a 6C5 triode is 10,000 ohms, and the amplification factor 
is 20. The tube is operated at the quiescent point Eb * 250 volts, j&c ■* — 8 volts, 
and Zb 8 ma. 

a. To what value must the grid voltage be changed if the plate current is to change 
to 12 ma? The plate voltage is maintained at 250 volts. 

b. To what value must the plate voltage be changed if the plate current is to be 
brought back to its previous value? The grid voltage is maintained constant at the 
value found in part a. 

Compare the values calculated above with those which can be read directly from the 
plate characteristics of the 6C6 (see Appendix IX). 

16-6. The plate current of a 6F6 tube connected as a triode can be expressed approxi- 
mately by the equation 4 «■ 41 (cb + 7ec)* '‘^ X 10“* amp. The tube is operated with 
a grid bias of —20 volts, and the plate voltage is 250 volts. Calculate the following: 

a. The tube current. 

6. The plate resistance. 

c. The transconductance. 

16-6. a. Show that the volt-ampere curve for Ec —8 volts of a type 6C5 triode 
(see ^pendix IX) can be expressed by an equation of the form 

4 - Ai(«b -f- 20ec)’* 

Determine k and n from a logarithmic plot. 

Plot the curve expressed hy this equation and the experimental curve on the same 
sheet of paper, and compare. 

b. Calculate the values of r, and gm from this equation at the conditions Ec » —8 
volts and Eb « 250 volts, and compare with the values given in Fig. 16-11. 
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16-7. a. Calculate &nd ffm from the plate characteristics of the 6C5 tube (see 
Appendix IX) at the quiescent point Eb * 250 volts, Ec ^ —S volts. 

6. Plot fp, and gm for a 6C5 as a function of h, with Eb — 260 volts. 
c. Plot fji, Tp, and gm for a 6C5 as a function of Ee, with Eb « 250 volts. 

16-8. Given the transfer characteristics of a triode. Explain clearly how to determine 
Tp, and gm at a specified quiescent point. 

16-9. Show that if the triode plate characteristic can be approximated by straight 
lines the equation of these lines is 

ib " — (m«c + — e) 

rp 

where e is the voltage intercept at zero current of the ■* 0 curve. 

16-10. a. Starting with the definitions of gm and rp, show that if two identical tubes 
are connected in parallel gm is doubled and rp is halved. Since n ■« rpjfm, then p, remains 
unchanged. 

6. If the two tubes are not identical show that 


that 

and that 


gm ■■ gml + gm2 



Tp Tpi Tpi 


T Mzrpi 
rpi + rp2 


16-11. a. The circuit shown is used to measure grid current, 
current /« with the switch S open is given by 


Ic 


A/fr 

gnJEg 


Prove that the grid 


where A/^ is the change in plate current as the switch is closed and gm is the transcon- 
ductance of the tube. 

6. The foregoing method depends upon a knowledge of gm. This limitation is re- 
moved as follows: The plate current Ib is noted with S open. The switch is then closed, 



and the bias is adjusted until the plate current is its previous value. Explain how this 
procedure allows the determination of 

16-12. When the grid is insulated from the cathode and the plate of a vacuum triode, 
it is said to be ^'floating.” Describe an experimental method of determining this floating 
potential 
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CHAPTER 17 


TRIODES AS CIRCUIT ELEMENTS 

rHE analysis of the behavior of a vacuum tube in a circuit may be ac- 
complished by two different methods, both of which are important, and 
both of which will be examined in some detail. Initially, it will be shown 
that the behavior of a triode as a circuit element may be obtained graphi- 
cally from a knowledge of the static plate characteristic curves. This is 
essentially the same procedure that was followed in treating the diode as 
a circuit element, except that the diode had but two active terminals and 
one characteristic curve, whereas the triode has three active terminals and 
a family of curves. The three terminals are marked P (plate), iiL(cathode), 
and G (grid). 

The second method, which is applicable when the triode parameters 
fp, and Qtn are essentially constant over the operating range, is an analyti- 
cal one. The tube will then be replaced by a generator and a resistor, and 
conventional linear-circuit theory will be used in the analysis. 

17-1. Symbols and Terminology. The simplest circuit in which the 
triode acts as an amplifier is that shown in Fig. 17-1. Before proceeding 
with an analysis of this circuit, it is necessary to explain the meanings of 



Fig. 17-1. The basic circuit of a triode used as an amplifier. 

the symbols and the terminology to be used in this and subsequent analyses. 

The input circuit of an amplifier refers to all elements of the circuit that 
are connected between tbe grid and cathode terminals of tbe tube. Simi- 
larly, the output or plate circuit usually refers to the elements that are 
connected between the plate and cathode terminals. In the circuit illus- 
trated the output, or plate, circuit contains a d-c supply voltage which is 
in series with a load resistor Ri, The input, or grid, circuit consists of a 
d-c supply voltage in series with the input voltage. The input voltage 
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may have any wave shape whatsoever, but it is usually chosen, for con- 
venience in analysis, to be a sinusoidally varying voltage. 

Owing to the fact that a variety of potentials and currents, both d-c and 
a-c, are involved simultaneously in a vacuum-tube circuit, it is necessary 
that a precise method of labeling be established, if confusion is to be 
avoided. 

In what follows, lower-case letters will be used to designate instantaneous 
values, and capital letters will be used to denote either d-c values or rms 
values of sinusoids. The subscripts ^ and g will refer to the grid circuit, 
and the subscripts 6 and p will refer to the plate circuit. Examples of the 
notation follow: 

Eec ■■ constant d-c grid voltage, called the C bias or grid bias. 

Evb constant d-c plate voltage, called the B supply or the plate supply voltage. 

It will be assumed in everything that follows that the cathode is the 
reference point, and all potentials will be measured with respect to it. 
Then, 

eg * instantaneous potential difference of the grid with respect to the cathode and is 
positive when the grid is positive with respect to the cathode. 
eh instantaneous voltage of the plate with respect to the cathode and is positive when 
the plate is positive with respect to the cathode. 
ih «■ instantaneous plate current and is positive in the direction from the cathode to the 
plate through the load (see Fig. 17-1). 

eg >■ instantaneous value of the grid input signal voltage and is positive if the grid 
terminal is positive with respect to tl^ second input terminal. 

If, as is often the case, the input is a sine wave, then 

Eg >■ rms value of the a-c input excitation voltage or input signal. 

Ep rms value of the a-c output voltage. 

For example, if the input signal voltage is sinusoidal and of the form 

eg = y/2Eg sin (4 

then the net grid voltage in Fig. 17-1 is 

— Ecc + \^2Eg sin (at 

where E^c is the rhagnitude of the bias voltage. 

Table 17-1 summarises the notation introduced above. In the table are 
also listed some symbols not yet defined, but which will be used in later 
sections. Hiis table should serve as a convenient reference until the 
reader is thoroughly familiar with the notation. 
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TABLE 17-1 
TRIODE SYMBOLS 



Grid voltage 
with respect 
to cathode 

Plate voltage 
with respect 
to cathode 

Current in direc- 
tion toward plate 
through the load 

Instantaneous total value 

Be 

eb 

h 

Quiescent value 

Instantaneous value of vary- 

Ec 

Eb 

h 

ing eomponent 

Effective value of varying com- 


Bp 

h 

ponent 

Amplitude of var 3 ring compo- 

Eg 

Ev 

Ip 

nent 


Epn, 

Ip- 

Supply voltage 

Ecc* 

Ebb* 



* These are positive numbers giving the magnitude of the voltages. 


17-2. Graphical Analjrsis of the Circuit. Suppose for the moment that 
no grid signal is applied in Fig, 17-1, so that Cg = 0. It must not be sup- 
posed that there will be no plate current. This might be true if the bias 
is very negative. However, in general, a definite d-c current will exist 
when the input signal is zero. The value of this current may be found 
graphically in the same way as that used to determine the instantaneous 
plate current in the diode circuit of Fig. 12-1 for a given instantaneous 
transformer voltage. 

Because of the presence of the load resistor Ri, the pot^tial that exists 
between the plate and the cathode will depend upon both the magnitude 
of the battery supply and the magnitude of the current in the load resistor. 
It follows from Fig. 17-1 that 

Ch == Ebb — ibRi (17-1) 

Here, as in the case of the diode, this one equation is not sufficient to deter- 
mine tiie current corresponding to any voltage Ebb because there are two 
unknown quantities in this e3q)re88ion, eb and h- 
A second relation between these two variables is given by the plate 
characteristics of the triode (see Fig. 16-7a). The straight line represented 
by Eq. (17-1) is plotted on the plate characteristics of Fig. 17-2. This Une 
is obviously independent of the tube characteristics, for it depends only 
upcm elements external to the tube itself. The intersection of Urn line with 
the curve for Ce ^ --Bee is cidled the ^^op^ting point'' or the ^^quiescent 
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point/' Q. The current in the external circuit is hj and the corresponding 
plate potential is Eb. 

The simplest method of drawing the load line is to locate two points of 
this line and to connect these with 
a straightedge. One such point is 
the intersection with the horizontal 
axis, namely, h = 0 and eb = Ebb^ 

Another is the intersection with the 
vertical axis, namely, Cb = 0 and 
ib = Ebh/Rh These are illustrated 
in Fig. 17-2. Sometimes this latter 
point falls off the printed plate char- 
acteristics supplied by the manu- 
facturer, the current Ebh/Ri being 
considerably greater than the rated 
tube current. In such a situation 
any value of current, say io, that is 
given on the plate characteristics is 
chosen and the corresponding plate voltage is found from Eq. (17-1), 
namely, Ebb — ioRi- 

Example. A 6C5 triode is operated at a bias of —8 volts and a plate supply of 
360 volts. If the load resistance is 20,000 ohms, what are the quiescent current and 
voltage values? 

Solution. The plate characteristics of the 6C5 are given in Fig. A9-3 of Appendix IX. 
One point on the load line is ib ** 0 and eb 360. Corresponding to eb 0 the value 
of ib is Ebb/Ri 360/20 >■ 18 ma, whereas the largest current on Fig. A9-3 is 14 ma. 
Hence a second point on the load line is found by choosing ib — 10 io, and then 

eb - i^b6 - ioRi - 860 - (10 X 10“*) <20,000) - 360 - 200 - 160 

The load line is now drawn through the pair (ib, eb) of points (0, 360) and (10, 160) on 
Fig. A9-3. This line is found to intersect the plate curve corresponding to Ee —8 
at a plate current of 6.4 ma » h and a plate voltage of 233 volts «« Eb- [The plate 
voltage corresponding to 6.4 ma is actually Eb 360 — (6.4) (20) » 232 volts, in good 
agreement with the 233 volts read directly from the graph.] 

If the voltage of the grid with respect to the cathode in the above exam- 
ple is changed to — 14 volts, then the plate current is found to be approxi- 
mately 3.0 ma (this is the intersection of the load line with jBc * —14 
volts). If the grid voltage is changed to —2 volts, then the plate current 
is found to be 1Q.5 ma (the reader should check these values) . A change in 
input voltage of *^2 — ( — 14) — 12 volts has resulted in a change of plate 
current of 10.5 — 3.0 «f 7.5 ma and a corresponding change in output 
voltage across the 20,00bH3hm load of (20)(7.5) ** 150 volts. Hence, the 
output is w 12.5 times as great as the input. This illustrates the 
am^ying action the tube. 



Fig. 17-2. The operating point Q is 
located at the intensection of the load line 
and the plate characteristic for the bias 
Be ** --Ece- 
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The above method of finding the output current corresponding to a 
given input voltage will now be discussed in more detail. Suppose that the 
grid potential is 

ec = —Eee+ y/2Eg sin uA 

The maximum and minimum values of Bc will be — Ece \^Egy which 
indicates that the grid swings about the point —Ece- Consequently, tbe 



Fig. 17-3. The output current and voltage wave forms for a given input-grid signal 
are determined from the plate characteristics and the load line. 


plate current and the plate voltage will then swing about the values Ib 
and Eby respectively. The graphical construction showing these condi- 
tions is illustrated in Fig. 17-3. For any given value of Be, the carreeponding 
values of ib and Cb are located at the intersection of the load line and the ib-Cb 
curve corresponding to this value of €c- This construction is valid for any 
input wave form and is not restricted to sinusoidal voltages. This permits 
the wave form of the output current and the output vdtage to be deter- 
mined graphically. Hie points a'y b', c\ etc., of the output current, and 
the points a", h", c", etc., of the output voltage wave oorrespcmd, respec- 
tively, to the points A, B, C, etc., <rf the input grid-vdtage wave form. 

A word is in order about the manner in which the grid voltage is drawn 
on the diagram. The time axis is shown normal to the load line. This is 
done to show that the signal voltage e, causes the grkl vdtage to vary 
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about the value Q or Ecs from Ecs at one extreme of the signal voltage 
swing to Eel at the other extreme of this swing. This representation has 
no real significance but does serve to clarify the operating path. 

17-3. Variations from Quiescent Values. Suppose that in Fig. 17-1 
eg represents the output from a microphone and that Ri is the effective 
resistance of a loud-speaker. There is no particular interest in the quies- 
cent current, which is the current to the speaker when no one talks into 
the microphone. (Actually, the speaker would be transformer coupled 
into the plate circuit, and the current in the secondary under quiescent 
conditions would be zero.) The principal interest is in the speaker output 
for a given microphone output. Thus the variations in current and volt- 
age with respect to the quiescent values are most important. 

If the load is a resistor and not a speaker, and if the output from this 
resistor is taken through a coupling capacitor (as is usually the case), 
then under zero input conditions the capacitor will charge up to the quies- 
cent voltage Eh. The voltage with respect to cathode from the side of 
the capacitor not connected to the plate is zero under these conditions. 
If a vaiying grid voltage is now added to the bias, the output will again 
represent voltage variations about the quiescent value. 

It is evident that the significant quantities are the currents and voltages 
with respect to their quiescent values. To examine this matter in some 
detail, refer to the oscillograms of Figs. 17-4 and 17-5. These oscillograms 
show curves of €e and the corresponding values of ib and for a par- 
ticular triode circuit. In the curves of Fig. 17-5, the variations of the 
voltage and current about the Q point are indicated separately. It is seen 
that the output current, defined by the equation 

ip = ib - lb (17-2) 

is simply the current variation about the quiescent-point current /&. The 
output voltage Cp, which is similarly defined, represents the potential varia- 
tions about the Q point. Consequently, if the input signal is a pure sinus- 
oidal wave and if the tube characteristics are equidistant lines for equal 
intervab of e«, ip will also be a sinusoidal wave. If the characteristic 
curves are not equidistant lines over the range 1-2 for equal intervals of Se, 
the wave form of ip will differ from that of the input-signal wave form. 
The latter condition will give rise to harmonics, since a n^msinusoidal wave 
may be exprmed as a Fourier series in which some of the higher harmonic 
terms are appreciable, lliese considerations should be clear if reference is 
made to Figs. 17-3 and 17-4. 

Corresponding to Eq« (17-2) the variables €p and eg me defined by the 
equations 

6p * 66 — Eh * Cc H“ Ecc (17-5) 
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If the symbol A is used to denote a change from the quiescent value, then 

Aet, » Bp Acc « eg Ah ss ip (17-4) 

An inspection of Fig. 17-5 reveals the fallowing extremely significant 
result: If ip is a sine wave, then ip and Sp are exactly 180 deg out of phase 


Fig. 17-4. Fio. 17-5. 

Fio. 17-4. Oscillogram of the curves e&, ib, and Cc corresponding to Fig. 17-3. 

Fio. 17>5. Oscillogram of the signal voltage eg and the corresponding output current 
ip and output vcdtage ep. This is the same osciUograin as in Fig. 17-4 except that the 
axes have been shifted so that the curves now represent variations about the Q point, 
thus 

4y ■■ sj — JB* 
ip^ih- h 
«f - ec -h See 

with each other. This result fdlows frcun the fact that ip is a maximum, 
whereas e, is a minimum at the point 1. The reverse is true at the pomt 2 
(see Fig. 17-3). 

17-4. Tlw Dynamic Tmnafer QmnictaMk. The '^dynamic'’ charac- 
teristic of the triode may be constructed from the i^te characteristics of 
the tube and the load line. This is mmply the curve rdatingH with By 
ccmipariiig Fig. 17-6 with F%. 17-3, it be seen that the same points on 
eadh me rimilarly marked. That is, the points a\ V, c^, etc., of tl^ ou^t 
current cmneqxmd to the points Ag B, <7, etc., of the input grid-voltaKe 
wave eg. 
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The dynamic curve has the same utility as the dynamic curve of thfe 
diode, viz., it permits the output wave for a given input wave to be de- 
duced. For triodes the input is in the grid circuit, whereas, for a diode, it 
is in the plate circuit. It should be emphasized that a different dynamic 
curve must be drawn for each value of load resistance. 



Fig. 17-6. The dynamic transfer characteristic is used to determine the output- wave 
shape for a given input signal. 

17-6. Equivalent Voltage-source Representation of a Triode. As already 
discussed in Sec. 17-3, one is ordinarily interested only in the variation in 
voltage and current about the Q point, rather than in the total values of 
these quantities. That is, the primary interest is in determining the values 
of Bp and ip for a given value of e^. This may be referred to as the ^‘a-c 
response'^ of the tube, since eg will usually be a periodically varying voltage. 

The graphical methods of the foregoing sections are tedious to apply 
and often are very inaccurate. Certainly if the input signal is very small, 
say 0.1 volt or less, then values cannot be read from the plate characteristic 
curves with any degree of accuracy. But for such small input signals, the 
parameters n, Vp, and will remain substantially constant over the small 
operating range. Under these ccmditions it is possible to replace the 
graphical methqd by an analytical one. This is often called the srnallrsigncU 
method, but it is Applicable even for large signals provided only that the tube 
parameters are constant over the range of operation. The constancy of the 
parameters is judged by an inspection of the plate characteristics. If 
these are strai^t lines, equally spaced for equd intervals of grid bias over 
the (^)erating range, then the parameters are cmistant. Under these con^ 
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ditions it will be found that the tube may be replaced by a simple linear 
system. The resulting circuit may then be analyzed by the general meth- 
ods of a-c circuit analysis. 

In order to find the equivalent linear representation of the tube, the 
variation in current Au about the quiescent value is considered. If the 
grid voltage remains constant but the plate voltage changes by an amount 
A€b, then the change in current equals the rate of change of current with 
plate voltage times the change in plate voltage, or 



The subscript indicates the variable held constant in performing the 
partial differentiation. This is illustrated in Fig. 17-7 and is seen to be 



\deh/E, 


Aeb, 


strictly true only if the slope of the plate characteristic is constant for the 
assumed change in current. Similarly, if the plate voltage remains con- 
stant but the grid voltage changes by Acc, then the change in current is 
given by 


Aih 


( — ) ACc 
\dee/Ek 


If both the grid and plate voltages are varied, then the plate-current 
change is the sum of the two changes indicated above, or 


4e» + (^) Me 

\deh/K, 


(17-6) 


As mentioned above, this expression is only approximate. It is, in fact, 
just the first two terms of the Taylor’s series expansion of the function 
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ibi^bf «c)* In the general case, 


Ah 



A^6 + 


/ dib\ 1 

( 7“ ) A^c + - 
\dec/Eo 2 



(A€6)^ + 




deb dec 


Acb Acc H 


(17-6) 


Consider the third term in this expansion. Since from Eq. (16-6) the 
plate resistance is given by l/vp = (dib/deb)Eci this term equals 


1 

2 





Similarly, the fourth-, fifth-, and higher-order terms in Eq. (17-6) repre- 
sent derivatives of Vp and with respect to plate and grid voltages. 

The present method of analysis is based on the assumption that the tube 
parameters are sensibly constant over the operating range Aeb and Aec. 
Under these conditions a satisfactory representation of the variations in 
plate current about the quiescent point is given by Eq. (17-5). This ex- 
pression may be written in the following form, by virtue of Eqs. (16-6): 


1 

Ah = — Aej, + Qm Aec 

Vp 

Since gm = this becomes 

fp Ah = Acb + Aec 


(17-7) 

(17-8) 


where, as before, the A’s denote changes about the quiescent point. Using 
the notation of Eq. 17-4, this becomes 


or 


ipVp = Cp + fiCg 

Cp ~ d” (17—9) 

This expression may be given a very significant physical interpretation. 


* This follows from Eq. (17-7). 
then 


or 


Thus, if the plate currtmt is constant so that Aih 


0 h Pm ASc 


A€b 


0, 


But ainoe the plate current has been taken to be constant, then — Acb/ ASr is by definition 
(Eiq, (16-5)1 the amplification factor. Hence, n « gmfp. 
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It shows that the varying voltage Cp with respect to the Q point is made up 
of two components : one is a generated emf which is m times as large as the 
grid-cathode voltage variation the second is a varying voltage across 
the tube resistor Vp that results from the var 3 n[ng load current ip through it. 

The result of this discussion is best illustrated diagrammatically, the 
circuit that gives rise to Eq. (17-9) being shown in Fig. 17-8. This diagram 
also includes a schematic of the tube itself in order to stress the correspond- 
ence between it and its equivalent representation. For greater preciseness 
in the representation, double subscripts have been employed in this di- 



Fig. 17-8. A triode (a) and its equivalent voltage-source representation (6). The 
voltage drop from the point P to the point Cphy is seen from the diagram to equal 
— + ipfp. The brace from (? to A indicates that the quantity is to be evaluated 
by traversing the circuit from (r to A and adding all the voltage drops on the way. 

agram. Note that the tube is replaced by a fictitious generator having a 
generated emf equal to pCgu and an internal resistance of rp ohms. It is 
seen from the diagram that the voltage drop epk from plate to cathode is 
equal to the voltage drop in the plate resistor less the generator voltage, or 


^pfc “ ipfp 

This is exactly Eq. (17-9), which verifies that Fig. 17-8 is the correct 
equivalent circuit representation of the tube. 

A point of the utmost importance is that no d-c quantities are indicated 
on this diagram. This is so because the equivalent circuit of the tube 
applies only for changes about the Q point. Moreover, the equivalent 
tube circuit i*epresentation is valid for any type of load whether it be a 
pure resistance, an impedance, or another tube. Tliis is true because the 
above derivation was accomplished without any regard to the external cir- 
cuit in which the tube is incorporated. The only restriction is that the 
parameters Mi f'pf ^d pw must remain substantially constant over the 
operating range. 
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If sinusoidally varying quantities are involved in the circuit, and this is 
usually assumed to be the case, the analysis proceeds most easily if the 
sinors of elementary a-c circuit theory are introduced. The circuit nota- 
tion used in this text is discussed in Appendix VIII, and the reader is urged 
to read this very carefully before proceeding further. For the case of 


Tube 



Fig. 17-9. For sinusoiciallv var.dng quantities the tube is replaced by this simple 
network. 

sinusoidally varying quantities, the tube is replaced by the equivalent 
network shown in Fig. 1 7-9. 

17-6. Linear Analysis of the Circuit. Based on the foregoing discus- 
sion, the amplifier circuit of Fig. 17-1 may be replaced by an equivalent 
form which permits an analytic determination of its a-c operation. The 
following simple rules should be adhered to in drawing the equivalent form 
of even relatively complicated amplifier circuits. 

1. Draw the actual wiring diagram of the circuit neatly. 

2. Mark the points Cr, P, and K oh this circuit diagram. Locate these points as the 
start of the equivalent circuit. Maintain the same relative positions as in the original 
circuit. 

3. Replace the tube by its linear equivalent form (Fig. 17-9). 

4. Trsuisfer all circuit elements from the actual circuit to the equivalent circuit of the 
amplifier. Keep the relative positions of these elements intact. 

5. Replace each d-c source by its internal resistance, or by a short circuit, if its 
resistance is negligible. 

A point of special importance is that regardless of the form of the input 
circuit, the fictitious generator that appears in the equivalent representa- 
tion of the tube is always ^Egkf where Egk is the drop from grid to cathode. 
The positive reference terminal of the generator is always at the cathode. 

To illustrate the application of these rules, four examples will be given. 
The first is a single-mesh circuit involving resistors only, the results 
being given in terms of symbols rather than numerical values. The second 
illustration is a simple circuit which includes reactive elements and which 
requires a numerical result. The third is a two-mesh circuit. The fourth 
network omitains two tubes. 
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Example 1. Find the a-c output current and voltage of the basic triode amplifier 
circuit illustrated in Fig. 17-lOa. 





K 

faJ-Aciual circuit I'fri -Equivalent circuit 

Fig. 17-10. The schematic and equivalent circuits of a simple amplifier. 

Solution. According to the foregoing rules, the equivalent circuit is that of Fig. 
17-106. Ejrchhoff’s voltage law, which requires that the sum of the voltage drops 
around the circuit equal zero, yields 

+ IpTp — /uEg* “ 0 

A glance at this circuit shows that the voltage drop from grid to cathode is B. Hence 
Eua * E, and the output current Ip is 


The corresponding output- voltage drop is 

EpA * —IpRi 

The minus sign arises because the direction from P to /C is opposite to the positive refer- 
ence direction of the current Ip. 

***' “ «/ + rp 

The gain, or voltage amplification, of the tube circuit is defined as the 
ratio of the output- to input-voltage drops. It is, for the simple amplifier 
of Fig. 17-10, 


Ri + Tp 


1 + Tp/Ri 


(17-10) 


The minus sign signifies a phase shift of 180 deg between the output and 



02468 10 1214 

Si/rp 


Fio. 17-11. The gain of the am- 
plifier of fig. 17-9 as a function of 
the load resistanoe. p and r, are 
assumed to be constant. 


the input voltages. This is in agreement 
with the result obtained from the graph- 
ical analysis of the problem in the pre- 
vious sections. Equation (17-10) is a 
very important result and one well worth 
remembering. 

The magnitude of the gain increases 
with the load resistance and approaches 
a maximum value as Ri becomes much 
greater than fp. The general form of 
tihis variation is illustrated in Fig. 17-11. 
Since K is greater than unity, in general, 
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the meaning of the term “amplifying action of the tube^^ is clear. It is 
noted that the maximum possible gain is /i, although this can be obtained 
only if = oo. Too large a value of Rt cannot be used, however, since 
for a given quiescent current this would require an impractically high 
power supply voltage. Nevertheless, since K increases rapidly at first and 
then approaches g. asymptotically, a gain approaching /x may be realized 
with a reasonable value of Ri. 

Example 2. A 1-volt rms potential at 800 cps is impressed on the grid of a tube for 
which 

M ■“ 8 Tp » 5,000 ohms 

The load impedance is 

h - 1,000 -fie, 000 - 6.08 x 10* /80.5*^ 

Calculate the voltage gain of the circuit, and draw the complete sinor diagram of the 
system. 

Solvtion. The actual and equivalent circuits are shown in Fig. 17-12. Evidently 
Egk • 1, and the fictitious-generator voltage is fxEgk * 8 volts rms. Employing the 



K 


Schematic f^i“Equivcilent 

Fio. 17-12. A numerical example. 


customary analysis using complex numbers, the voltage drop from (7 to K is 1 -f jO. 
This voltage is chosen along the axis of reals, for convenience. Era is in phase with 
this voltage and equals 8 -f jO. Therefore, 


Ip 


8-fiO 

6,000 -f (1,000 -f i6,000) 


0.943 X 10~» /-45° amp 


The output-voltage drop is 

Efk - -IpZi - -0.943 X lO-^ V-46 X 6.08 X 10* /80.5 « -5.73/35.5 


- 5.78/ -144.5** volts 


The voltage gain of the system is 

^ output-voltage drop 

input-voltage drop I /O** 


5.7 3/ -144.5** 


The gain K is a complex number. Its magnitude gives the ratio of output to ipput 
voHages. Its phase angle gives the number of degrees by which the output leads the 
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input. In this iUustration the input leads the output by 144.5 deg. The complete 
sinor diagram of the circuit is shown in Fig. 17-18. 


9 Input 
votfmge 
•t^jO 


Fig. 17-13. The sinor diagram for the circuit of Fig. 17-12. 

Example 3. In the circuit sketched in Fig. 17-14a the input signal E is 0.5 volt rms 
at 2,000 cps. If the 12,000 ohms represents the resistance of an a-c voltmeter, what 
will this meter read? 




Fig. 17-14. A network with two meshes. 

Soluiion. The quiescent values will first be found. Since the capacitor cannot pass 
d-c, then the branch of the circuit containing the capacitor is effectively open as far 
as the quiescent point is concerned. The grid bias is —8 volts since the d-c drop through 
the 800 ohms is zero (assuming zero grid current). A load line corresponding to a load 
of 2,000 -h 4,000 «* 6,000 ohms and a plate supply of 300 volts gives Eb 250 volts 
and /fr « 8 ma at ^ S volts. These are just the values recommended by the 
manufacturers, and at this point they list /u — 20 and rp « 10,000 ohms (see Fig. A9-3). 

The equivalent circuit is shown in Fig. 17-146. All impedance values have been 
divided 1,000, for convenience, Bo»that the values actually represent kilohms. It is 
understood that the mesh currents h and /i are in milliamperes. (Note that the product 
of kilohms and milliamperes is volts.) The magnitude of the reactance of the capacitor is 

1 10 * 

Xc ohms ■■ 81.8 kilohmn 

2iiC (2ir)(2,000)(0.0025) 

The referee directions for the mesh currents are completely arbitrary and have been 
chosen dodnxdse. It is most important to note that is nof equal to the input Voltage. 
It can be found by traversing the networic from the grid to the cathode and adding all 
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the voltage drops encountered . Any path from 0\gK may be chosen but the most direct 
one is usually taken since it involves the least amount of labor. Thus 

- 0.5 + O. 8 I 1 (17-11 » 

Adding the voltage drops in the direction of the current Ii and equating the result to 
zero yields 

(12 + 0.8 + 4 - i31.8)Ii -412-0 
or 

I2 - (4.2 ~i7.95)Ii (17-12) 

Similarly, Kirchhoff's voltage law around mesh 2 gives 

-4Ii -f- (10 -f 2 + 4)l2 -f 20E*i. - 0 (17-13) 

Equations (17-11), (17-12), and (17-13) determine the solution. Thus, putting Eqs. 
(17-11) and (17-12) into (17-13) yields 

-4Ii + (16)(4.2 - i7.95)I, -f (20)(0.5 -f O.8I1) « 0 
or 

Ii - -0.0354 - j0.0567 ma 

Since the capacitor blocks the quiescent current from getting to the meter, it will read 
only the product of its resistance and the a-c current through it. It is this a-c current 
which we have just calculated from the equivalent circuit (which is valid only for varia- 
tions from the quiescent value). The rms voltage is therefore 

(12)1(0.0354)2 + (0.0567)2)* - 0.80 volt 

Example 4. Draw the equivalent circuit for the network of Fig. 17-1 5a, and set 
up the equations from which the a-c currents and voltages may be found. Since there 


G2 PI G2 



A?c/ ra^Schemcific W-Equivolenf 

Fig. 17-16. A two-tube problem. 


are two generators shown in the network, the problem is not uniquely specified unless 
the phase between these two is given. Assume, therefore, that with the reference polari- 
ties indicated, Mt leads Ei by 30 deg and that the rms value of Bi is 1.50 volts and that 
of is 2.(X) volta* 

SoltUim, The ^lor Bi is arbitrarily chosen along the horizontal axis, so that 

Bi - 1.60 + jO 
and 

Bs - (2.00) /aO*^ - (2.0 )(oo 8 30* -f janSO*') - 1.78 -f il.00 

Ths points K, P, and G are indicated for each tube. The numbers 1 or 2 are used to 
designate which tube is under consideration. For example, P2 is Uie plate of the second 



512 


ELECTRONICS 


tube; represents the voltage drop from grid to cathode of tube 1. The rules given 
at the beginning of this section are followed for each tube separately, and the resultant 
equivalent circuit is shown in Fig. 17-156. 

The positive reference directions for the mesh currents are arbitrarily taken clock- 
wise. For any network the fictitious generators ixILgk of each tube miai have the positive 
reference polarity at its respective cathode independent of any other voltage or current 
polarities in the circuit. 

It should be noted that the battery has been replaced on the equivalent network 
by a short circuit from the plate of PI to the junction of Pi and R%. (This assumes that 
the battery has zero internal resistance.) 

The most systematic way of setting up the equations is as follows: 

1. Traverse each mesh in the current reference direction. 

2. Find the voltage drops due to Ii flowing through all the passive impedances in this 
mesh. Use a plus sign for the voltage drops if traversing the circuit in the current refer- 
ence direction and a minus sign if traveling in the opposite direction. 

3. Repeat for I 2 and all other cuirents. 

4. Find the voltage drops of all the generators (in the chosen traversing direction). 


5. Set the sum of all these equal to zero. 

Applying these rules to mesh 1 yields 

+ (rpi -f Ps + rp2 — jXc)l\ — (Ps -h r^)Ii — (~i^c)l8 + AtEijfci — nEgkg ■■ 0 (17-14) 
Similarly for mesh 2, there is obtained 

—(Pa -f rpj)Ii -f (Pj + rpt -|- P8)l2 — Pals + “ 0 (17-15) 

and, for mesh 3, there results 

- Psij + (Pi - jXc -f Pa)Is - 0 (17-16) 

Before it is possible to solve for the currents, Egki and Bgjta must be found. Adding 
drops from 01 to iCl gives 

Bg*i - 1.60 + jO -f Pila (17-17) 

Adding drops from 02 to K2 yields 

B,*, - 1.73 -f yi.OO -f Pilj - Psli (17-18) 


Substitute from Eqs. (17-17) and (17-18) into Eqs. (17-14) and (17-16). The resulting 
equations and Eq. (17-16) will then be a set of three for the three unknowns Ii, I 3 , and 
Ii in terms of the circuit constants. 

17-7. Measurement of Triode Coefficients.^ The values of p, rp, and 
illustrated in Fig. 16-11 may be determined graphically from the static 
characteristic curves given in Figs. 16-7a, 16-76, and 16-8 by drawing 
tangents to these curves and determining the slopes at the points in ques- 
tion. The accuracy with which these determinations may be made is gen- 
erally low, and it is usually more desirable to measure these quantities 
dynamically by means of suitable a-c bridge networks. The analysis of 
the circuits employed for these measurements is considerably simplified 
through the use of the equivalent circuit. 

The amplification factor p is readily determined by means of the circuit 
shown in Fig. 17-16o. The equivalent circuit of this network is given in 
Fig. 17-166. The (^rations involved in balancing this bridge consist 
simply in varying Bi and It% until no arc signal from the oscillator is heard 
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in the earphones. This requires, of course, that the current Ji be zero. 
When this condition is satisfied, m « R 2 /R 1 • This can be proved as follows : 
The voltage drop from grid to cathode is = IRi. By applying 



Fig. 17-16. The Miller bridge circuit for determining the ampliftcation factor of a triode 
under operating conditions. 


Kirchh off’s law to the plate circuit and remembering that 1 1 must be zero 
under the conditions of balance, then 


+ fiEgk ■“ = 0 

or 

fjiEgk = IR2 = 


from which it follows that 




R2 


(17-19) 


This is an extremely convenient method for measuring the amplification 
factor of the tube. This may be done for any desired value of d-c plate 
current Ib in the tube simply by adjusting the grid bias Ecc- The telephone 
is preferably connected to the secondary of a small transformer so that the 
d-c current does not pass through the telephone and thereby polarize it. 



Fio. 17-17. The Miller bridge circuit for determining the transconductance of a triode 
under operating conditions. 

In order to measure the transconductance gm, the foregoing circuit is 
modified slightly. This modification consists in inserting the resistor Ra 
between the cathode and the plate. The schematic and equivalent circuits 
of this modified network are shown in Fig. 17-17 To make this measure- 
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ment, the resistances are varied until no sound is heard in the telephone. 
The current in mesh 3 is zero, since this is the current in the telephone at 
balance. Kirchhoff^s law is applied to mesh 1 . The sum of the voltage drops 
is 

(Rs + rp)Ii + /iEgifc = 0 

The voltage drop from grid to cathode is 


Then, 




+ ^p) = —MEgjfc = 


Kirchhoff's law applied to mesh 3 yields 


(17-20) 


— I2JR2 — “ 0 


or 


I1R3 = —I2R2 

The ratio of Eq. (17-20) to Eq. (17-21) is 


from which 


ffa __ 

R 3 R 2 




(17-21) 


(17-22) 


If M is first measured, this circuit permits Vp to be calculated. This makes 
the value of dependent upon the measurement of m, however. Because 
of this, this bridge network is used, not to measure rp, but to measure gm 
instead. This follows by choosing Ri much greater than R 2 f so that 
tiRi/R 2 » 1- Then, approximately, from the last equation, 


or 


Tp ^ 


RdRi 

R 2 


M _ -R2 

Tp R9R1 


(17-23) 


A transformer should be used with the telephone receiver, as in the measure- 
ment of M* 

The plate resistance rp of the tube can be directly measured by incor- 
porating the plate circuit of the tube as the fourth arm of a Wheatstone 
bridge, as shown in Fig. 17*18. When the bridge is balanced 


rp 


R 2 RZ 


(17-24) 
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In order to obtain perfect balance in the bridge circuits of Figs. 17-18, 
17-17, and 17-16, it is sometimes necessary to provide means for balancing 
the capacitive effects of the tube. Basically, however, the circuits are 
those given above. 



Fig. 17-18. A Wheats 
stone bridge arrange- 
ment for determining the 
plate resistance of a tri- 
ode under operating con- 
ditions. 


o' 



Fig. 17-19. Equation 
(17-25) applies to this 
network. 


17-8. Two Network Theorems. Once the equivalent linear network of 
a given tube circuit has been drawn, the problem becomes one of network 
analysis to find either the currents in, or the voltages across, particular 
elements of the network. This may be done by the use of any of the 
standard methods of network analysis. For example, best suited to the 
solution of the particular problem may be a direct application of the mesh 
or loop method of analysis or an application of the nodal method of anal- 
ysis. Frequently the application of Th^venin^s theorem is of some assist- 
ance in the subsequent analysis, and in some cases an application of Nor- 
ton's theorem simplifies the analysis. A special theorem has been shown 
by Millman * to be extremely useful in the analysis of electron-tube cir- 
cuits. A generalized form of Norton's theorem also proves to be useful in 
some problems. These latter two are discussed below as Theorems I and 
II, respectively. 

Theorem I. Consider the network of Fig. 17-19. The impedances Zi, 
Z 2 , and Z 3 terminate in a common junction O'. The opposite ends of these 
impedances are numbered 1, 2, and 3, whereas 0 is any other point in the 
network. It is not necessary to know the network interconnections be- 
tween the i>oint 8 0, 1 , 2 , and 3. The voltage drop Eq^o from the point 0' to 
the poird 0 w pven by 


Eo»o 


®ioYi + EjoYs + E30Y3 
Yi + Y2 + Ya 


(17-26) 


where E^o (s — 2, or 3) id ^ voUage drop from the Bth impedance to Uw 
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point 0 and where Y, s 1/Z, is ike admittance corresponding to the sth im- 
pedance, In this equation the voltages and impedances are complex num- 
bers, in general. 

Proof. The voltage drop across Zj is 

Eo'i ■* Eo'o “I" Eoi Eo'o Eio 
The current through Zi is, therefore, 

lo,, - ^ - Eo-,Yi - (Eo'o - B,o)yi 

Zi 

Similarly, the currents in the other two branches are given by 

Io'2 ■■ (Eo^o — E2 o)Y2 

and 

lots = (Eo'o — E8 o)Y8 

I'rom Kirchhoff’s point law, the sum of the three currents lo'i, Io' 2 , and lo's leaving 
the point 0' must be zero. Then 

(Eo'o — Eio)Yi -f (Eo^o — E2o)Ya + (Eo'o “ E8o)Y3 * 0 

from which Eq. (17-25) is readily obtained. 

This result is not restricted to three impedances, as shown in Fig. 17-19. 
The proof given above can easily be generalized to include any number n 
of impedances terminating in the common junction O'. The result is 

E E.oY. 

Eo'o = (17-26) 

Ey. 

n 

where, as usual, 2^ denotes the summation of n terms. Equation (17-25) 

is a special case of Eq. (17-26) with n = 3. 

It is emphasized that no restrictions are placed upon the type of network 
between the points 0, 1, 2, . . . , n. Any of these points may be connected 
together with short-circuiting links or through active or passive elements 
in any manner whatsoever. In order to apply the theorem, all that is 
necessary is that the voltages E,o be known. 

Theorem II. The voltage between two points in a linear network eqmls the 
prodv/ct of the current V which flows in a short circuit placed between these 
terminals by the impedance Z' between these points. In calculating the im- 
pedance, each generator is replaced by its internal impedance, which is zero 
if the generator impedance may be n^lected. This is not the usual form 
in which Norton’s theorem is stated ’ but is extremely useful as herein 
given. 
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Several examples will be carried through to show the application of the 
two theorems. 

Example 1. A type of network that frequently arises in both power and communica- 
tion circuits is that of two generators feeding a common load, in the manner shown in 
Fig. 17-20. The impedances Zi, Z2, and Zs might be the elements of an equivalent T 



Fig. 17-20. Two generators feeding the common load Z3. 


network of a complicated system interconnecting the two generators. Find the current 
through the load impedance Zs. 

Solution. The solution will be carried out using each theorem. By Theorem I, the 
result is given directly by 

I,„„ = .%i’ _ RroYa 

where 

„ EiYi 4 - E2Y2 

^ + y7 + ir. 


Eio ~ El and E20 ** Rs are the potentials of the generators. Eso does not appear in 
this expression since a short-circuiting link connects points 3 and 0. 

Note that the individual generator currents are easily found. For example^ 

lo'i “ (Eo'o — Ei)Yi 

The solution according to Theorem II follows. If a short circuit is placed between 
0' and 0, the current in this connection from 0' to 0 due to Ei is Ei/Zi and that due to 
Es is By introducing the admittances, Y« •» 1/Z», the total short-circuit current 

is 

r - EiYi H- E2Y2 

With the generators removed from the circuit (each is assumed to be a sero impedance 
source), the three impedances are in parallel between 0' and 0, and the resultant admit- 
tance is the sum of the three admittances. The resultant impedance is 


Yi -h Y, + Y, 


By Theorem II, the voltage from 0' to 0 is I'Z', or 


EiYi + E2Y2 
■ Y.+T, + Y. 

as before. 


It ahould be recalled that the formal method of solving this problem is 
to introduce two mesh currents Ii and I2; to write Kirchhoff’s law for each 
branch; and to solve from the currents Ii and I^. The load current is the 
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sum or difference of these two currents (depending upon the relative direc- 
tions assigned to Ii and I 2 ). 

Example 2. Find the voltage drop from 0' to 0 in the network shown in Fig. 17-21. 
Also find the current in the 5-ohm resistor. 



Fig. 17-21. A numerical problem. 


Solution. The solution is carried out with the use of Theorems I and II. To apply 
Theorem I it is convenient to write 

Eio ■■ 4-6 volts Efo “ —10 volts Eso 0 

Zi 5 ohms Z 2 2 ohms Z 3 «■ 1 ohm 

Then 

But to find the current in the 5-ohm resistor, the voltage £ 10 ^ is required. This is seen 
to be 

Eio' ** Eio “f* Eoo' ■“ 5 + 2.35 = 7.35 volts 


Hence the current from 1 to 0 ' is Eio'/S “ 7.35/5 -* 1.47 amp. 

To apply Theorem II, the current through a short circuit connected between 0' and 0 
is determined. 

The current due to the 5-volt generator is 5 volts/5 ohms « 1 amp. 

The current due to the 10-volt generator is —10 volt 8/2 » — 5 amp. 

The total short-circuit current I' * 1 — 5 * —4 amp. 

The impedance between 0 ' and 0 is obtained by considering the networic with each 
battery replaced by its internal resistance. This puts a short circuit across the 4-ohm 
resistor and yields a parallel group of resistors. The effective resistance is obtained from 


Hence 


r 


Eo'o 

which agrees with the above. 




mhos 

10 


rz' 


i —2.35 volts 

lO 


17-9. Ittterelectrode Capacitances in a Triode. It was assumed in the 
foregoing discussiems that with a negative bias on the grid the current 
taken from the input source was negligible. It was also assumed that 
changes in the plate circuit were not reflected into the grid circuit. These 
assumptiems are not strictly true, as will now be shown. 

The grid, plate, and cathode elements are conductors separated by a 
dielectric (a vacuum), and hence, by elementary dectrostatics, tiiere exist 
capacitances between pairs of electrodes. Clearly, the input current can- 



TRIODES AS CIRCUIT ELEMENTS 


519 


not be zero because this source must supply current to the grid-cathode 
capacitance and to the grid-plate capacitance. Furthermore the input 
and output circuits are no longer isolated, but there is coupling between 
them through the grid-plate capacitance. Although these capacitances 
are small, and of the order of 10 MMf, y^t at the upper audio frequencies 
and above they produce appreciable loading of the input source and they 
also cause output-to-input feedback. They must therefore be taken into 
account. 

A more complete circuit and its equivalent circuit, which includes the 
interelectrode capacitances, are given in Fig. 17-22. In this circuit, Cgp 



PorO' 



/uEg orO 
<V;./-Equivalenf 

Fig. 17-22. The schematic and equivalent circuits of an amplifier taking into account 
the interelectrode capacitances. The equivalent circuit (6) shows the elements of the 
tube, whereas (c) is the more customary form of the equivalent circuit. 


represents the capacitance between the grid and the plate; is the 
capacitance between the grid and the cathode; and Cpk is the capacitance 
between the plate and the cathode. The inclusion of these tube capaci- 
tances [shown dotted in the schematic diagram and shown explicitly in the 
equivalent amplifier circuits of (6) and (c)] yields results that are more 
precise than those resulting from the analysis of the simple circuit of 
Fig. 17-10. It will be noted that the same procedure outlined in Sec. 17-6 
has been followed in order to obtain the equivalent circuit of the amplifier. 
It is evident that Egk = E^, and so fiEg has been written for the emf of 
the fictitious generator in the equivalent circuit (c). 

If the mesh-current equations for the analysis of this network were set 
up in the conventional form, their solution would represent a formidable 
problem. With the aid of the theorems of the foregoing section, however, 
the output voltage across the load impedance Zi can be written down im- 
mediately. Ip order to apply Theorem I, the point 0 in Eq. (17-26) is 
taken as the cathode terminal X, and the point 0' as the plate terminal P. 
Four brandhes (»* *= 4) must be considered between the points P and K of 
the network. These are the load- impedance Zi with zero voltage, the 
capacitance C2 with zero voltage, the voltage rise mE, in series with 
and the voltage drop E^ in series with C3. The capacitance Ci which exists 
across the input E^ does not enter the theorem. This follows from the fact 
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that has already been emphasized that the circuit connections between 
the points 0, 1,2, and 3 of Fig. 17-19 need not be specified, it being neces- 
sary to know only the voltage drops between these points. 

For the present circuit, Eq. (17-26) becomes 




-MEgYp + E,Y3 
Yp + Yz -h Y2 + Ys 


(17-27) 


where Yp = 1 /rp is the admittance corresponding to Vp 
Y2 = iwC2 is the admittance corresponding to C 2 
Y3 = j(ji)Cz is the admittance corresponding to C3 
Y; = l/Zi is the admittance corresponding to Zi 

Epjfc is the voltage drop across the load impedance, or the output-voltage 
drop. It follows from this that the complex voltage gain is 

output-voltage drop Ep^ 

= ■■■ = — (17-28) 

input-voltage drop Eg 

which may be written in the form 


K * 


— + Y3 

Yp + Y; -h Y2 + Y3 


(17-29) 


In this expression, use has been made of the fact that gm =*= The 

reader should verify that Theorem II leads to exactly this same result. 

In this analysis, it has been assumed that no conduction or leakage cur- 
rents exist between terminals. This leakage current depends upon many 
variable factors, such as the spacing between electrodes, the type of glass 
of the envelope, the base of the tube, the conditions of the surface of these, 
and perhaps the surface leakage between connecting wires. Usually the 
error is small in assiuning infinite resistances (zero conductances) between 
electrodes. If this assumption is not true, the analysis is still correct pro- 
vided that the interelectrode admittances are considered to be of the form 
Y, *= g, + jo)C» instead of merely jwC,. In addition, interwiring and 
stray capacitances may be taken into account by considering them to be 
in parallel with Ci, C 2 , and C3, their major effect being to increase the values 
of the interelectrode capacitances. 

It is interesting to see that Eq. (17-29) reduces to the expression already 
developed for the case where the interelectrode capacitances are neglected. 
Under these conditions, Y2 =* Y3 « 0, and Eq. (17-29) reduces to 


Qtn Pm 1 

Y, + Y,“ 1 " 

r, Z, ^Zi 


K 


(17-30) 
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This is a generalization of Eq. (17-10) which applies for the case where the 
load is Zj. Of course, if Z/ = flz, this reduces to Eq* (17-10). 

It is a simple matter to show that the error made in the calculation of the 
gain is very small when the interelectrode capacitances are neglected for 
frequencies covering the entire audio-frequency range. These interelectrode 
capacitances are seldom as large as 15 which corresponds to an admit- 
tance of only about 2 micromhos at 20,000 cps. Since the transconduct- 
ance Qm of a triode is generally several hundred micromhos or more, Y3 
may be neglected in comparison with Furthermore, if Yp is greater 
than 100 micromhos (rp < 10,000 ohms), the terms Y3 -(- Y2 may be 
neglected in comparison with Yp + Y;. Under these conditions the gain 
is that given by the simple expression (17-30). 

Since the interelectrode capacitances have a relatively minor effect on 
the audio gain of an amplifier, why is it important to make note of them? 
The answer is to be found in the input impedance of the tube (the loading 
of the tube on the input circuit) and in the feedback between output and 
input circuits. Also, if the amplifier is to be used beyond the audio range, 
say as a video (television or radar) amplifier, then the capacitances may 
seriously affect the gain and the exact expression, Eq. (17-29), must be 
used. These effects will be examined. 

17-10. Input Admittance of a Triode. An inspection of Fig. 17-22 reveals 
that the grid circuit is no longer isolated from the plate circuit. The input 
signal must supply a current !»•. In order to calculate this current, it is 
observed from the diagram that 


Ii = E.Yi 

and 

I3 = E,pY 3 = (E, + Efcp)Y 3 

Since, from Eq. (17-28), Ej^p = — KE^, then the total input current is 

h - Ii + I3 = [Yi + (1 - K)Y3]E, (17-31) 

By definition, the admittance of any circuit element is the ratio of the 
current through the element to the voltage drop across it in the direction 
of the current. Consequently, the input admittance is given by 

Y, « ^ = Yi + (1 - K)Y3 (17-32) 

This is the explicit expression for the input admittance of the triode, all 
factors upon which it depends being clearly indicated. Thus, for the 
system to possess a negligible input admittance over a wide range of 
frequencies, the cathode-grid and the grid-plate capacitances must be 
negligible. 
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Consider a triode with a pure resistance load. Within the audio-frequency 
range, the gain is given by the simple expression 



f'p + Ri 


for the reasons outlined. In this case Eq. (17-32) becomes 

Thus the input admittance is that arising from the presence of a capacitance 
from the grid to the cathode of magnitude Ci, where 

c.- = C, + (l + Ca (17-34) 

\ Tp + Rl/ 

This increase in input capacitance C, over the capacitance from grid to 
cathode Ci is known as the Miller effect The maximum possible value of 
this expression is Ci + (1 + m)C 3 , which, for large values of may be 
considerably larger than any of the interelectrode capacitances. The 
presence of this input capacitance may prove detrimental in certain 
circuits. 

This input capacitance is important in the operation of cascaded ampli- 
fiers. In such a system the output from one tube is used as the input to a 
second tube. Hence, the input impedance of the second stage acts as a 
shunt across the load of the first stage. In those cases for which the fore- 
going is valid, the load is being shunted by the capacitance C». Since the 
reactance of a capacitor decreases with increasing frequencies, the resultant 
output impedance of the first stage will be correspondingly low for the high 
frequencies. This will result in a decreasing gain at the higher frequencies. 

Example. A 6SL7 has a load resistance of 100,000 ohms and operates at 20,000 cps 
at the quiescent point recommended by the manufacturers. Calculate the gain of this 
tube as a single stage and then as the first tube in a cascaded amplifier consisting of two 
identical stages. 

SdiUion. The pertinent information for the 6SL7 is obtained from a tube data book. 

Qm * 1,600 micromhos rp « 44,000 ohms m ■“ 70 
Cl ■■ 3.0 Ct 3.8 Cz * 2.8 

Then, at 20,000 cps, 

Yi - jtoCi - i2ir X 2 X 10< X 3.0 X 10"“ - j3.76 X mho 
y, . » j4.77 X 10~^ mho 

Yz - i«C8 - i3.62 X 10“’' mho 
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Yj, - i » 2.27 X 10~* mho 

Tp 

Yf ~ a* 10~® mho 
“ 1.60 X 10“* mho 

The gain of a onenstage amplifier is given by Eq. (17-29), 

K = - gm + Ya ^ -1.60 X 10-^-hi3.52 X 10 “^ 

“ Yp -f Yi 4- Y2 -f Ya * 3.27 X 10~« -f jS.2S) X lO'^ 

It is seen that the j terms (arising from the intereleclrode capacitances) are negligible 
in comparison with the real terms. If these are neglected, then K *= —49.0. This can 
be checked by using Eq. (17-30), which neglects in tei electrode capacities. Thus 


^ ^ ^ m 

I+V-R/ 14-0.44“ 


Since the gain is a real number, then the input impedance consists of a capacitor 
whose value is given by Eq. (17-34;, ^ 

C.- - Cl + (1 + - - f' - ) Ci = 3.0 + (1 + 49)(2.8) - 143 

\ ~r iii/ 

Consider now a two-stage amplifier, each stage consisting of a 6SL7 operating as 
above. The gain of the second stage is that just calculated. However, in (calculating 
the gain of the first stage it must be remembered that the input impedance of the second 
stage acts as a shunt on the load resistance of the first stage. Thus the plate load now con- 
sists of 100,000 ohms resistance in parallel with 143 mmI- To this must be added the 
capacitance from plate to cathode of the first stage since this is also in shunt with the 
plate load. Furthermore any stray capacitances due to wiring should be taken into 
account. For example, for eveiy^ 1 nnf capacitance between the leads going to the plate 
and grid of the second stage there is 50 nnf effectively added across the load resistor 
of the first tube! This clearly indicates the importance of making connections with very 
short direct leads in high-frequency amplifiers. Let it be assumed that the input capaci- 
tance taking into account the various factors just discussed is 200 fifii (probably a con- 
servative figure). Then the load admittance is 

Y, - 4 juCi - 10-‘ + J2ir X 2 X 10‘ X 200 X 10““ 

Ri 

- 10-* + /2.52 X l0-‘ mho 
The gain is given by Eq. (17-40), 

-gm -1-6 X 10-» 

“ Yp + Y; “ 2.27 X 10-» + 10-» +/2.52 X lO"' 

- -30.7 +i23.7 - 38.8 /143.3° 

Thus, the effect of the capacitances has been to reduce the magnitude of the gmn from 
49.0 to 38.8 fuid to change the phase angle between the output and input from 180 to 
143.3 deg. 
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If the frequency were higher, the gain would be reduced still further. For example, 
this circuit would be useless as a video amplifier, say to a few megacycles per second, 
since the gain would then be less than unity. This variation of gain with frequency is 
called frequency distortion. 

If the load circuit of the amplifier is an impedance instead of a pure re- 
sistance, then K is a complex number in general and the input admittance 
^vill consist of two terms, a resistive and a reactive term. Let E be written 
in the general form 

K = All +jk2 (17-35) 

Then Eq. (17-32) becomes 

Y, = uyCzh + MCi + (1 ~ A:i)C3] (17-36) 

The expression indicates that the equivalent grid input circuit comprises 



Fig. 17-23. The equivalent grid input circuit may be represented as a resistance /i, in 
parallel with a capacitance C,. 


a resistance Ri in parallel with a capacitance C* as shown in Fig. 17-23. 

(17-37) 

Ri 

It follows from this that the input admittance consists of a resistance 


Ri^ 


1 


wC^k2 

in parallel with a capacitance 

Ci = Cl + (1 - ki)Cs} 


(17-38) 


Since no restrictions have been placed on the system, it is possible for the 
term k 2 to be negative and the effective input resistance to be negative. It 
is interesting to note that an effective negative input resistance is possible 
only when the load is inductive, with the inductance in a definite range.^ 
The presence of a negative resistance in a circuit can only mean that 
some power is being generated, rather than being absorbed. Physically, 
this means that power is being fed back from the output circuit into the 
grid circuit through the coupling provided by tJie grid-plate capacitance. 
If this feed-back feature reaches an extreme stage, the system will lose its 
entire utility as an amplifier, becoming in fact a self-excited amplifier, or 
oscillator. 



TRIODES AS CIRCUIT ELEMENTS 


525 


Example. Calculate the input admittance of a 6J5 triode working into a load con- 
sisting of a 25-millihenry coil whose resistance is 2,000 ohms. Assume that the tube is 
operated under recommended conditions and at a frequency of 10,000 cps. 

SoliUion. The pertinent information for the 6J5 triode is obtained from a tube data 
book. 

Qm ■ 2,600 micromhos rp — 7,700 ohms /x — 20 
Cl - 3.4 C 2 - 3.6 Cz - 3.4 fx^i 

At 10,000 cps, 

Yi - Ys - jotCi - H-i2.13 X 10“^ mho 
Y 2 * JmCz j2.26 X 10~^ mho 

Yp -• « 1 .3 X 10“^ mho 

rp 

Zi Rl jufL «■ 2,000 -h il,570 ohms 
y, - 1 _ (3.08 - j2A2) X 10-* mho 


All wiring capacitances are neglected in this example. The gain of the amplifier is 
^ Qm -26 X lO--* 


Yp -f Y/ 1.3 X 10“^ + (3.08 - ;2.42)10-'‘ 


-4.55 -;2.5l 


whence the input admittance becomes 

Yi - Yi + (1 - K)Y, - (-5.35 + jl3.9) X lO"" 

If the input circuit is supposed to consist of a resistance and capacitance in paralleh 
the constants are, according to £q. (17-38); 


Ri - 


1 


-5.35 X 10- 


— 1.87 megohms 


13.9 X 10“^ 

C'i - — : rr f - 22.2 

2t X 10^ 


17-11. Second Harmonic Distortion in Triodes. The method of con- 
struction by which the output wave shape for any input wave-shape signal 
could be obtained graphically from the plate characteristics was discussed 
in Sec. 17-2. An inspection of Fig. 17-6 shows that the application of a 
sinusoidal input voltage to a linear dynamic curve results in an output 
wave the wave shape of which is also sinusoidal. This is, in fact, the ap- 
proximation that is employed in the equivalent-circuit method of analysis. 

In general/ however, the dynamic characteristic will not be a straight 
line but will contain a slight curvature as seen in the oscillogram of Fig. 
17-24. The amount of this curvature decreases with increasing values of 
load resistance. This nonlinearity arises because the static character- 
istics are not equidistant lines for constant Sc intervals in the range 1-2 of 
Fig. 17-3. Because of this nonlinear characteristic of the dynamic curve 
over the operating range, the wave form of the output wave differs slightly 
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from that of the grid-exciting-voltage wave shape. Distortion of this type 
is called ‘^nonlinear^^ or “amplitude” distortion. 

In order to investigate the magnitude of the distortion that results from 
the nonlinearity of the dynamic (uirve, it will be assumed that the dynamic 
curve of a triode with respect to the point Q can be represented by a para- 



Fig. 17-24. Oscillogram showing the curvature in the dynamic curve of a triode. 


bolic rather than by a linear curve. Thus, instead of relating the alternat- 
ing plate current ip with the grid voltage eg by the relation 



that arises from the equivalent circuit of the triode, it is assumed that the 
relationship between ip and eg is given more accurately by the expression 

ip ^ Aieg + A2eg^ ( 17 - 40 ) 

where the ^^s are constants. Actually, these are simply the first two terms 
of a power series expansion of ip as a function of Cg. 

If the input potential is sinusoidal and of the form 

eg = Egm cos ci)t 

the substitution of this expression in (17-40) leads to 

ip = AiEgm cos <A)t + A2Egm^ COS^ (t)t 

Since cos* wf = ^ ^ cos 2a)f, the expression for the instantaneous total 

current reduces to the form 

ib /b ”f* ip ^ Ib ^0 "b cos (at -f- jBq cos 2a)f (17-41) 

The physical meaning of this equation is evident. It shows that the appli- 
cation of a sinusoidal signal on a parabolic d3axamic. characteristic will re- 
sult in an output current that contains, in addition to a term of the same 
frequency as the input, a second harmonic term and also a constant term. 
The constant term, which appears in Eq. (17-41) adds to the original d-c 
value Ibt yielding a total d-c component of current Zb + Bo ^ tfce output. 
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This term arises from the partial rectification that takes place as a conse- 
quence of the curvature of the dynamic curve. 

The amplitudes Bo> and B 2 for a given load resistor are readily deter- 
mined from either the static or the d 3 mamic characteristics of the particu- 



Fig. 17-25. The output current of an amplifier has zero-axis symmetry provided only 
that the input is assumed to be of the form eg => Egm cos u>t 

lar tube circuit. This allows the amount of second harmonic distortion 
that exists to be calculated. It is observed from Fig. 17-25 that when 

0)t = 0, ib = /max 

TT 

= 2^ H — lb 

Q)t — IT, ib == /min 

By substituting these values in Eq. (17-41) there results 
/max — Ib + Bo + Bi + B2 

Ib ^ Ib 'i’ Bq ^ B2 

/min = Ib + Bo — Bi + B2 

This is a set of three equations for the three unknowns Bo, Bi, and B 2 . It 
follows from tlse second of this group that 

Bo = Ba (17-42) 

By subtracting the third equation from the first, there results 

/max /min 

Bi * 


2 


(17-43) 
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With this value of Bi, the value for B 2 may be evaluated from either the 
first or the last equation. This yields 


B2 Bq 


•fmax + ^min — 2/5 

4 


(17-44) 


The percentage of second harmonic distortion is defined as 


D 


2 


100| B 2 I 

I I 


% 


(17-45) 


The quantities ^min, and appearing in these equations are obtained 
directly from the characteristic curves and the load line. 

Example. Calculate the d-c current, the fundamental gain, and the second harmonic 
distortion for a 6C5 triode operating at a bias of —8 volts, a plate supply of 360 volts, 
and a load resistance of 6,000 ohms. The input signal has a peak value of 6 volts. 

Sduiion. The maximum current corresponds to a grid voltage of— 8 + 6** —2 volts 
and the minimum current to a bias of —8 — 6 — — 14 volts. This is the same amplifier, 
and the same operating conditions, as that discussed in the example in Sec. 17-2. 
The values found in that section are 


21.5 


12 


f min * 4.8 ma 


Henoe 


B2 ■■ -Bo * 


/m« + /min ~ 2/b 21.5 + 4.8 - 24 


« 0.6 ma 


This represents the current rectification due to the nonlinearity of the tube character- 
istics. The total d-c current is /& 4* Bo “ 12 + 0.6 « 12.6. 

The peak fundamental current is 


Bi 




8.35 ma 


The peak fundamental output voltage is this value multiplied by the 6,000-ohm load 
resistance, or 50 volts. To obtain the fundamental gain this must be divided by the 
peak input-voltage swing of 6 volts, or the gain is ^ » 8.3. This is the same result as 
obtained in Sec. 17-2, and it should now be clear that it was the fundamental voltage 
gain which was calculated previously. 

The per cent of second harmonic distortion is 


lOOBj (100)(0.6) 
Bi “ 8.36 


7.2% 


17-12. Harmonic Generation in a Tube. The analysis in the foregoing 
section indicates that the application of a sinusoidal voltage to the input 
of a tube circuit, the dynamic curve of which may be represented as a 
parabola about the quiescent point, results in the piesence of a d-c com- 
ponent and a second harmonic term in addition to a term of fundamental 
frequency. This approximation is usually adequate to represent normal 
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operation of such a tube. It is inadequate to represent the conditions 
when the triode may operate with a positive grid potential over a portion 
of its swing. It is also invalid when the tube is operated with such a bias 
that the very curved portions of the plate characteristics must be employed. 
It is likewise true that the parabolic approximation may not be sufficiently 
accurate to describe the behavior of tetrodes and pentodes as circuit ele- 
ments. 

It is frequently necessary, therefore, to express the dynamic curve with 
respect to the Q point by a power serif's of the form 

tp = AiCg + A2€g^ + A^eg^ + A4eg^ . (17-46) 

If it is assumed, as above, that the input wave is a simple cosine function of 
time, of the form 

= ^gm COS Q)t (17-47) 

then the output current may be shown to have the form 

H = /b *4“ Bq 4“ Bi COE u)t f“ cos 2(j^t 4“ B^ cos 4“ • • • (17-48) 

This equation results when Eq. (17-47) is inserted in Eq. (17-46) and the 
proper trigonometric transformations are made. 

That the output-current wave form must be expressible by a relation- 
ship of this form is made evident from an inspection of Fig. 17-25. It is 
observed from this figure that the plate-current curve must possess zero- 
axis symmetry. This means that the current is an even function of time, 
or expressed mathematically f(wO = — Physically, it means that 

the wave shape for every quarter cycle of the plate-current curve as the 
operating point moves from the point Q to the point 1 is similar to the 
shape of the curve that is obtained as the operating point moves back from 
the point 1 to the point Q. Similarly, the wave shape of the current gen- 
erated by the operating point as it moves from the point Q to the point 2 
is symmetrical with that generated as it moves from the point 2 back to 
the point Q. These conditions are true regardless of the curvature of the 
characteristics. Since t is an even function of time, the Fourier series 
representing a periodic function possessing this symmetry contains only 
cosine terms. (If any sine terms were present they would destroy the sym- 
metiy since they are odd and not even functions of time. A mathematical 
proof is given in Sec. 14-2.) 

If in Eq. (17-46) one assumes, as is frequently done in the literature, 
that the excitation voltage is a sine instead of a cosine function of the time, 
the resulting output current is no longer expressed by a series of cosine 
terms only. Though a sine function differs from a cosine function only in 
the shift of the axis by an amount wt « 7r/2, nevertheless such a shift de- 
stroys the above-noted zero-axis symmetry. It is found In this case that 
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the Fourier series representing the output current contains odd sine com- 
ponents and even cosine components. 

Any one of a number of methods ® may be used in order to obtain the 
coefficients Bq, Bu ^ 2 , etc. These include the standard procedures em- 
ployed in conventional Fourier analysis, 
m., the schedule method or the Fischer- 
Hinnen average selected ordinate method. 
The method due to Espley, which is a com- 
bination of the two standard procedures and 
which is simply an extension of the method 
of procedure of the last section, will be de- 
scribed here. It was assumed in the fore- 
going section that only three terms, Bo, Bi, 
and B 2 , of the Fourier series were different 
from zero. These three values were evalu- 
ated in terms of three measured values of 
current, /n^ax, I min, and As the next ap- 

proximation, it will be assumed that only five 
terms, Bo, Bj, B2, B3, B4, exist in the result- 
ing Fourier series. In order to evaluate these 
five coefficients, the values of the currents at 
five different values of eg are needed. These 
are chosen atequal intervals in the grid swing. 
Thus, Ijxi&x, -fj) ^ b, Z— j, and ^mm correspond, 
respectively, to the following values of e^: 
maximum positive value, ^ the maximum 
positive value, zero, ^ the maximum negative 
value, and the maximum negative value. 
These values are illustrated in Fig. 17-26. 



Fig. 17-26. The values of signal 
voltage and the corresponding 
values of plate current that are 
used in the five-point schedule 
for determining the Fourier com- 
ponents Bo, Bi, B 2 , Bs, and B 4 of 
the current. 


By assuming that the grid voltage has the form 


€g ' E gffi cos Ujt 

as illustrated, then when 


li 

p 

f h — Z max 

w 

(at s* 

H *= Zi 

6 

T 

ih Ih 

2r 


tb * Z-j 

(at ^ Tf 

Ifaisk 



TRIODES AS CIRCUIT ELEMENTS 531 


By combining these conditions with Eq. (17-46), five equations containing 
five unknowns are obtained. The solution of these equations yields 


^0 — + 2/j + 2/_j + Ijoin) — h 

+ A — /-I — /rain) 

B 2 = i(i^max — 2Ib + I min) 

^3 = -J-C^max — 2/j + 2/_j — /jnin) 

-S4 = lV(A«ax — 4 /j + 6/5 — 4 /^i + /min). 


(17-49) 


This method might be termed a five-point schedule. Higher harmonics can 
be obtained by employing a seven-point, a nine-point, etc., schedule. 

If a large number of determinations of harmonic distortion are to be 
made, it might be advantageous to use specially constructed direct reading 
scales or certain trigonometric simplifications that are described in the 
literature.* 

The percentage of harmonic distortion is defined as 


1001 B2 I ^ 1001 B3 I ^ 100| B4 I 

I fill |Bil |Bil 


% (17-60) 


where D,(« = 2, 3, 4, . . .) represents the per cent distortion of the «th 
harmonic, and the total distortion or distortion factor is defined as 


£> = -s/Dj^ + Dg* + D 4 * + (17-61) 


An example illustrating how these equations may be used to determine the 
distortion in multielectrode tubes is given in Sec. 18-9. 

17-13. Load Curve for a Reactive Load. A graphical method of obtain- 
ing the operating characteristics of a triode with a resistance load is given 
in Sec. 17-2. It is there shown that the operating region in the iirCb plane is 
a straight line, which is called the ‘^load line.'^ However, if the load is 
reactive, then the work curve is no longer a straight line but attains the 
form of an ellipse. This follows from the fact that the plate current and 
the plate voltage are given by 

Cp = Epfn sin (d and ip = —Ipm sin {d + B) (17-52) 

which are the parametric equations of an ellipse. If the angle B is zero, the 
ratio of these equations yields 

Bpfn 

T “ j — “ 

*pm 

which represents the load line for a resistance load. This load line and 
tdso the elliptical work curve for a reactive load are shown on the volt- 
ampere characteristics of Fig. 17-27. 
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The equivalent-circuit concepts introduced in Secs. 17-3 and 17-5 depend 
upon the tube parameters m, and being constant over the range of 
operation in the ih-et plane. Then, subject to the same limitation on the 
tube parameters, the equivalent-circuit method of analysis is valid when 
the work curve is an ellipse. If these parameters are not constant, the 
operating curve will no longer be an ellipse. No simple analysis of the 
output of ap amplifier with a reactive load under these conditions exists. 



Fig. 17-27. Oscillogram of the plate characteristics of a triode, of the load line for a 
pure resistance load, and of the load curve (an ellipse) for a reactive load. 

A graphical method is given by Preisman.^ Also, no simple analysis exists 
that permits a calculation of the nonlinear harmonic distortion introduced 
in the output of a tube with a reactive load. 


PROBLEMS 

17-1. An adjustable resistor Ri is connected in series with the plate of a 6C6 triode 
and a plate supply of 240 volts. The grid is maintained at —4 volts with respect to the 
cathode. Determine by graphical methods, using the plate characteristics in Appendix 
IX, 

а. The plate current, when Ri has the following values: 0, 10, 60 kilohms. 

б. The plate voltage corresponding to the resistances in part a. 

c. The load resistance that will give a plate current of 10 ma. 

d. The voltage drop across Ri if the bias is changed to —8 volts and if the load resist- 
ance is 10 kilohms. 

17-2. A 6SF5 triode is operated at the quiescent point Eh ■■ 240 volts, Ee —2 
volts. The plate characteristics of this tube are given in Appendix IX. 

o. Calculate the plate supply voltage that must be used for the following values of 
load resistance: 0.1, 0.2, and 0.3 megohms. 

6, If the grid excitation is sinusoidal with a peak value of 2 volts, find the maximum 
and minimum currents obtainable with each of the load resistanoee of part a. 

c. Plot the dynamic characteristic for Ri » 0.2 megohm. 

17-S. Figure 17-1 1, which shows the magnitude of the gain X of an amplifier as a funo- 
tion of load resistance /2|, is based upon the assumption that /a and rp remain constant 
as Ej is varied. Suppose that instead of operating the tube at a fixed Q point the plate 
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and grid supply voltages are maintained constant as Ri is varied. The operating point 
and hence m and Vp will now be functions of Ri. 

а. Explain clearly the effect this will have upon the K vs. Ri curve. 

б. Plot the K vs. Ri curve for a 6C5 tube operating under the conditions Ebb * 400 
volts and Ecc — —8 volts. Choose values of load resistance that correspond to quiescent 
currents of from 1 to 16 ma. Draw Fig. 17-11 on the same graph sheet, and compare 
the two curves. The variation of m and rp as a function of load current are given in 
Fig. 16-11 for a 6C5. The plate characteristics of this tube are given in Appendix IX. 

17*4. The plate current of a certain triode can be represented by the equation 

ib - 0.002(cc + O.lcb)* amp 

a. Find the plate reristance when the plate voltage is 200 volts and the grid bias is 
— 16 volts. 

b. The plate load consists of a series circuit made up of a resistance of 10 kilohms and an 
inductance of 2.0 henrys (of negligible resistance). What must be the value of the plate 
supply voltage in order that it operate under the conditions of part a? 

c. If a 1-volt maximum 1,000-cps signal is impressed on the amplifier, calculate the 
output voltage across the inductor. 

d. Calculate the phase angle between input and output voltages. Draw a sinor 
diagram. 

17-6. a. Find an expression for the gain of the circuit shown. Prove that it is always 
less than unity. Show that the cathode voltage is in phase with the grid voltage (with 
respect to ground as the reference point). Neglect interelectrode capacities. This 
circuit is called a cathode-follower or a cathode-coupled stage. 

b. Find an expression for the cathode-grid voltage. 



pROR. 17-6. 



Prob. 17-6. 


17-6. The circuit shown can be used to measure the transconductance of a triode. 
Prove that, when a balance is obtained, pm — 1/f? (see Ref. 1 of this chapter). 

17-7. A triode is operated as shown. Calculate the voltage gain at 1,000 cycles. 
Draw a sinor diagram. — 20, and Vp «*» 10 kilohms. 



Pbob. 17-7. 



t Oi/fpuf 


Pbob. 17-8. 


17-8. A triode is used in the circuit shown. The circuit parameters have the following 
values: L - 10 henrys, R^ • 0, Ci - 0.10 /af, C* 10 /*£, Ri - 10 kilohms, - 300 
volts, M 60, >• 60 kilohms. It is desired to have a d-c current of 1.0 ma in the 
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plato circuit and that the grid voltage be —3 volts when the applied signal is zero. 
Determine the following: 

a. Self-bias resistor Rk. 

b. Voltage gain of the amplifier. 

c. Phase shift between input and output voltage. Draw a sinor diagram. 

Note that no grid battery is used in this circuit but that the voltage drop ItJik ftcts 
as the grid bias. 

17-9. The triode shown has a plate resistance of 2.5 kilohms and an amplification 
factor of 6. If the rms-reading voltmeter V has a resistance of 10 kilohms and negli- 
gible reactance, what will it read? The input signal is 12 volts rms at a frequency of 
1,000 cps. The reactance of the cap>acitor C may be neglected in comparison with the 
voltmeter resistance. 



Prob. 17-9. Pros. 17-10. 


17-10. Draw the equivalent circuit and find the a-c plate current in the tube shown. 
The tube constants are a* ■■ 10 and r, ■■ 5 kilohms. The 1,000-cycle oscillator JS has an 
rms output of 0.2 volt. 

17-11. Analyze the circuit shown, which is known as a bootstrap circuit. This 
provides full gain but without the 180-deg phase reversal of a conventional amplifier. 
It has the disadvantage of requiring isolation of th^ input-signal source from ground. 



Prob. 17-11. Prob. 17-12. 

17-12. Find an expression for the ar-c output across Ri. The two tubes are identical 
and have parameters p, rp, and gm- 

17-18. Find the currents in each of the resistors. Use the method of Sec. 17-8. 



Pbob. 17-13. 



Prob. 17-14. 


17-14 The aHeroator voltages are each 10 volte rme. The reactance of each capacitor 
is 100 kilohms. Find the voltage across the points AB if the two altematcmi aie 
a. In phase. 

5. 180 deg out of phase. 
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17-16. a. A 6SF5 triode works into a 100-kilohm resistive load. Calculate the com- 
plex voltage gain and the input admittance of the system for frequencies of 100 and 
100,000 cpB. Take the interelectrode capacitances (see Appendix IX) into account, and 
assume that the tube is operated under recommended conditions. 

Compare these results with those which are obtained when the interelectrode capaci- 
tances are neglected. 

b. Calculate the input resistance and capacitance. 

17-16. Calculate the input admittance of a 6C5 triode at 10* and 10* cps when tJie 
total plate circuit impedance is 

a. A resistance of 50 kilohms. 

b. An inductive reactance of 50 kilohms at each frequency. 

Take the interelectrode capacitances (see Appendix IX) into consideration, and assume 
that the tube is operated under recommended conditions. Express the results in terms 
of the input resistance and capacitance. 

17-17. A 6C5 is incorporated in a simple amplifier circuit. It is to be operated at 
the recommended point. Starting with a zero load, how much resistance must be 
introduced as load to increase the input capacitance by a factor of 5? 

17-18. In the circuit shown the triode is used as an adjustable impedance element, 
by adjusting the d-c bias. 



a. Assume that there is a generator E between the terminals A and B. Draw the 
equivalent circuit. Neglect interelectrode capacitances. 

b. Show that the input admittance between A and B is 


Yi - r, -h (1 + gmR)YcR 

where Yp is the admittance corresponding to Vp and Ycr ie the admittance corresponding 
to R and C in series. 

c. If gmR » 1 , show that the effective input capacitance is 


r - 

and the effective input resistance is 

P (1 + 

‘ “ 1 + «2(1 + m) 


where a » ioCR. 

d. At a given frequency show that the maximum value of C,- (as either C or 72 is varied) 
is obtained ^hen a » I and 


(Ci), 


9m 

2u> 


Also show that the value of Ri corresponding to this C« is 


(i^dniu 


2rp 
2 + M 


which, for /i ^ 2, reduces to (Ri)mta 2/^m. 

e. The tube is a 605 (see Fig. 15-11) operated at 5,000 cps. If the bias is adjusted 
so that the tube current can be varied over the range from 2 to 20 ma, over what range 
do (COaMx and (Ri)max vary? 
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17-19. Solve for the analogous quantities to those asked for in Prob. 17-18, if the 
capacitor C is replaced by an inductor L. 

17-90. A tsrpe 6F6 tube is operated as a triode with a load resistance of 2.5 kilohms and 
a plate supply of 280 volts. The grid bias is —20 volts, and the peak grid signal is 
20 volts. 

а. What is the fundamental current output? 

б. What is the percentage second harmonic distortion? 

c. What is the d-c current? 

Use the plate characteristics in Appendix IX. 

17-91. A 6SN7 (whose characteristics are given in Fig. AO- 10) is to be operated from 
a B-supply voltage of 240 volts. A gain of approximately 10 is desired. The peak- 
to-peak 2,000-cycle sinusoidal input voltage is 12 volts. If the grid is never to swing 
positively, specify 

o. The load resistance. 

6. The bias voltage. 

c. The quiescent current. 

d. The per cent second harmonic distortion. 

€. The fundamental gain. 

17-92. A type 6A3 triode supplies power to a 4-kilohm load from a 300-volt source 
of power. The bias voltage is set at —40 volts, and a 40-volt-peak sinusoidal signal is 
applied. Using the plate characteristics in Appendix IX, plot 

а. One cycle of the output plate current as a function of the time for the sinusoidal 
input grid signal. 

б. On the same curve sheet, plot the calculated output curve on the assumption that 
the output will consist of the fundamental and a second harmonic distortion component. 
The magnitude of the fundamental and second harmonic terms must be found first. 

17-28. A 6A3 triode (plate characteristics are given in Fig. A9-2) is operated as a 
simple power amplifier with a load resistance of 800 ohms. The grid bias is —45 volts. 

a. If the quiescent current is to be 60 ma, what must be the plate supply voltage? 

b. If a 1,000-cycle signal whose peak value is 4.0 volts is applied to the grid, what will 
be the peak value of the output voltage? 

c. If a 1,000-cycle signal whose peak value is 40.0 volts is applied to the grid, what 
will be the peak value of the 1,000-cycle output voltage? 

d. Under the conditions of part c, what will be the peak value of the 2,000-cycle 
component of the output voltage? 

e. Under the conditions of part c, what will be the d-c component of the plate current? 

17-24. A 6F6 triode supplies 0.85 watt to a 4-kilohm load. The zero-signal d-c 

plate current is 31 nrn, and the d-c plate current with signal is 34 ma. Determine the 
per cent second harmonic distortion. 

17-98. The grid excitation of an amplifier is Cf » y/^EgamoiL Prove that the output 
current can be represented by a Fourier series which contains only odd sine components 
and even cosine components. 

17-98. Supply the missing steps in the derivation of Eq. (17-49). 

17-97. Obtun a seven-point schedule by the Espley method. Determine Bo, Bi, 
Bs, Bi, Bif Bs, and in terms of /max, /}, /|, ht I-kt <uid /mi«. 

17-98. Analyze the output current from an ideal half-wave vacuum reeUfier by the 
five-point sch^ule. Compare the ooeffid^ts obtained from this analysis with the 
fiist five terms of the exact solution. The input must be assumed to be a cosine and 
not a sane function of the time. 

17-98. Obtain a five-pdnt schedule for determining Bo, Bi, Bt, Bt, and B4 in terms 
of Immt ^0.107, Ih /-o.m, and /min. 

17 - 88 . Show that the parametric equations (17-88) are those of an ellipse. 
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17-^1. A PJ-22 phototube and a 6C5 amplifier are used in the circuit shown foi 
counting certain objects. When no object is in the path of the incident beam, the 
intensity on the cell is 100 ft-c. Under this condition, it is desired that, there be no 
current in the relay. When an object interrupts the light beam, the light intensity 
on the cell is 5 ft-c and it is desired that the relay should close. If the relay closes: 
at 20 ma, for what range of values of R will the circuit operate properly? The relay 
resistance is 1 kilohm. 



SOvo/fs 250voffs 
PnoB. 17-31. 







V7U50 

Regu/aiDr 


Prob. 17-3B. 


17-32. In the circuit shown the illumination on the phototube is 50 ft-c. Calculate 
the current in each resistor and the current in the VR tube. 

17-88. In the circuit shown the illumination on the phototube controls the d-c current 
in the FG-27A thyratron load Uu Find the d-c current in Ri when the illumination 
is 100 ft-c. 



Prob. 17-33. 


17-34. In the figure shown the phototube controls the load current of the triode. As 
used in this circuit, the phototube current as a function of the intensity j (in foot- 
candles) is given by the equation 

i 


h - 


10 


where h is in microamperes. 

a. Find the minimum illumination that will send current througli the 15-kilobm 
load. 

h. If the illumination is fixed at 150 ft-c, what is the peak instantaneous load current? 


/s/r 





2O0vott$ TSvofts SOOs/n^i 
Prob. 17-34. 


c. Make a rough plot of the a-o input voltage as a function of time, and (using the 
same abscissa) make a rough plot of Uie instantaneous load voltage for the fixed illumi- 
nation of 150 ft-c. In particular, indicate where the output voltage drops to sero. 
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17-86. Design a photocell circuit that will close a relay if the illumination exceeds 

0.1 lumen and will open the relay if the illumination falls below 0.02 lumen. A type 
929 photocell, a type 6C5 amplifier, and a l-kilohm relay that closes at 10 ma and 
opens at 2 ma are to be used. The voltage source for each tube is the 120-volt d-c house 
supply. 

a. Sketch the circuit. 

h. Calculate the resistance needed to couple the phototube to the amplifier. 

c. Calculate the grid bias that must be used. 
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CHAPTER 18 


MULTIELECTRODE TUBES 

The analysis in the previous chapter shows that the grid-plate interelec- 
trode capacitance contributes the major portion of the input capacitance 
of a triode. Moreover, it is this capacitance that causes the feedback 
from the plate circuit to the grid circuit. Clearly, any reduction of this 
quantity is most desirable. The introduction of additional electrodes in 
the tube accomplishes this desired result, although the characteristics of 
the tube are markedly changed thereby. 

18-1. Screen-grid Tubes or Tetrodes. The screen-grid tube was intro- 
duced commercially about 1928. In these tubes a fourth electrode is inter- 
posed between the grid and the plate. This new electrode is known as the 
screen grid, the shield grid, or grid 2, in order to distinguish it from the 
‘^controF^ grid of the three-electrode tube. It almost entirely encloses the 

plate, as shown schematically in Fig. 18-1.* 
Because of its design and disposition, the 
screen grid affords very complete electro- 
static shielding between the plate and the 
grid. This shielding is such that the grid- 
plate capacitance is reduced by a factor of 
about 1,000 or more. However, the screen 
mesh is sufficiently coarse so that it does 
not interfere appreciably with the flow of 
electrons. 

Because of the shielding action of the 
plate by the screen grid, the electric field 
produced in the neighborhood of the cathode 
by the anode potential is practically zero. 
Since, however, the total space current is determined almost wholly by 
the field near the cathode surface, the plate exerts little or no effect on 
the total space charge drawn from the cathode. There are, therefore, 
several significant differences between triodes and tetrodes. The plate in 
a triode performs two distinct functions, that of controlling the total 
space current, and that of collecting the plate current. In a tetrode, 
the plate serves only to cdlect those electrons which succeed in passing 
throui^ the screen. 


Ploih^ 




Oukrm'etn / 'X^’hoole 
Screen grid Control grid 

Fig. 18-1. Schematic arrange- 
ment of the electrodes in a 
screen-grid tetrode. The tube 
has cylmdricai symmetry. 
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This passive character of the plate makes the tetrode a much better 
voltage amplifier than the triode. Physically, this foUows from the fact 
that in a three-element tube an increase in signal voltage causes an increase 
in load current. This increased current causes a decreased plate-cathode 
potential, because of the increased ihRi drop. The decreased plate-cathode 
potential reduces the space current below its value were there no such re- 
duction in the plate-cathode voltage. Although the ibRi drop still exists in 
the tetrode, no consequent decrease in space current occurs because the 
plate is effectively isolated by the screen. Hence the input signal must 
necessarily have a much greater effect on the output voltage in a tetrode 
than in a triode. 

This reasoning is valid, of course, only if the change in plate current for 
a given change in control-grid voltage in both tubes is the same. That is, 
this discussion presumes that the plate-grid transconductance is the same 
for the two tubes. In most cases, the disposition of the cathode and 
grid is almost the same in the three- and four-element tubes, and the con- 
trol of the electron stream by the grid is nearly alike for both types of 
tube. 

Since changes in plate voltage have very little effect upon the plate 
current, it follows that the plate resistance of tetrodes must be very high. 
Correspondingly, the amplification factor of the tube must also be high. 
This follows from the definition of the amplification factor, which measures 
the relative effectiveness of changes of plate and grid voltage in producing 
equal plate-current increments. Quantitative definitions of the tube 
parameters of the tetrode will be given in Sec. 18-4. It can be concluded 
from the qualitative discussion given that the tetrode is characterized by 
the following features: a plate-grid capacitance which is only a few thou- 
sandths of that of a triode, a plate-grid transconductance which is roughly 
the same as that of a triode, and an amplification factor and plate resistance 
which are about ten or one hundred times that of a triode, 

18-2. Tetrode Characteristics. As already discussed, the main purpose 
of the plate is to collect those electrons which succeed in passing through 
the screen. Also, the total space current is practically constant for given 
control-grid and screen-grid potentials. Hence, that portion of the space 
current which is not collected by the plate must be collected by the screen; 
f.e., the two currents are complementary. Where the plate current is large, 
the screen current must be small, and vice versa. These features can be 
noted from the oscillogram of Fig. 18-2 obtained with a 6J7 tube connected 
as a tetrode. The screen-grid current curve has been inverted for purposes 
of clarity. 

Alth<Hig^ the plate voltage does not affect the total space current very 
markedly (a slight dip does occur in the curve of total space current at the 
lower plate potentials), it does determine the division of the space current 
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between the plate and the screen. At zero plate potential, none of the 
electrons has sufficient energy to reach the anode, if it is assumed that the 
electrons are liberated with zero initial velocities and that the effect of 
contact potential may be neglected. Hence, the plate current should be 
zero. As the plate voltage is increased, one should expect a rapid rise in 
plate current and a corresponding fall in the screen current. When the 
plate potential is very much larger 


than the screen potential, the plate cur- 
rent should approach the space cur- 
rent and the screen current should ap- 
proach zero. This asymptotic behavior 
is noted on the oscillogram. 


Fio. lS-2. Oscillogram of the total 
space current, the plate current, and 
the screen current (inverted for the 
sake of clarity) in a 6J7 connected as 
a tetrode. 


Cathode Control Screen Plate 



Fig. 18-3. The approximate potential 
An inspection of the oscillogram in- profiles in an idealised tetrode for 
dicates that the plate current rises very several values of plate voltage. Two 

rapidly for the fast few volts, and it shown for plate voltage. 

. ^ „ j . One 18 for a path between gnd and 

IS then followed by a rather anom- »oreen wires, and the other is for • path 
alouB behavior in the region of plate through the wires, 
potentials from a few volts to poten- 
tials somewhat higher than t^e screen voltage. The plate current is seen 
to decrease with increasing values of plate potential. That is, the tube 
possesses a negative plate resistance in this region. 

The general character of t&e curves of Fig. 18-2 may be described on the 
basis of the approximate potential distribution diagram of Fig. 18-3. This 
diagram should be compared with Fig. 16^, which shows the potential 
profiles in a triode. In this diagram it is supposed that the control-grid 
and ihe screen-grid voltages are at fixed vidues and that the plate voltage 
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Eh may be adjusted from zero to a value considerably in excess of the 
screen voltage. 

It is seen that for a given grid and screen voltage, the curves for different 
plate voltages merge into one near the cathode. This means that the field 
intensity near the cathode is sensibly independent of the plate voltage and 
depends only on the grid and screen voltages. As a result, the space cur- 
rent does not depend on the plate voltage. The division of the space cur- 
rent between the screen and the plate does depend on their relative poten- 
tials, because of the emission of secondary electrons. 



(a) (6) 


Fig. 18-4. Oscillograms of the plate characteristics of two 89 tubes connected as 
tetrodes with grid voltage as a parameter. The plate current of tube (o) is always 
positive. The secondary emission is so large in tube (6) that the plate current is negative 
for some values of plate voltage. 

Now consider the kinks, or folds, that appear in the curves of Fig. 18-2 
in the region where the plate potential is lower than the screen potential. 
These are caused by the liberation of secondary electrons from the plate 
by the impact of the primary electrons with the plate. These secondary 
electrons are attracted to the screen. The screen current is increased, 
whereas the plate current is decreased. The number of secondary electrons 
liberated by this electron bombardment depends upon many factors and 
may exceed the total number of primary electrons that strike the plate 
and so may result in an effective negative plate current. These conditions 
are illustrated in the oscillograms of Fig. 18-46, which show the plate char- 
acteristics of an 89 tube connected as a tetrode as a function of grid voltage 
for a fixed screen voltage. A large number of presumably identical tubes 
were tested; and although the majority had characteristics as illustrated 
in Fig. 18-4a, a number had a secondary-emission ratio greater than unity, 
which gives rise to the negative current over a portion of the characteristics, 
as in Fig. 18-46. 

In the region where tlie plate potential is higher than the potential of 
the screen, the seoondaiy electrons that are liberated from tie plate by 
the impact Of the primai7 elections me drawn back to the plate. In addi- 
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tion, some secondary electrons may also be liberated from the screen by 
the impact of the primary electrons on it. These secondary electrons 
from the screen are attracted to the plate, with the result that the plate 
current is slightly higher than it would be in the absentee of secondary 
emission from the screen. Furthermore, the plate current continues to 
increase with increasing plate potentials because the collection of these 
secondary electrons is more complete. At the same time, the screen cur- 
rent tends toward zero. 

Although the total space current should be a constant, in accordance 
with the previous discussion, Fig. 18-2 indicates that it is somewhat less 
than the ultimate value in the region of low plate potentials. This appar- 
ent inconsistency is readily explained in terms of the electrostatic deflec- 
tion of the electrons by the screen wires at plate potentials that are less 
than the screen potential. The electrons that pass close to the screen wires 
are deflected from their path toward the plate and return toward the screen 
as a result of the electrostatic attraction. As they again approach the 
screen, they may once more suffer a deflection that will direct them toward 
the plate. This process may continue, the electrons oscillating back and 
forth between the grid wires until they are ultimately collected by the 
screen. Because of the electrons that may exist in the neighborhood of 
the screen, a partial space charge will develop. This will reduce the effec- 
tive screen potential, with a consequent reduc- 
tion in the total space-charge current in the 
tube. 

18-3. Transfer Characteristics. As already 
noted, the plate of a tetrode has very little 
influence on the space current. It is ex- 
pected, therefore, that the cathode, the con- 
trol grid, and the screen grid should have 
characteristics similar to those of an ordinary 
triode. That this is actually so is seen from 
the curves of Fig. 18-5. The curves of Fig. 

18-5 for fixed Ec 2 show the effect of variations 
in the potential of the plate. By maintaining 
the screen at a fixed positive potential, the 
attractive field necessary to permit the flow 
of electrons against the opposing force due to the space charge is supplied. 
Because of the slight influence of the plate, the transfer curves are much 
more bunched together than the transfer curves of triodes for different 
values of plate voltage, provided that > Ec 2 - 

It should be noted that the transfer curves for plate voltages below the 
screen voltage (a condition that is ^nerally avoided in practice) become 
quite separated. As a matter of fact, the transfer characteristic for 



Fig. 18-5. Oscillogram of the 
transfer characteristics of an 
89 tube connected as a tetrode 
for a fixed screen voltage and 
with the plate voltage as a 
parameter. 
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= 100 volts actually falls below that ior Eh = 50 volts. This result fol- 
lows from the method of constructioa of the transfer curves. In order to 
obtain the transfer curves from the plate characteristics (see Fig. 18-4), 
all that is necessary is to note the values of plate current along a vertical 
line (corresponding to the specified plate potential) and plot these results 
as a function of the grid voltage. It is evident that the curves at the higher 
plate potentials will be closely bunched. Furthermore, the apparently 
anomalous behavior of the transfer curves at plate potentials below the 
screen potential follows directly from this construction. 

18-4. Tube Parameters. It has already been shown that the plate cur- 
rent of a triode is a function of the potentials on the grid and the plate. 
Similarly, for multielectrode tubes, variations in potential of the various 
electrodes influence the current to these electrodes. The plate current 
may be expressed as a function of the potential of the various electrodes 
by the expression 

ib =f(eeu «c2, eh) (18-1) 


where the symbol Cei denotes the voltage of the first, or control, grid, ec 2 
denotes the voltage of the second, or screen, grid, and Cb is the potential 
of the plate. This functional relationship is merely an extension of that 
which applies for triodes. 

An approximate explicit form of the dependence is possible. This form, 
which is an extension of Eq. (16-3), may be written as 


, / eh ec2V 

H ^ { ^ci H 1 ) (18"2) 

\ Ml M2/ 

where mi and m 2 are the control- and screen-grid amplification factors, 
respectively, and k is called the ‘‘permeance.^^ 

The variation in the plate current, second and higher order terms in the 
expansion being neglected, is given by 


Aih 



ABcI + 



Aee2 + 



Aeh 


(18-3) 


Generally, the screen potential is maintained constant at some appropriate 
value. Under these conditions, Aee 2 » 0, and the second term can be 
omitted from the equation. Note, however, that the screen grid may be 
used to exercise a control function in much the same way as the control 
grid. Owing to its disposition relative to the cathode, the amplification 
faetorof the screen grid is less than that of the oontrd grid. With Ae «2 0, 
and proceeding as for the case of triode, the partial-differential coefficients 
appearing in this exfmssion are used in order to define the tube parameters. 



MULTIELECTRODE TUBES 


545 


These are 


idil,/ Eei,Eet 


Vp, plate resistance 


(-) ■ 

\d€ci/ EbtEci 

-(-) ■ 

\deci/ib,Eci 


gmt plate coiitrol-grid transconductance 
M, amplification factor 


( 18 - 4 ) 


The two subscripts outside of each parenthesis indicate the parameters 
that are maintained constant during the partial differentiation. These 
should likewise appear in Eq. (18-3) but have been omitted for the sake of 
simplicity. 

It is easy to show that the relation fx = rpQm applies in the present case 
as well as for the triodes. Nominal values for the various parameters that 
appear in this relationship are rp = 0.1 to 2 megohms, = 500 to 3,000 
micromhos, and ii = 100 to 1,200 in the ordinary screen-grid tubes. 

By employing the same system of notation in this case as for the triode, 

A • • A 


and if the screen voltage is maintained constant, so that Aec 2 = 0, as is 
customary, then Eq. (18-3) becomes 


ep = ipTp — ncg (18-5) 

This is precisely Eq. (17-9) for the triode. 

18-6. Equivalent Circuit of a Tetrode. The basic equivalent-circuit 
representation of the tetrode is essentially that of the triode, even though 



rai- Schematic ^6^- Equivalent Equivalent 

Fio. 18-6. The schematic and equivalent circuits of a tetrode connected as an amplifier. 


a screen grid exists in the tetrode. The screen is connected to the cathode 
through a source of d-c potential which is usually less than, or at most 
equal to, the plate potential. The equivalent circuit of a tetrode is subject 
to the same limitations as the equivalent circuit of a triode. A schematic 
diagram of a simple amplifier circuit employing a tetrode is given in Fig. 
18-8a. The equivalent circuit of Pig. 18-65 is drawn in a manner to illus- 
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trate the equivalent-circuit representation of the tube, including the inter- 
electrode capacitances. Figure 18-6c shows the more conventional repre- 
sentation of such an equivalent amplifier circuit. 

In drawing the equivalent amplifier circuit, the rules given in Sec. 17-6 
have been appropriately extended and employed. Thus, in addition to the 

points Gy and P, the screen terminal S 
is also marked. The circuit elements of the 
original circuit are included in their appro- 
priate positions between these four points, 
except that all d-c potentials are omitted 
and the tube itself is replaced by an equiv- 
alent generator iiEgk having an internal 
resistance rp, between the points K and P. 
The capacitances between all pairs of the 
four electrodes are included, the double 
subscript denoting the pair of electrodes 
under consideration. 

Since the screen battery must be short-circuited in the equivalent cir- 
cuit, this puts the screen at ground potential in so far as a-c variations 
about the Q point are concerned. Usually, the screen potential is obtained 
from the plate supply through a screen dropping resistor. In this case a 
capacitor is connected from the screen to cathode. This capacitor is 
chosen sufficiently large so that the screen potential remains constant even 
though the screen current may vary. In this case, too, the screen is at a-c 
ground potential. Thus, as indicated in the figure, this effectively shorts 
out Cks and puts Cgk and in parallel. Let this parallel combination be 
denoted Ci. The capacity Cp, now appears from plate to ground and is 
effectively in parallel with Cpk. Let this parallel combination be denoted 
C 2 . From the discussion of the shielding action of the screen grid, the 
capacitance between the plate and the control grid Cgp has been reduced 
to a very small value. If this capacitance is assumed to be negligible, then 
Fig. 18-6c may be redrawn more simply as shown in Fig. 18-7, where 

Cl = Cgk 4" Cg9 C 2 ~ Cp9 4* Cpk (18-6) 

Owing to the shielding action of the screen, little error will be made if Cpk 
is neglected in comparison with Cpty so that C 2 = Cp«, to a good approxi- 
mation. This capacitance acts as a shimt across the load. The input ad- 
mittance of the tube is thus seen to be simi^y 

Yi « jwCi (18-7) 

A significant difference is seai to exist between the ideal equivalent 
circuit of the tetrode and the complete equivalent circuit of the triode^ 
^ven in Fig. 17-22. The idealisation made here conmsts in the assump- 


G p 



Fig. 18-7. The ideal equivalent 
circuit of a tetrode. The grid- 
plate capacitance has been aa- 
sumed equal to zero. 
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tion that the grid-plate capacitance is zero rather than a very small 
fraction of a micromicrofarad. The circuit of Fig. 18-7 clearly shows that 
under this condition the plate circuit has been isolated from the grid cir- 
cuit, the possibility of adverse reactions, discussed in Sec. 17-9, being 
thus eliminated. 

It should be pointed out, however, that the mere substitution of a 
tetrode for a triode will not, in general, effect any marked difference in 
the amplifier response. This follows because the wiring and stray capaci- 
tances between circuit elements external to the tube may provide the ca- 
pacitances that the tube itself seeks to eliminate. It is necessary, there- 
fore, that the elements of the circuit should be carefully arranged in order 
to permit short interconnecting leads, and generally neat wiring so as to 
reduce wiring capacitances. It is only if the capacitance between the grid 
and anode circuits external to the tube is small that the inherent possibili- 
ties of the tetrode can be utilized. 

In order to calculate the approximate performance of circuits equipped 
with tetrodes, either the static curves of the tube or an analytical method 
based upon the equivalent circuit may be used. Since the equivalent cir- 
cuit of the tetrode is that which was found to be valid approximately for 
triodes, all of the previous discussion and analysis actually apply more 
exactly for the present case than they did for triodes. It must be kept in 
mind that the results in both cases are based upon the existence of a linear 
dynamic curve. 

18-6. Pentodes. Although the insertion of the screen grid between the 
control grid and the plate serves to isolate the plate circuit from the grid 
circuit, nevertheless the folds in the plate characteristic arising from the 
effects of secondary emission limit the range of operation of the tube. This 
limitation results from the fact that if the plate-voltage swing is made too 
large the instantaneous plate potential may extend into the region of rap- 
idly falling plate current. This will cause a marked distortion in the output. 

The kinks, or folds, that appear in the plate characteristic curves and 
that limit the range of operation of the tetrode may be removed or sup- 
pressed by iiMserting a coarse grid structure between the screen grid and 
the plate of Fig, 18-1. Tubes equipped with this extra suppressor grid are 
known as ‘^pentodes*' and were first introduced commercially in 1929. The 
suppressor grid must be maintained at a lower potential than the instan- 
taneous potential reached by the plate. It is usually connected directly to 
the cathode, either internally in the tube or externally. Because the 
potential of the screen is considerably above that of the suppressor grid, a 
retarding force prevents the secondary electrons liberated from the screen 
to flow to the plate. On the other hand, the secondary electrons emitted 
from the plate are constrained, by the retarding field between the suppres- 
sor grid and the plate, to return to the plate. However, the electrons from 
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the cathode that pass through the screen are not kept from reaching the 
plate by the presence of the suppressor grid, although their velocities may 
be affected thereby. 

The effect of the introduction of the suppressor grid is 8(hown graphically 
in the oscillogram of Fig. 18-8. These curves were obtained by using a 

type 89 triple-grid tube. The tetrode char- 
acteristics are obtained by connecting the 
suppressor grid to the screen grid, the tube 
being thus converted into the conventional 
tetrode. The pentode characteristics result 
when the suppressor is connected to the 
cathode. 

The pentode has displaced the tetrode 
in radio-frequency voltage amplifiers be- 
cause it permits a somewhat higher volt- 
Fig. 18-8. Oscillogram of the age amplification at moderate values of 

plate characteristics of an 89 tube plate potential than does the tetrode. It 



connected both as a tetrode and as 
a pentode, for two values of grid 
bias. Note that the pentode con- 
nection removes the kinks (due to 
secondary emission) of the tetrode 
characteristic. 


has also found extensive application as an 
audio-frequency power-output tube. When 
used in the capacity of a power-output 
tube, the p)entode will deliver large amounts 
of power with relatively small impressed 


grid signals and with fairly low potentials 


applied to the other electrodes. These characteristics result from the 


design of the tube, the plate resistance being of the order of 0.1 megohm 


and the amplification factor being of the order of 1(X). 



(a) (6) 


Pio. 18-9. Oscillograms of the plate characteristics (a) of a GJ7 voltage pentode and 
(b) of an 89 power pentode with grid voltage as a parameter. 

For purposes of comparison, the oscillograms of Fig. 18-9 showing the 
plate characteristics of a typical voltage pentode (type 6J7) and a typical 
power pentode (type 89) are induded. The significant differences to be 
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noted are the magnitudes of the plate currents and the fact that power- 
pentode curves show a much more marked increase in plate current with 
increases of plate voltage. That is, the plate resistance of the type 6J7 
tube is much higher than the plate resistance of the type 89 tube. These 
differences arise from the more complete shielding of the plate by the 
screen grid, and from the more closely wound grid structures in the 6J7 
tube. That is, although the physical dimensions of these tubes are approx- 
imately the same, the number of grid and screen turns per inch in the 6J7 
is almost twice that in the 89 tube. 



Fig. 18-10. Oscillogram of the 
total space current, the plate cur- 
rent, and the screen current (in- 
verted for the sake of clarity) of a 
6J7 pentode. 













Fig. 18-11. Oscillogram of the 
transfer curves of an 89 tube con- 
nected as a pentode for a fixed 
screen voltage and with the plate 
voltage as a parameter. 


The plate, screen, and total current curves as a function of the plate 
voltage are shown in Fig. 18-10 for the 6J7 tube. These should be com- 
pared with the corresponding tetrode curves of Fig. 18-2. It is noticed 
that the kinks resulting from the effects of secondary emission are entirely 
missing in the pentode. Furthermore, the screen current no longer falls 
asymptotically to zero but approaches a constant value for large plate 
voltages. This value is determined principally by the amount of space 
current that is intercepted by the screen-grid wires. An examination of 
the characteristics of a number of the more important pentodes indicates 
that the screen current is ordinarily from 0.2 to 0.3, the plate current at 
the recommended operating point. The total space current is seen to 
remain practically constant over the entire range of plate voltage, except 
for the very low values of potential. 

The transfer curves of a type 89 tube connected as a pentode for Et == 
400 and ^6 — 60 volts are shown in the oscillogram of Fig. i8-li. It is to 
be noted that these are much mor^e independent of plate voltage than were 
the corresponding, curves (Fig, 18-5) for the tube as a tetrode. Further- 
more, no anomalous low-voltage curves are present, since the secondary 
^nissicm that gives rise to this behavior has been eliminated. 
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The large power output with high gain that is possible with the power- 
output pentode results from the fact that the plate swings may be made 
very large. For such a tube, the plate voltage may swing lower than the 
screen voltage without serious distortion. 

When used in a circuit as a voltage amplifier, the pentode is connected in 
the circuit exactly like a tetrode (see Fig. 18-6a), with the addition that 

the suppressor grid is connected to the 
cathode. Then, subject to the same con- 
siderations as for tetrodes (Secs. 18-4 
and 18-5), it follows that the equiv- 
alent circuit concepts are also applicable 
for pentodes. By drawing the complete 
equivalent circuit of such a unit together 
with all tube capacitances and using the 
specified rules of Sec. 17-6 appropriately 
extended, it is easy to show that the ideal equivalent circuit of a pentode is 
also given by Fig. 18-7, which is repeated in Fig. 18-12 for convenience. 
In this diagram 

C'l = Cg* + Cg9 C 2 = Cpk + Cpt + Cpz (18-8) 


G P 


k j 


r' - ' 

i'p 

Cg 1 

A 
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Fig. 18-12. The equivalent circuit 
of a pentode. 


where Cps is the capacitance between the plate and grid 3 (the suppressor). 

When the input and output capacitances of a tube are listed by the 
manufacturer, reference is being made to Ci and C 2 , respectively. 

Since the shape and disposition of the control grid and cathode are the 
same in both the triode and the pentode, both types of tubes have com- 
parable values of However, the values of and m may be 100 times as 
great in the pentode as in the triode. 

Since Vp is generally very large compared with Z/, it follows from Fig. 
18-12 that the generator current (in the direction from K to P through the 
load) is fjEg/fp = QnJ^g- Under these circumstances, the output-voltage 
drop is 

Epjb = (18-9) 


where Z is the combined parallel impedance in the output circuit. The 
gain is, as usual, 


K = 



— ~'9m^ 


(18-10) 


If, as is usually the case, the reactance of the output capacitor is large 
compared with the load impedance, then Z » Z; and the gain is given by 

K =5* (18-11) 

This is a most important result and one well worth remembering. 
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18-7. Remote-cutoff Tubes.* If the grid-cathode spacing, the spacing 
between grid wires, or the diameter of the grid wires is not uniform along 
the entire length of the control-grid structure, the various portions of the 
grid will possess different degrees of electrostatic control over the plate 
current. It is possible for one portion of the grid to cut off the flow of 
electrons for a given grid voltage, whereas a more open section might allow 
a considerable number of electrons to pass 
unimpeded to the plate. The result is that the 
plate current will decrease rather slowly as the 
grid voltage is made more and more negative. 

The asymptotic approach of the transfer char- 
acter of the type 6K7 tube is illustrated in the 
oscillogram of Fig. 18-13. This is to be com- 
pared with the fairly sharp cutoff of the char- 
acteristic of the 6J7 pentode, which is pro- 
vided with a uniformly wound grid. 

Owing to its construction, a given grid-volt- 
age increment results in a plate-current change 
that is a function of the grid bias. This 
means, of course, that the mutual conductance is a function of the bias. 
For this reason, these tubes are called “variable-mu^^ tubes. They are also 
known as “remote-cutoff^^ or “supercontror^ tubes. 

18-8. Beam Power Tubes. The suppressor grid is introduced into the 
pentode in order to remove the kinks due to secondary emission in the 
tetrode. Although the pentode permits a greater range of operation than 
is possible with the tetrode, nevertheless the curvature of the u-C6 character- 
istic limits the extent of operation of the pentode. The broad knee of the 
plate characteristic in the region of small plate voltage arises from the 
overeffectiveness of the suppressor grid at these low plate voltages. That 
is, the suppressor grid may prevent some of the primary electrons that 
pass through the scr^n from reaching the plate when the plate voltage is 
low. This effect arises from the deflections that may be given to some of 
the primary electrons if they approach close to a screen wire. Thus, if an 
electron is deflected by this action, its velocity in the plate direction will 
be reduced and the field of the suppressor grid may repel it back toward 
the screen. 

Because of this, the shape of the suppressor grid in some modem pen- 
todes has been so dimensioned * that the effects of secondary emission are 
just suppressed or are only admitted to a slight extent at the low anode 
voltages. This results in an improved plate characteristic and is manifest 
by a sharper break in the plate characteristic. 

If the complete overeffectiveness of the suppressor grid could be avoided, 
the ideal power-tube characteristic, viz,^ constant current for all plate 



Fig. 18-13. Oscillogram of 
the transfer curves of a 6J7 
sharp-cutoff pentode and a 
6K7 remote-cutoff pentode. 
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voltages, would be achieved. This is approached in the beam power tube,^ 
a sketch of which is given in Fig. 18-14. 

The general character of the plate characteristics from such a tube is 
compared with that of a power pentode in Fig. 18-15. One feature of the 
design of this tube is that each spiral turn of the screen is aligned with a 

spiral turn of the control grid. This 
serves to keep the screen current 
small and so leaves the plate cur- 
rent (the difference between the total 
space current and the screen current) 
virtually unchanged. The screen cur- 
rent in such tubes ranges from 0.05 
to 0.08 of the plate current, which is 
considerably below the range 0.2 to 
0.3 for pentodes. Other features are 
the flattened cathode, the beam-form- 
ing side plates (maintained at zero 
potential), the shape of the plate, the 
curvature of the grids, and the spacing 
of the various elements. As a result 
of these design characteristics, the 
electrons flow between the grid wires toward the plate in dense sheets or 
beams. 

The region between the screen and the plate possesses features which 
are somewhat analogous to those which exist in the space-charge limited 
diode. That is, a flow of electrons exists between two electrodes between 
which a difference of potential exists. There is one significant difference, 



Fig. 18-14. S<;hemaiic view of the 
shapes and arrangements of the elec- 
trodes in a beam power tube. {Courtesy 
oS RCA,) 



Pl«fe volts 


Fio. lS-15. The plate characieriBilcs of a beam power tube and a power pentode. The 
beam power tube current ie approximate twiOe that of the pento^ 
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however. Whereas the electrons leave the cathode of a diode with almost 
zero initial velocities, the electrons that pass through the screen wires in 
the beam tube do so with a velocity corresponding essentially to the screen 
potential. As described in Sec. 7-4 in connection with the effects of initial 
velocities on the space-charge equation, the effect of the initial velocities of 
the electrons in the screen-plate region will appear as a potential minimum 
in this region (see Fig. 7-4). This is shown in the approximate potential 



Fig. 18-16. Approximate potential profile in an idealized beam power tube for two 
values of plate voltage. Two curves are shown for each plate voltage. One is for a 
path between grid and screen wires, and the other is for a path through the wires. Note 
the potential minimum in the region between the screen grid and the plate. 


profile in Fig, 18-16 and is to be compared with the corresponding figure 
for the tetrode (see Fig. 18-3). 

The production of the potential minimum also receives contributions 
from a suppressor grid, if one is present. Since the predominant effect in 
the beam tube is the space charge, the suppressor grid is sometimes re- 
duced to a pair of plates (the beam-forming side plates of Fig. 18-14).^ 
However, other beam tubes are provided with a mechanical suppressor 
grid. The potential minimum that is produced acts as a virtual suppres- 
sor grid, since any secondary electrons emitted from either the plate or the 
screen will encounter a potential-energy barrier and so will be compelled to 
return to the electrode (which is at a positive potential with respect to the 
potential minihi im) from which they originate. 

The actual potential distribution * in the screen-plate region will depend 
upon the instantaneous plate potential and the plate current (a constant 
screen potential being assumed) and so is not constant. This results in 
variable suppressor action. This is quite different from the action that 
arises in a simple pentode provided only with a mechanical grid structure 
for supplying the retarding field. 

Thus, because of the beam formation, which serves to keep the screen 
current small, and because of the variable suppressor action, which serves 
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to suppress secondary emission from the screen and from the plate, the 
ideal power-tube characteristic is closely approximated. A family of plate 
characteristics for the 6L6 is shown in the oscillograms of Fig. 18-17. It 
should be noted that this tube is a tetrode when considered in terms of the 
number of active electrodes. At low currents, where the suppressor action of 
the beam is too small, the characteristic ^^kinks” of a tetrode are noticeable. 



Fig. 18-17. Oscillograms of the volt- 
ampere characteristics of a 6L6 beam 
power tube. 



Fig. 18-18. Oscillograms of the plate 
characteristics of a 6F6 pentode. 
Three load lines corresponding to re- 
sistance values of 3,000, 5,500 and 
8,000 ohms are shown passing through 
the quiescent point Eh - 200 volts, 
J^c *“ —15 volts. 


1^9. Distortion in Multielectrode Tubes. The discussion (Sec. 17-12) 
of harmonic generation in a vacuum tube resulting from the nonlinear 
dynamic characteristic is applicable to multielectrode tubes as well as to 
triodes. Under ordinary conditions of operation of a triode, the second 
harmonic is the principal component of distortion. It will be shown 
below that it is possible to eliminate completely, by the proper choice 
of the load resistance, the second harmonic distortion component in a 
multielectrode tube. The third-order distortion term is then the most 
important. 

Consider a 6F6 pentode operating under the following conditions: E/ 
= 6.3 volts, Ec 2 ~ 250 volts, Eb = 200 volts, and E'c *= — 16 volts. Three 
load lines corresponding to load resistances of 3,000, 5,500, and 8,000 ohms 
pass through the quiescent point, as shown in the oscillograms of Fig. 18-18. 
The corresponding three dynamic curves are shown in the oscillograms of 
Fig. 18-19. Suppose that a signal voltage having a peak value of 16 volts 
is impressed on the grid. The grid will then swing from 0 to —30 volts. 
The cmresponding output currents for the three load resistances are shown 
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in the oscillogram of Fig. 18-20. It is seen that the output closely resem- 
bles a sine wave for the case Ri = 5,500 ohms. For Ri = 8,000 ohms, the 
upper half of the wa\'e is decidedly smaller than the lower loop, whereas 



Fig. 18-19. Oscillograms of the dynamic curves corresponding to the three load lines 
of Fig. 18-18. 

for Ri = 3,000 ohms the converse is true. The lower half of the current 
wave is identical for all three resistances. 

An inspection of either the static or the dynamic characteristics of the 
6F6 reveals the reason for these results. The bottom half of the wave is 
obtained as the grid swings from —15 to -30 volts. At the quiescent 



Fig. 18-20. Oscillograms of the wave forms of the output current of a 6F6 pentode 
when operated at the quiescent point and with the load resistances indicated in Figs. 
18-18 and 18-19. The 5,500-ohm and the 8,000-ohm curves are superposed in order 
to demonstrate that the lower halves of these curves are identical. 

point (—16 volts) the current is the same for ail three loads. At —30 volts 
the current is still practically the same for all loads, for the i^reb characteris- 
tic is practically a horizontal line, as seen in Fig. 18-18. Consequently, the 
lower halves of the current waves are almost identical for the three loads. 
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The upper loop of the output-current wave is obtained as the grid swings 
from — 15 volts to zero. Since the i^reh characteristic for ec = 0 is a rapidly 
varying one in the region of low values of the peak current depends 
critically upon the point of intersection of the load line with this character- 
istic. For low resistances the point of intersection will be on the upper 
portion of the Cc = 0 curve. This results in a peaked output wave. For 
high resistances, the point of intersection will be on the rapidly falling 
portion of this curve and gives rise to a flat-topped curve. Had the load 
resistors been higher than 8,000 and lower than 3,000 ohms, the differences 
between the upper and lower loops of the output wave would have been 
much more pronounced. 

The choice of Ri = 5,500 ohms was determined by the requirement that 
the second harmonic distortion be zero. This value was chosen to make 
the value of B 2 , given by Eq. (17-49), equal to zero. That is, since 

B 2 = i(/max -2/6-1- /^) 

^inax must equal 21 b — /min ill order that B 2 = 0. It is found from Fig. 
A9-4 that /fe, under the prescribed conditions of operation, is equal to 
37 ma. Also, /min (corresponding to Ec = — 30 volts) is substantially 
independent of the load line and is found to be 7 ma. Hence, /^a* must 
equal 

2 X 37 - 7 = 67 ma 

The corresponding value of (for Ce = 0, ih = 67 ma) is 35 volts. It fol- 
lows that 

200 - 35 

« * 5,5 kilohms 

67-37 

The other two values of load resistance were arbitrarily chosen in order to 
illustrate the distortion. 

It follows from tlie discussion above, which is entirely general, that the 
load required in order to reduce the second harmonic term to zero will de- 
pend upon the quiescent point and upon the grid swing. 

Example. * Calculate the distortian in the output of the amplifier disouesed above, if 
it is woiking into an 8,000-ohm load. 

Sdvtim. A load line corresponding to 8,000 ohms is drawn through the quiescent 
point, Be ^ - 15, Eh 200, on the static curves of Fig. A9-4. The following points 
of intersection of this line with the plate characteristics are obtained: 


0 

-6 

-10 

-15 

m 

-25 

m 

59 

56 

48 

37 

26 

15 

7 
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The values of I\ and I introduced in Sec. 17-12 are the current values when the grid 
swings to one-half its peak values (positively and negatively, respectively). The peak 
swing in this case is 15 volts, so that 1\ is the current for Cc ~7.6 volts. I lepre- 
sents the current for e® « —22.5 volts. These values do not appear in the table and 
must be obtained either by interpolation or from the plotted d 3 mamic curve (4 vs. Be). 
The latter method yields I\ — 62 ma and I -« 21 ma. From the table, /mw * 59 ma, 
/b ■■ 37 ma, and /mm *■ 7 ma. These are the five values required for the five-point 
schedule. Using the formulas of Eq. (17-49), there result 

JBo ■* —1.7 Bi ■* 28 Bj —2.0 ma 
Ba — 1.7 B 4 «■ — 0.3 ma 


Hence, the second, third, and fourth harmonic distortion components are 

B.-%3d-10o}|^-f -6% 

I B 4 1 30 

The total distortion is 


Distortion - V?* + 6 * + 1* - 9.3% 


A similar analysis for the 3,000-ohm load yields the values 

Bo * 2.5 Bi ■» 37 Ba ■■ 2.8 ma 

Bz ■■ —0.6 Bi ■« 0.25 ma 
Dj - 7.6 Da - 1 />4 - 0.7% 

For the 5,500-ohm load, the corresponding quantities are 

Bq ■■ 0 Bi ■■ 31 Bj 0 ma 

Ba * —1.3 B 4 " 0 ma 
Da - 0 Di - 4% D 4 - 0 

18-10. HttJEodes, Heptodes, Multipurpose Tubes. Some special-purpose 
tubes contain two or three conventional tubes in a common envelope but 
otherwise are independent of each other. For example, the 6SN7 is a 
twin triode, each section of which has the characteristics of the 6J5 triode. 

A number of special-purpose tubes, some of which contain more grid 
elements than in the pentode, are used extensively. These tubes possess a 
wide variety of characteristics, depending on the grids to which fixed 
potentiab are applied and those to which signals are applied. Hiese 
tubes are used in applications which are outside the scope of this book and 
so will not be considered further. 
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PROBLEMS 

18 - 1 . Draw the equivalent circuit of a pentode including all interelectrode capaci- 
tances. Show that to a very good approximation the input capacitance is equal to 
Cgk and CgB in parallel and that the output capacitance is equal to Cp*, Cp«, and Cp 3 
in parallel. The symbols are defined in Sec. 18-6. 

18 - 2 . a. From the plate characteristics of a 6F6 power pentode (see Appendix IX), 
draw the transfer characteristics for a screen voltage of 250 volts and the following 
values of plate voltage: Eb * 80, 160, 240, and 320 volts. 

h. Repeat part a for a 6SJ7 voltage pentode. 

18 - 8 . o. A 6F6 pentode (see Appendix IX) is operated at the quiescent point Ec * 
— 15 volts, Eb ** 200 volts. Draw the dynamic curves for the following values of load 
resistance: 1, 5.5, and 10 kilohms. 

h. The grid signal voltage is sinusoidal with a peak value of 15 volts. Plot the output 
current as a function of time for each of the load resistances in part a. 

c. Calculate the second, third, and fourth harmonic distortion for the 1- and the 10-kil- 
ohm loads. 

18 - 4 . a. Calculate the distortion components in the output of a 6F6 tube connected 
as a pentode that supplies power to an effective 2-kilohm load resistor. The screen 
is maintained at 250 volts, the grid bias is —20 volts, and the plate voltage at the 
quiescent point is 300 volts. The grid i»gnal is sinusoidal and has a peak value of 
20 volts. 

b. The tube is converted into a triode by connecting the screen to the plate. All 
other conditions are the same as in part a. Recalculate the distortion components. 

The plate characteristics of the 6F6 when connected as either a pentode or triode are 
given in Appendix IX. 

18 - 8 , a. A 6F6 pentode is operated with a screen voltage of 250 volts and a grid bias 
of — 15 volts. The grid signal is sinusoidal and has a peak value of 15 volts. Calculate 
and plot as a function of the quiescent-plate voltage Eb the load resistance that must 
be used to give zero second harmonic distortion. 

b. Calculate and plot as a function of Eb the third harmonic distortion for the con- 
ditions in part a. 

18 - 6 . A 6L6 beam power tube (see Appendix IX for the plate characteristics) operates 
at the quiescent point Eb * 250 volts, Eti * 250 volts, Ed * —14 volts. The grid 
signal is sinusoidal and has a peak value of 14 volts. The load resistor is adjustable 
from 1 to 5 kilohms. Calculate and plot the d-c current, the second harmonic distor- 
tion, and the third harmonic distortion as a function of the load resistance. 

18 - 7 . A 6L6 is operated at the quiescent point Ed — 14, Eb * 250, and Et 2 ■■ 250. 
The peak grid swing is 14 volts. Use Fig. A9-6. 

a. What must the load resistance be in order to eliminate second harmonic distortion? 

b. For a load resistance of 2.5 kilohms, calculate the per cent third harmonic distortion. 

18 - 8 . The circuit of Fig. 11-12 on page 307 is modified by replacing the resistor R by 

a 6SJ7 pentode (see Appendix IX for the plate characteristics). 

а. Explain clearly why this will result in an approximately linear sweep. How can 
the amplitude of the sweep be controlled? How can the frequency be adjusted without 
changing the amplitude? 

б. The screen voltage on the 6SJ7 is 100 volts. The i^te supply voltage is 300 volts. 
The capacitor is 0.1 /lif- A 60-cycle 150-volt linear sweep is desired. Specify the grid 
voltages of the 6SJ7 and the 884 tubes. Assume that the critical grid characteristic 
of the 884 is given in Fig. 11-10 (page 305). 

c. The screen voltage on the 6^7 is 100 volts. The plate supply voltage is 300 volts. 
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A 200- volt 5,000-cycle sweep is desired. Specify the grid voltages of the 6SJ7 and the 
884 tubes and also the value of the capacitance C. 

18-9. a. Why would it be impossible to design an 80-volt 100-cycle linear sweep 
using a d-c power supply voltage of 250 volts, a 0.05-/tf capacitor, an 884 thyratron 
(see Fig. 11-10) and a 929 phototube (see Fig. 15-17)? 

b. Replace the phototube with a suitable pentode (selected from Appendix IX), 
and complete the design. Sketch the complete circuit, specify the pentode used, and 
give all battery voltages. 

c. If the peak current rating of the 884 is 0.5 amp, what is a suitable value for the 
plate-current limiting resistance? 

18-10. Design a 150-volt 10,000-cycle linear sweep using a d-c power supply voltage 
of 250 volts. Sketch the circuit and specify all tubes, all tube voltages, all resistors, 
capacitors, etc. Explain your analysis, and state clearly any assumptions you may 
make. 


18-11. a. The circuit shown can l>e used as a d-c voltmeter with a very high input 
impedance. The two tubes are identical pentodes although shown as triodes for con- 
venience. The indicating instrument has a resistance 
Rm- Draw the equivalent circuit, and show that the 
meter current will be 

fiRE 


(Rk +^Rk + R-\- rp){2R -h R:„) - 2R^ 

where E is the d-c voltage to be measured. 

6. The meter is a 1-ma milliammeter whose resist- 
ance is 100 ohms. R •“ 10 kilohms. The tubes are 
6SJ7’s for which gm =* 1,650 micromhos and rp * 
1.0 megohms, approximately. If /?* » rp/pt. — 1/gm 
imately. For example, if Rk 
volts. 



show that Im ** E/2Rk approx- 
50 kilohms, full-scale reading will correspond to 100 
Note that the meter reading depends only upon Rk and hence the calibration 
will be stable, i.c., independent of the aging or the replacement of the tubes or voltage 
supply. Show that, in general, Im * EI2Rk provided that the following inequalities 
are true: 


rp»R»Rm, M»l, 


and 


«*»— 

gm 
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PROBABLE VALUES OF GENERAL PHYSICAL 
CONSTANTS * 


Constant ^ 

Symbol 

Value 

Electronic charge 

c 

4.802 X 10~^® statcoulomb 
1.602 X 10~“** coulomb 

Electronic mass 

m i 

9.107 X 10“*‘ kg 

Ratio of charge to mass of an electron .... 
Mass of atom of unit atomic weight (hypo- 

e/m 

1.759 X 10*^ coulombs/kg 

thetical) . 


1.660 X 10-” kg 

Mass of proton 

Ml 

1.672 X 10-” kg 

Ratio of proton to electron mass 

Ml/m 

1,836.5 

Planck’s constant 


6.624 X lO”*^ joulensec 

Boltzmann constant 

k 

1.381 X 10“28 joule/^K 

Stefan-Boltzmann constant 


5.672 X 10-* watt/(m2)(‘»K<) 

Avogadro’s number 

No 

6.023 X 10^* molecules/mole 

Gas constant 

R 

8.314 joule8/(deg)(mole) 

1.986 cal/(deg)(mole) 

Velocity of light 

c 

2.998 X 10® m/sec 

Faraday’s constant 

Fo 

96,488 coulombs 

Volume per mole 


2.2415 X 10-* m® 

Mechanical equivalent of heat 


4.185 joules/cal 

Acceleration of gravity 

9 

9.807 m/sec® 


♦ R. T. Biros, Revi. Modem Phye., IS, 233, 1941. 
R. T. Biros, Am. J. Phye., IS, 38. 1945. 
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CONVERSION FACTORS 


I ampere 
1 coulomb 
1 volt 

1 electron volt 
1 weber 

1 weber per square meter 
1 milliweber per square meter 
1 farad 

1 angstrom unit 
1 micron 

1 atmosphere pressure 

1 inch 
1 foot 

1 gram force 
1 gram-calorie 
1 joule 

1 kilogram 

1 liter 

1 lumen per square foot 
1 meter 

1 mile 

1 mile per hour 
1 pound 
1 radian 


- 3 X 10*^ statamp 
= tV fthamp 

=* 3 X 10*^ statcoulombs 
= abcoulomb 

=* statvolt 

=* 10® abvolts 
» 1.60 X 10~^® joule 
= 10® maxwells 

- 10^ gauss 
» 10 gauss 

= 9 X 10^^ statfarads 

* 10~® abfarad 
» 10~® cm 

* 10“^ cm 

■* 76.0 cm Hg 

- 29.92 in. Hg 

* 14.70 psi 

- 2.54 cm 

* 10* mils 
« 0.305 m 

« 980.6 dynes 
4.185 joules 
■« 10^ ergs 

* 1 watt-sec 

- 10® g 

- 2.205 lb 

- 10* cm* 

- 1 ft-c 
= 100 cm 
» 39.37 in. 

- 5,280 ft 
» 1.609 km 

- 0.447 m/sec 

- 463.6 g 

- 57.3*’ 
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* The number to tllg right of the symbol for the element gives the atomic number. 

Tlie number bek>w ^e syinb<4 for the element gives the atomic weight. 

This table doee not inelirae Np 93, Pu 94, Am 95, and Cm 96, the synthetically produced elements above 9?. 
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THE MKS SYSTEM 


Quantity 


Displacement 

Mass 

Time 

Force 

Velocity 

Power 

Energy 

Electric charge 

Displacement flux density . . 

Potential 

Current 


Current density 

Magnetomotive force. . . . 
MagnetiC'field intensity . . 

Magnetic flux 

Magnetio>flux density . . . 

Resistance 

Capacitance 

Inductance. 


Symbol 

Unit 

X, y, t 

meters 

m 

kilograms 

t 

seconds 

t 

newtons 

V 

meters/second 

P 

watts 

W 

joules 

9 

coulombs 

D 

coulombs/square meter 

V 

volts 

/ 

amperes 

e 

volts/meter 

p 

coulombs/cubic meter 

j 

amperes/square meter 
amperes 

H 

amperes/meter 

webers 

B 

webers/square meter 

R 

ohms 

C 

farads 

L 

henrys 

MO 

At X 10“^ henry /met-er 

€0 

.rvo farad/meter 
36 t X 10® 
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DEFINITE INTEGRALS OF THE FORM T 




n - 2m 4* 1 iawi+i 


ml 

2x*"+‘ 
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POISSON’S EQUATION 


The ease with which certain problems in electrostatics can be solved de- 
pends upon the method of analysis. For example^ if it is desired to find 
the potential at any point in space resulting from a given configuration of 
discrete point charges, one would use Coulomb ^s law. In this case the 
electrostatic potential is given by * 

V. y 

where q is the magnitude of each charge (in coulombs), r is the correspond- 
ing distance (in meters) from the charge to the point at which the poten- 
tial is desired, and e is the dielectric constant of the medium (in farads per 
meter). If the number of charges is so large that they may be considered 
to form a practically continuous distribution of charge, it is more con- 
venient to discuss the problem in terms of Gausses law, which relates the 
total number of lines of electric flux emanating from a given volume of 
charge with the total charge contained within the volume. It is assumed 
that the reader is familiar with this law from elementary electrostatic 
theory. 

In some cases a slightly different mathematical form of Gauss’s law is 
found useful. This is Poisson’s equation, which is not so well known as 
either Coulomb’s law or Gauss’s law. Actually, however, Poisson’s equa- 
tion is nothing more than an analytical expression relating the potential 
as a function of the distance in the region of free charges. It is, in fact, 
simply Gauss’s law stated in differential form, as will be evident from the 
following derivation. 

Consider the region between a plane infinite cathode and a plane-parallel 
anode, the coordinate axes being chosen as illustrated in Fig. A6-1. The 
X axis is normal to the plates. Assume that a positive space-charge density 
p exists in the region between the plates. Since the plates are assumed to 
be infinite in extent, the density of free charge in the region between the 
plates will vary only along the X direction. The number of lines of electric 

• F. W. Seabs, 'Principles of Physics II,” Addison-Wesley Press, Inc., Cambridge, 
Mass., 1047. 
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displacement flux that emanate from within the element of volume dx dy dz, 
situated at the point P{x, z) will be p dx dy dz in accordance with Gausses 
law. Further, the lines of electric flux must be parallel to the X axis, for 
the electrodes have been chosen as infinite in extent in the Y and Z direc- 
tions. 

The electric-displacement flux density D is expressed as the number of 
lines of flux per square meter. Thus, the amount of flux entering the vol- 



ume element through the left face is D dy dz. Because of the presence of 
charge in this volume element, the electric-field intensity at the opposite 
face will be slightly different from that at the left face. By denoting this 
value as D + dD, then the flux leaving the parallelepiped is (D + dD) dy dz. 
Owing to the assumed geometry of the system, the flux through the other 
pairs of bounding faces is zero. Hence, the net number of lines of force 
arising in this volume is 

(D -h dD)dy dz ~ D dy dz — dD dy dz 

Equating this expression for the net flux that arises within the volume ele- 
ment to the value dictated by Gausses law, then 

dD dy dz — p dx dy dz 


which leads to the expression 



(A6-1) 


Since, by definition, the electric-field intensity 6 is the negative gradient 
of the potential, 7, and since D m eS, then 


D m 


dV 


— f — 

dx 
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Then Eq. (A6-1) may be expressed in the form 



(A6-2) 


This expression is known as Poisson's equation. 

Of course, if the variation of potential does not occur in a single direction 
only, Eq. (A6-2) must be extended in order to take due account of the varia- 
tions in both the Y and the Z directions. The general form of this extended 
expression, in practical units, can be shown, by a simple extension of the 
foregoing method of development, to be 


d^V d^V d^V 


(A6-3) 


It should be kept strictly in mind that p, the volume density of charge at 
any point P(a:, z), may be either positive or negative, depending upon 

whether the free charge density arises from positive ions or from electrons. 
If both positive ions and electrons are present, then p will be the difference 
between the positive-ion and electron densities. 

Inside of a vacuum tube € must be replaced by €o[ = l/(367r X 10®) 
farads/m], the permittivity of a vacuum in mks rationalized units. 

For a system possessing cylindrical symmetry, in which the potential is 
a function only of the radial distance r outward from an axis, Poisson ^s 
equation attains the form 


1 d 
r dr 



P 


€ 


(Ab-4) 
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GRAPHICAL SYMBOLS FOR TUBE ELEMENTS 


High-vacuum tube envelope. 


Gas-tube envelope (dot placed where convenient) . 


O 

o 


Directly heated cathode or heater ^ 


Cold cathode. 


Indirectly heated cathode. 


Photoelectric cathode. 


Pool cathode. 


Pool cathode with immersion ignitor. 


Plate or anode. 


r 

Y 

M 


Deflecting, reflecting, or repelling electrode (electrostatic type) 

Rectifier (arrow points in direction of low resistance or forward 
current flow) ^ 

' Standards on Abbreviations, Graphieal Symbols, Letter Symbols, and Mathematical 
Signs, Institute of Radio Engineers, New York, 
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CIRCUIT NOTATION CONVENTIONS 


Many voltage-notation conventions are found in texts on a-c circuit 
analysis. The one recommended by Reed and Lewis * is adopted in this 
text. This system of notation has a twofold purpose: (1) that of relating 
the notation on a circuit diagram with the instantaneous values of the po- 
tentials and currents in the circuit, and (2) that of relating the sinusoidal 
varying quantities with the equivalent sinor f representations and sinor 
diagrams. The essentials of the system are tabulated below. 

1. Arrows are used to designate the reference direction of current on a 
circuit diagram. Positive instantaneous numerical value of a current indi- 
cates that the current is in the reference direction at this instant. 

2. If a voltage symbol on a network diagram has no letter subscript, 
then a reference polarity is indicated by a plus sign near the positive ref- 
erence terminal, independerd of the reference current direction. Positive 
instantaneous numerical value of a voltage indicates that the reference and 
actual polarities are the same at this instant. 

3. If a voltage symbol on a network diagram has a single letter subscript, 
such as eg, then this represents the voltage of the point g with respect to 
some reference point which has previously been designated. A positive 
instantaneous numerical value of this voltage indicates that the point g is 
positive with respect to the reference point at this instant. For example, 
if the reference point is the cathode, and if the symbol g denotes the grid, 
then eg represents the voltage of the grid with respect to the cathode. This 
also means that the symbol Cg denotes the voltage drop from the grid to 
the cathode. 

4. If a voltage symbol on a network diagram has double subscripts, such 
as Bgky then this designates the reference polarity of that voltage with a plus 
sign at the first, or left-hand, subscript, regardless of whether the voltage is 
that of a generator or is that across a passive element. Thus the symbol 

* M. B. Rebd and W. A. Lewis, EUc, Eng,, 67, 41, 1948. 

t A number of different terms have been used to describe the rotating line segment, the 
projection of which generates a sinusoid. One will find in the literature, in addition to 
the term ‘Vector,” such terms as “rotating vector,” “complex vector,” “oomplexor,” 
“phasor,” and “sinor.” These terms all serve to emphasise the fact that the line seg- 
ments under consideration are not to represent vectors in the normal space of ordinaiy 
vector analysis. The term sinor (see W. R. LePage, Elec, Eng,, 66 , 1940) is used in this 
text as being the most descriptive. 
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Cgk designates the voltage of the point g with respect to the point or egk is 
the voltage drop from point g to point k. 

5. No separate symbol is introduced for a voltage rise. 

6. A current or voltage which varies sinusoidally with time is repre- 
sented as a directed line segment which rotates counterclockwise with the 
angular frequency of the sinusoidally varying quantity. The letter sym- 
bols for these rotating line segments, which are called ‘^sinors,'' are indi- 
cated in boldfaced type. The projection of the tip of the sinor on a refer- 



Fig. A8-1. 


ence axis is proportional to the instantaneous magnitude of the voltage. 
As drawn in Fig. A8-la, the sinor Eg represents a positive voltage of g with 
respect to k. The symbol Eg*: has the same meaning as Eg, except that it 
states explicitly that k is the reference point. Clearly, if a letter is used at 
each end of the sinor, then the tip, or head, must be marked gr, and the tail 
must be marked k, although there is no real need for the arrowhead in this 
case. This is indicated in Fig. A8-16, where Egt represents the drop in 
voltage from the letter g at the head of the arrow to the letter k at the tail 
of the arrow. 

7. The following are the consequence of elementary a-c circuit theory: 
The voltage drop in the direction of the current through a resistor is in 
phase with the current. The voltage drop in the direction of the current 
through an inductor leads the current by 90 deg. The voltage drop in the 
direction of th^) current through a capacitor lags the current by 90 deg. 

The relationships for a simple series circuit containing resistance R and 
inductance L are indicated in Fig. A8-2. The voltage E is usually taken 



Pig. A8-2. 
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along the horizontal axis. The current I must lag this voltage by some 
angle Bj since the circuit is inductive. The voltage drop from C to i? leads 
the current by 90 deg. The voltage drop from B to A is in phase with the 
current. In the usual notation of complex algebra, 


Ec6 == jwLl and E^o = 


where j = and co is the angular frequency, 

yields 

Eca = Ec 6 + E6a 


or 

E — jioLl + BI 


Kirchhoff’s voltage law 
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PLATE CHARACTERISTICS OF RECEIVING 
TYPE TUBES 


(All curves through the courtesy of the RCA Manufacturing Co. and the General 
Electric Co.) 


AVERAGE PLATE CHARACTERISTJC 



20 40 *0 to 100 120 

PLATE VOLTS O.C. OaC^OlOO 


Fig. A9-1. 6U4-G diode. 
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PLATE VOLTS 

Fig. A9-2. 6A3 triode. Class A amplifier : Eb = 250 volts, Ec « —46 volts, /& = 60 ma, /u =* 4.2, » 800 ohms, = 5,250 

Minhos. Interelectrode capacitances: Ci = 7 (72 = 5 C 3 =« 16 fifii. 
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PLATE VOLTS 

Fig. A9-4. 6F6 pentode. Class A amplifier: Eb =» 250 volts, E^i = 250 volts, Eg * —16.5 volts, = 34 ma, tp =* 80,000 ohms approx- 
iniately, gm = 2,500 /jmhos. Interelectrode capacitances: Ci = 6.5 fifif, Ct =* 13 /x/nf, Cz « 0.2 mmI- 






PLATE VOLTS 

Fia. A9-5. 6F6 triode (screen connected to plate). Class A amplifier: - 250 volts, Ec - -20 volts, h - 31 ma, 
ohms, » 2,600 ^mhos. 
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Fig. A9-8. 63J7 pentode. Class A amplifier: Eb — 250 volts, Ec2 = 100 volts, Ec — —3 volts, 
=s 3 ma, /cs =« 0,8 ma, rp =* 1.0 megohm approximately, gm = 1,650 /imhos. Interelectrode 
capacitances: Ci « 6.0 mmI, Cj * 7.0 mmL C% = .005 tini. 
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plate voltage in volts 

A9-9. 6SL7 dual triode. Class A amplifier: Eh « 250 volts, Ec ^ —2 volts, h = 2.3 ma, ^ 
44,000 ohms, gm *» 1,600 /Limhos. Interelectrode capacitances: Unit 1 : Ci =» 3.0 /n/if, C2 =* 3.8 C% 
Unit 2: Ci =» 3.4 mmI, Cj * 3.2 C3 = 2.8 
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A 

Abnormal glow discharge, 274, 280 
Absorption spectrum, 245 
Accelerating field, effect of, on work func- 
tion, 110, mff. 

Acorn tubes, 492 
Activation, 175, 177 
Age distribution, 118^. 

Amplification, gas, 258^,, 462 
voltage, 508 

Amplification factor, measurement of, 486, 
512 

numerical values for several tubes, 574ff. 
pentode, 548 
tetrode, 540, 545 
triode, 482, 486 

Amplifiers, negative input resistance of, 
524 

pentode, 547 jff. 
equivalent ciicuit, 550 
load resistance and distortion, 554 
ratio of screen to plate currents, 549 
tetrode, 545ff. 
basic circuit, 546 

interelectrode capacitances in, 546 
triode, basic circuit, 496 
cathode-coupled, 533 
dynamic characteristic, construction 
of, from static, 502 
equations of, 526, 529 
equivalent circ4iit, voltage source, 503 
gain (see voh«4i;e gain, below) 
graphical analysis, 498^. 
harmonic distortion in (see Nonlinear 
distortion) 

interelectrode capacitances in, 518, 
574jf. 

linear analysis, 507 
load line, 499 
output wave form, 500 
phase relations, reactive load, 509 
remstanoe coupling, 502, 508 
plate current components, 601 


Amplifiers, triode, plate voltage com- 
ponents, 501 
quiescent point, 498 
variations from, 501 
^eacti^■e load, current-voltage locus. 
531 

equivalent circuit, 509, 546, 550 
sinor diagrams, 510 
voltage gain, definition of, 508 
intt^relcctrode capacitances, effect 
of, 520 

reactive load, 520, 560 
resistance load, 508 

Amplitude distortion (see Nonlinear dis- 
tortion) 

Angstrom unit, 562 

Angular momentum of electron, 131 

Anode, 5 

Anode fall, 279 

Aquadag, 61 

Arc back in mercury rectifiers, 323 
as function of temperature, 321 
Arcs, 8, 280^. 
anode fall, 281 
cathode fall, 281 
cathode spot, 280 
classes of, 281 

comparison of, with glow, 281, 283 
externally heated, 281 
high-pressure, 301, 327 
initiation of, grid control (see Thyra^ 
tron) 

ignitor rod (see Ignitron) 
mercury pool (see Mercury-arc recti' 
fier) 

keep-alive, 301 

mercury (see Mercury-arc rectifier) 
plasma (see Plasma) 
oscillations in, 330, 349 
potential distribution in, 285 
static characteristic, 282, 299 
volt-ampere equation, 282 
Argon, in diodes, 7 
hii^-preBsure, 801 


583 



584 


ELECTRONICS 


Argon, in phototubes, 462 
in thyratrons, 305 
Aston dark space, 276, 278 
At,om, Bohr-Rutherford atomic model, 234 
electron configuration, 98, 237 
energy-level diagram, 238 
ionizing potentials, 241 
isotopes, 67, 89 
nucleus, 237 
radius, 10 
structure, 2, 237 
Atomic number, 98, 237 
table of values, 563 
Atomic weight, 9, 237 

mass of atom of unit atomic weight, 9, 
561 

table of values, 563 
Autoelectronic effect, 4, 1 1 1 
Average energies, 132jf., 227 
Average velocity, 132^., 225 
Avogadro’s number, 210, 561 

B 

B supply, 497 
Backfire, 321, 323 
Back wall photovoltaic cells, 470 
Barometric equation, 222 
Barrier, potential (sec Potential barriers) 
Barrier layer rectification, 156 
Beam, electron (see Cathode-ray tubes) 
Beam power tubes, 551 
potential profiles in, 553 
Betatron, 71 ff. 

1 :2 stability ratio, 72 
Bias, grid, 534 

Bias control of thyratrons, 364 
Bias phase control of thyratrons, 365 
Black body, 169 
Bleeder resistance, 397 
Block waves in rectifiers, 424 
Blocking in oscillator, 308 
Blocking layer rectifier, 201 
{See also Metallic rectifiers) 

Bohr atom model, 236 
Boltzmann constant, 211, 531 
Boltzmann relation, 222 
Bombardment by positive ions, 4, 174, 
178, 264, 275, 277 
Bootstrap amplifier, 634 
Breakdown, in gas tubes, 8, 264^., 316 
in mercury-arc tubes, 298 


Breakdown, by streamer propagation, 268 
Breakdown potential, 266^. 

Bridge circuit rectifier, 351 
Bridge measurement of triode coefficients, 
512#. 

Brush discharge, 273 
Bunching in klystron, 80 

C 

C supply, 497 

Capacitance, interelectrode, numerical 
values for several tubes, 574#. 
pentodes, 550 
tetrodes, 546 
thyratrons, 308 
triode, 518 

Capacitor-input filter (see Filters, rectifier) 
Capacitors, electrolytic, 393 
Carbon as arc electrode, 300 
Carbonization of thoriated cathodes, 176 
Cathode, directly heated, 1 80 
indirectly heated, 180 
inward-radiating, 181 
mercury as, 300# 

oxide-coated, disintegration, 280, 299 
emission, 177 
work function, 179 
{See also Oxide-coated cathodes) 
photoelectnc, 460 
power for heating, 169 
sputtering, 280 

thermionic {see Thermionic cathodes; 

Thermionic emission) 
thoriated-tungsten, 174 
Cathode dark space, 276 
Cathode efficiency, 174, 199 
Cathode fall, arc, 283 
glow discharge, 274 

Cathode-follower or cathode-coupled am- 
plifier, 633 
Cathode glow, 276 
Cathode-ray tubes, anodes in, 56, 68 
connections for, 65 
construction of, 26, 51#., 58#. 
comparison of electric and magnetic 
tubes, 62 

deflecting plates of, 61, 64, 58, 69, 88 
defocusing in vacuum, 66 
distortion in, 66 

electrostatio-defiection sensitivity, 62 
fluorescent screen materials, 64 
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Cathode-ray tubes, focusing, electrostatic, 
58 /. 

magnetic, 26, 60 
grid in, 58 

inclined plates in, 54, 59, 88 
intensifier in, 55 
ion burn in, 62 
ion trap for, 62 

magnetic deflecting coils of, 61 
magnetic-deflection sensitivity of, 58 
magnetic focusing of, 26, 60 
negative ions in, 62 
postaccelerating electrode, 55 
screens for, 64 
sweep for, 63 

tracing speed of beam in, 56 
writing speed of beam in, 56 
Cathode spot on arc, 280, 301 
Cesium as photocathode material, 465 
Characteristic energy, Fermi, 102, 122 
Characteristic tube curves, FG-27A (thy- 
ratron), 304, 353 
FG-33 (thyratron), 304, 353 
FG-98 (shield-grid thyratron), 309 
FP-85 (diode), 197, 198 
photronic cell, 471 
PJ-22 (vacuum photocell), 461 
PJ-23 (gas photocell), 462 
RCA OA-4G (cold-cathode triode), 319 
RCA 929 (vacuum photocell), 468 
VR-150 (glow tube), 316 
WE 313C (cold-cathode triode), 319 
5U4-G (diode), 573 
6 A3 (power triode), 574 
6C5 (voltage triode), 575 
6F6 (power pentode), 554, 576 
6F6 (power triode), 577 
6J7 (voltage pentode), 541, 548 
6K6 (power pentode), 552 
6L6 (beam tube), 552, 554, 578 
6SF5 (voltage triode), 579 
6SJ7 (voltage pentode), 580 
6SL7 (voltage triode), 581 
6SN7 (voltage triode), 582 
10 (as diode), 197 
81 (diode), 197, 337 
89 (power pentode), 542, 548 
866 (mercury diode), 299, 321 
884, 886 (thyratrons), 305 
Characteristic velocity, 224 
Cliarge, nuclear, 2, 98, 237 
Charge distribution in metals, 


Child's law, 192 

{See aleo Space-charge-limited current) 
Choke-input filter {see Filters, rectifier) 
Circuit notation conventions, 570 
Circular path of charged particles, 24/. 
Classical distribution function {see Distri- 
bution functions, gases (MB)) 
Cleanup, gas, 280, 316 
Cloud, electron {see Space charge) 
Cold-cathode triodes, 318 
Collisions, in arc tubes, 298 
elastic, 242, 252 
of first kind, 243 
inelastic, 243, 252 
ionizing, 240 
metastable atom, 247 
by positive ions, 247 
probability of, 250 
of second kind, 248, 298, 327 
Color sensitivity, photoelectric, 455, 465 
Commutating current, 437 
Commutating reactor, 433 
Commutating voltage, 434 
Concentration, gas, 210 
{See also Pressure, gas) 

Condensed mercury temperature and va- 
por pressure, 298 
Conductance, 486 

Conduction, gaseous, 234/., 268/., 314 
{See also Arcs) 

Configuration, electron, 237/. 
Conservation, of electric charge, 189 
of energy, 14 

Constants, triode, 486, 512 
tube, multielectrode, !}44ff. 

Contact difference of potential, 107, 143 
effect of, on diode plate current, 108, 195 
on triode plate current, 482 
measurement of, 108 
relation of, to Fermi energies, 107, 144 
of semiconductors, 160 
Controlled rectifiers, applications of, 352, 
448 

excitrons, 309 
filters for, 399 
ignitrons, 369, 441 
leakage-reactance effect on, 447 
polyphase, grid pool tank, 442 
excitrons, 311 
ignitron circuit, 441 
p-phase features, 44^. 

Fourier series, 446 
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SB6 

Controlled rectifiei’s, polyphase, p-phase 
features, output voltage, 444 
with cutout, 446 
thyratrons, 352jf. 
average current, 356, 360 
bias phase control, 365 
d-c bias control, 364 
d-c operation of, 368 
on-off control, 367 
phase-shift control, SSSff. 
circuits, 360, 363, 374, 376 
circle diagram of, 361, 363 
voltage across tube, 357 
Conversion efficiency, 341 
Conversion factors, table of, 562 
Coordinate axes, Cartesian, 11 
in velocity space, 127 
Copper oxide rectifier, 202, 351 
(See also Metallic rectifiers) 

Corona, 273 

Critical distance, high fields, 161 
Critical grid-control curves, 304, 305, 309, 
353 

Critical inductance, controlled rectifiers, 
filters, 399 
L-section filters, 396 
Crooke’s dark space, 276 
Cross section, collision, 218, 253 ' 
ionization, 253 
Crystal structure, 94, 159 
Current density, 23, 135/., 228, 288 
Current-voltage locus, elliptical with reac- 
tive load, 531 

with resistance load, 499, 531 
Cutin, capacitor-input filters, 387 
th 3 rratron, 354 
Cutoff in magnetron, 78 
Cutout, capacitor-input filters, 387 
choke-input filters, 382 
controlled rectifiers, 446 
L-section filters, 396 
Cycloidal path of electron, 33/., 76 
helical, 34 
as velocity filter, 34 
Cyclotron, 6^., 89 

Cylinders, spaoe-charge-Umited current 
(see %>aoe-charge-Umited current) 

D 

Dees of cyclotron, 68 
Defiection in catliode-ray tubes, 51/., 56/., 
86 


Defocusing in vacuum cathode-ray tubes, 
66 

Degenerate gas, 122, 222 
Deionization, 250, 286 
time of, 322 

Deuterium (deuteron), 43, 69 
Diodes, 5, 186/ 

characteristics of, operating, 197 
static, 197 
cylindrical, 193 

filament drop, effect of, on space-charge 
current, 195 
high-pressure gas, 301 
hot-cathode gas, 7, 297 
plane parallel, 186/ 

potential distribution in, 186 
ratings, 199, 300 
as rectifiers (see Rectifiers) 

Discharges, electrical, in gases (see Elec- 
trical discharges in gases) 
Disintegration of cathodes, 280, 299, 388 
Disintegration voltage, 299 
Dissipation (see Plate dissipation) 
Distortion, amplitude (see Nonlinear dis- 
tortion) 

harmonic (see Nonlinear distortion) 
nonlinear (see Nonlinear distortion) 
in vacuum cathode-ray tubes, 56 
Distortion factor, 531 
Distribution of charge in metals, 94 
Distribution functions, age, 118 

calculation of average values, 132, 225 
criterion for validity, 221 
electrons (FDS), energy, 102, 121 
escaping from metal, 142, 164 
speed, 125, 161 
velocity, 125 
X-directed, 136, 162 
gases (MB), 212, 220/ 
energy, 212, 22% 
speed, 223 
velocity, 222 
X-directed, 232 
mean free paths, 216 
Dixonac, 61 
Doorknob tube, 492 
Double-Y rectifier circuit, 433/., 441 
Double-zigzag rectifier circuit, 452 
Doubler, voltage, 352, 372 
Ihift current density, 23 
Drift velocity, 23 
Duahman e<;pii^oiis, 106, 138 
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Dynamic characteristics, Class A, 502 
construction of, 336, 502 
general power-series representation of, 
529 

nonlinear distortion, 525 
parabolic, 526 
phototubes, 469 
rectifier, 336 

resistance load, 502, 526, 555 
E 

Efficiency, cathode, 174, 199 
luminous, table, 330 
rectification, 341, 421, 449 
Einstein photoelectric equation, 456 
Elastic collisions, 242, 252 
Electric arc (see Arcs) 

Electric field, electron motion in, 12ff. 
force on electron in, 10 
in glow discharges, 277 
Electrical discharges in gases, 257^. 
arc (see Arcs) 
breakdown, 263, 298 
by streamer propagation, 268 
brush, 273 
corona, 273 
glow, 273 

high-frequency fields, 290 
non-self-maintained discharges, 275 
self-maintained discharges, 263 
Electrolytic capacitors, 393 
Electron avalanche, 259, 269 
Electron beam, 551 

(See also Cathode-ray tubes) 

Electron charge, 9 
Electron current density, drift, 23 
random, 135, 228 

Electron distribution in atoms, 237 
Electron emission, bombardment, 4, 269 
field, 4, 111 

photoelectric (see Photoelectric emis- 
sion) 

secondary (see Secondary emission) 
thermionic (see Thermionic emission) 
Electron gas in metals, 95 
Electron gun, 60 

Electron mass, magnitude of, 9, 561 
ratio charge to, 561 
rest mass, 19 

variation of, with velocity, 20 
Electron mean free path (see Mean free 
psth) 
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Electron motion, in nonanal 3 rtic fields, 42 
energy method of analysis, 95 
in time-varying magnetic fields, 71 
in uniform fields, combined electric and 
magnetic, 35jf., 76 
electric, 16ff, 
magnetic, 24/. 

parallel electric and magnetic, 28/ 
perpendicular electric and magnetic, 
31/, 76 

(See also Electric field) 

Electron optics, 42 
Electron spin, 131 
Electron volt, definition of, 15 

temperature equivalent of, 106, 122 
lOlectrons, force on, in electric field, 10 
gravitational analogy, 17 
in magnetic field, 21 
in metals, behavior of (see Metals) 
bound, 94, 100/ 
free, 94 

orbit of, around nuclei, 234/ 
path of, found by rubber-model method, 
42 

radius of, 10 

secondary (see Secondary emissions) 
velocity of, and energy dependence, 14, 
21 

(See also Distribution functions, elec- 
trons) 

Electrostatic deflection sensitivity of cath- 
ode-ray tubes, definition of, 52 
experimental determination of, 53 
Electrostatic mass, 19 
Elements, chemical, 237, 563 
insulating, 157 
rectifying, 156, 335 
semiconducting, 157 
symbols, circuit, 569 
Elliptical current-voltage locus, 532 
Emission, electron (see Electron emission) 
Emissivity coefficient, 169 
Energy, calculation of average values, 132, 
227 

Fermi characteristic, 103, 123 
of particles, 15 

Energy distribution, FDS, 102, 121 
MB, 212, 220 

Energy levels, atomic, electron configura- 
tion, 97, 237 
electron-volt scale, 238 
equations for energy, 285 , 236 
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Energy levels, atomic, experimental deter- 
mination of levels, 238 
mercury, 239 
quantization, 236 

wave-length and photon energy, 236 
239 

in insulators, 156 

in metals, average energy, 132^. 

contact difference of potential, 107, 
143 

distribution functions {see Distribu- 
tion functions) 
exclusion principle, 128 
Fermi characteristic energy, 103, 123 
field emission, 111 
image force, 103 
photoelectric emission, 457 
potential energy distribution, 100 
retarding fields, 147 
spin of electrons, 131 
uncertainty principle, 130 
work function, 102 

reduction of, by strong fields, 154 
zero-point energy, 131 
Energy method of analyzing motion of par- 
ticle. 

Equation of state, 209 
Equipartition theorem of energy, 228 
Equivalent circuit, pentode amplifiers, 550 
rectifiers, choke-input filter, 384 
full-wave, single-phase, 345 
half-wave, single-phase, 338 
tetrode amplifiers, 546 
triode amplifiers, construction, 50Zff. 
interelectrode capacitances, effect of, 
518#. 

resistance load, 507 
voltage source, amplifier, 503 
Error function, 233 
Escape distance, 151 
Excitation of atoms, energy levels, 239 
energy transferred by, 240 
lifetime, 240, 248 
lowest excitation state, 240 
mercury, 239 
metastable levels, 247 
photoelectric, 244#. 
thermal, 247 

Excitation voltage, in amplifiers, a-c d-c 
components, 497 
in thyratrona, 358, 304, 365, 367 
Exoitron leotafier, 301^ W 


Exclusion principle, 128 

Eye, sensitivity of, to colors, 466 

F 

Faraday dark space, 277, 279 
Faraday's constant, 561 
Fermi characteristic energy, 102, 122 
Fermi-Dirac-Sommerfeld distribution (see 
Distribution functions) 

Fermi statistics (see Distribution func- 
tions, FDS) 

Field emission, 4, 111 
Fields, motion of electrons in (see Electron 
motion) 

Filament (see Thermionic cathodes) 
Filament voltage, effect of, on space- 
charge-limited current, 195 
Filters, rectifier, capacitor-input, 385# 
capacitors for use in, 393 
cutout and cutin in, 387 
effect of, on inverse-peak voltage, 
393 

oscillograms, 386, 388 
peaking tube current with, 387 
ripple, 391 
choke-input, 382# 
equivalent circuit, 384 
oscillograms, 383, 395, 425 
ripple, p-phase, 421, 449 
single-phase, 384 
controlled, 399 
L-section, 394# 
bleeder resistance, 397 
critical inductance, 396 
cutout, 395 
multiple, 
ripple, 401 
ripple, 395 
swinging-choke, 307 
n-section, 401, 404 
ripple, 403 

resonant shunts, 448, 450 
table, 405 

Flashback voltage, 321, 323 
Flicker in fluorescent lamps, 330 
Floating grid in triode, 494 
Fluorescence, in cathode-ray tube, 64 
definition of, 64, 327 
in discharge tubes, 246, 327 
Fhiorescent lamps, 327 
materials Im*. 8^ 
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Fluorescent lamps, starting of, 328 
Focusing, cathode-ray, 26, 58, 00 
Force on charged particles, in electric field, 
10 

in magnetic field, 21 
Forward-voltage rating, rectifiers, 322 
Fourier series, amplifier output, 626, 529 
rectifier output, double-Y circuit, 436 
p-phase circuit, 419 
p-phase controlled system, 445 
single-phase full-wave, 381 
single-phase half-wave, 380 
controlled, 399 
symmetry in, effect of, 4:17 ff. 
zero-axis, 417, 529 
Free electrons, 94, 97 
Free-path distribution, 216 
Front wall photovoltaic cell, 470 
Full-wave rectification {see Rectifiers) 
Fundamental physical constants, table of, 
561 

G 

Gain, voltage (see Amplifiers, voltage gain) 
Gas amplification, mechanism, 25Sff. 

phototube, 461 
Gas cleanup, 280, 316 
Gas concentration as function of tempera- 
ture or pressure, 211 
{See also Pressure, gas) 

Gas constant, Boltzmann, 211 
Gas diodes, 7, 297, 301, 347 
Gas law, ideal, 209 
Gas phototubes, 461 
Gas pressure {see Pressure, gas) 

Gaseous conduction {see Electrical dis- 
charge in gases) 

Gaseous luminous-discharge lamps, effi- 
ciency of viuious, 325 
fluorescent, 327 

mercury-vapor, higK-pressure, 327 
neon signs, 325 
sodium-vapor, 325 
Gauss’s law, 666 
Getter, 176 
Glow discharge, 273/. 
comparison of, with arc, 281, 283 
in gas phototubes, 462 
Glow tul^, diodes, 
triodes, 318 

Qiam mdleeular wdght, 210 
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Graphical determination of Fourier com- 
ponents, 527, 531 

Graphical symbols for tube elements, 569 
Gravitational analogies, electron in electric 
field, 17 

electron orbits in atoms, 234 
Grid, cold-cathode triode, 318 
high-vacuum tubes, control of plate cur- 
rent, 7, 476, 539, 547 
current to, 483 

mercury-arc rectifiers, for control, 314, 
442 

as probe in plasma of discharge, 303 
sheath thickness, 303 
thyratron, 302, 352 
volt-ampere curves, 303 
Grid bias voltage, 497 
self-bias, 534 

Grid-control curves, thyratron, 304, 306, 
309, 353 

Grid current, high-vacuum tubes, 483 
thyratrons, 308 
Grid glow tube, 297, 318 
Grid-plate transconductance, 486, 512 
Grid pool tank, 309, 314, 442 
Gun, electron, 60 

H 

Harmonic distortion {see Nonlinear distor- 
tion) 

Harmonics {see Fourier series; Nonlinear 
distortion) 

Heat-shielded cathodes, 181 
Helical path of charged particles, 31/, 76 
Heptode, 557 
Hexode, 567 

High-field emission, 4, 1 1 1 
High-field reduction of work function, 110, 
151/ 

High-pressure arcs, 301, 327 
Hittorf dark space, 276 
Hydrogen spectrum, 264 

I 

Ignitor rod, 312 
Ignitron, 311 

arc initiation theories, 313 
auxiliary anodes in, 313 
as controlled rectifier, 369/ 
gride in, 313 
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Ignitron, inverse-parallel connection, 378 
p)entode, 314 

three-phase double-Y circuit, 441 
Image force, 103 
Imprisonment of radiation, 246 
Inclined deflecting plates in cathode-ray 
tubes, 54, 59, 88 

Inductance, critical, in L-section filters, 
396 

leakage, 430, 438, 447 
swinging-choke, 397 
Inductors for filters, 385 
Inelastic collisions, 243, 252 
Initial electron energies or velocities, 141, 
147#., 455 

Input admittance, pentode, 550 
tetrode, 546 
triode, 521 

Input capacitance of amplifiers, 522, 546, 
550 

Input resistance of triodes, 524 
negative, conditions for, 524 
Input voltage (see Excitation voltage) 
Insulation stress in transformers, 341, 347, 
352 

Insulators, 157 

Integrals of the form I 565 

•'o 

Integrated distribution functions, 162, 163 
Intensifier electrode in cathode-ray tubes, 
55 

Interelectrode capacitances, effect of, in 
amplifiers, 518 

numerical values for several tubes, 518, 
574#. 

Interphase transformer, 433 
Inverse peak- voltage rating, 321 
bridge-circuit, 351 
single-phase full-wave circuit, 346 
single-phase half-wave circuit, 341 
with capacitor-input filter, 386 
table, 405 

Inverter, parallel, 378 
Inward-radiating cathodes, 180, 181 
Ion burn in cathode-ray tubes, 62 
Ionization, coefficient of, 261 
description of, 7, 241 
by electron bombardment, 242 
in gas phototubes, 462 
by metastable atoms, 248 
multiple, 242 
I^iotoeleotrio, 244 


Ionization, photoelectric, in streamer prop- 
agation, 270 
in plasmas, 278 
by positive ions, 4, 247 
probability of, 248, 253 
by radioactive emanations, 247 
thermal, 247 
two-stage, 242 
by X rays, 247 
Ionization time, 323 
Ionizing potential, 239, 241 
arc cathode-fall, 283 
table of values, 241 
Ions, 9, 237 

function of, in gaseous conduction, 257# 
in glow-discharge cathode-fall space, 
275# 

mean free path, 214 
negative, 62 

in plasma, 279, 283, 286 
random current density, 289 
Isotopes, 66, 89 

K 

Keep-alive electrodes, 301, 308, 312, 314, 
324 

Kenotron (sec Diodes) 

Kinetic energy, electrons, and electron ve- 
locity, 15 

in metals {see Metals) 
in plasma, 288 

Kinetic theory of gases, 208# 
average values, calculation of, 225, 227 
classical concept of gas, 208 
collision cross section, 219# 
equation of state, 210 
equipartition theorem, 228 
Maxwell-Boltzmann statistic^s {see Dis- 
tribution functions, gases) 
mean free path, 216 
random current density, 212, 228 
Richardson’s equation, 229 
specific heat of gases, 230 
Klystron, 80# 
reflex, 85 
Konal metal, 177 

L 

Irsection filters, 

Langmuir-Child’s law, 192 
{See also Spaoe*diarge-iiimted current) 
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Leakage reactance, 430, 447 
Light, absorption of, 4, 244 

from gaseous discharges (see Gaseous lu- 
minous-discharge lamps) 
particles of, 240, 256 
photoemission by (see Photoelectric 
emission) 
photon, 240, 256 
sensitivity of eye to, 466 
ultraviolet, 327, 328 
velocity of, 561 
Lighthouse tube, 492 
Load curve, triode amplifier circuit, 531 
Load line, pentode amplifier circuit, 554 
phototube circuit, 468 
rectifier, single-phase half-wave, 336 
triode amplifier circuit, 499 
Load resistance, choice of, in pentodes, 554 
Loschmidt’s number, 210 
Luminescence, 64 
Luminous efficiency, 324, 330 
Luminous signs (see Gaseous luminous- 
discharge lamps) 

M 

Magnetic deflection in cathode-ray tubes, 
58 

Magnetic and electric field, combined, elec- 
tron motion in, 28^. 

Magnetic field, Busch method of e/m 
measurement, 28 
cyclotron, 25, 68 
of earth, cathode-ray tube in, 25 
force on electron in, magnitude and di- 
rection of, 23 

and magnetic focusing, 25, 26 
magnetic spectrograph, 66 
motion in, circular, 24 
cycloidal, 33^. 

secondary emission multiplier, 75 
Magnetic focusing, 26^,, 46 
Magnetic quantization, 131 
Magnetic resonator, 68 
Magnetron, 77 ff. 

Mass, atom of unit weight, 9, 561 
atomic weight, 9, 563 
electron, 9, 561 
electrostatic, 19 
hydrogen atom, 561, 563 
neutron, 237 
rest, 19 


Mass, spectrograph, 66, 89 
variation of, with speed, 20 
Maxwell-Boltzmann (MB) distribution, 
average energies and velocities, 225, 
227 

curves, 225, 227 

electrons, leaving metal, 142, 164 
in plasma, 287 
equations, 142, 212, 221 
Mean free path, distribution in, 216 
electronic, 213 
energy dependence of, 253 
equations for, 214, 219 
ionic, 214 

probability of collision, 219, 250 
Mercury, energy levels of, 239 
in fluorescent lamps, 328 
ionization potential of, 239 
light from, 240, 327 
luminous efficiency of, 325, 327 
metastable states of, 241, 247 
multiple ionization of, 242 
vapor pressure of, 298 
Mercury-arc rectifier, arc back, 323 
arc drop, 321 

cathode disintegration, 299 
comparison of industrial types, 324 
evaporation of mercury, 298 
flashback voltage, as function of tem- 
perature, 321 

grid pool- type, 309, 314, 442 
keep-alive electrodes, 301, 310, 313, 314 
pool-type, 300, 309, 311, 314, 442 
ratings of, average current, 321 
forward-voltage, 322 
in verse- voltage, 321 
surge-current, 321 
temperature, 322 
vapor pressure in, 298 
Metallic rectifiers, 201jf. 
copper oxide, 203 
copper sulfide, 205 
selenium, 204 

Metals, average values, calculation of, 
132#. 

bound electrons, 94, 100# 
in contact, 156 

contact difference of potential, 107 
degenerate electron gas, 122, 222 
derivation of Dushman equation, 137# 
energy-level diagram, 102, 122 
energy method of analysis, 05 
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Metals, exclusion principle, 128 
FDS statistics (see Distribution funo- 
tions) 

free electrons in, 94 
image force in, 103 
photoelectric theory, 456, 459 
potential'-energy field in, 100 
quantization, 128^. 
retarding fields, 147 
secondary emission, 4, 112 
semiconductor contacts, 160, 201 
specific heat, 134 
thermionic emission, 106, 137^. 
work function (see Work function) 
zero-point energy, 131 
Metastable states, 247/. 
collision with atom in, 248 
duration of, 248 
in electric arcs, 284 
energy of atoms in first, 241 
ionization of atoms in, 248 
mercury, 247, 284, 327 
and mercury-vapor lamps, 327 
Micron, 562 
Misch metal, 316 
MKS system, 564 
Mole, 210 

Molecules, cross section, 214, 218/., 253 
radii, 214 
weight, 210, 563 

Moment of momentum, electron, 131 
Motion of electrons in fields (see Electron 
motion) 

Multielectr<^e tubes, 539/. 

(See also Beam power tubes; Pentodes; 

Tetrodes; Tliyratrons, shield-grid) 
Multiple ionization, 242 
Multiple L-filters, 400 
Mutual characteristic, 484 
Mutual conductance, 486 
measurement of, 513 
numerical values for several tubes, 57^. 

N 

Negative glow, 276 

Negative input resistanoe of amplifiers, 524 
Negative ions, 62 

Negative plate resistanoe in tetrodes, 541 
Nemi, dio^ using, 7 
in phototubes^ 4IS2 
pr^biltty of collision in, 251 


Neon, probability of ionization in, 253 
Neon signs, 325 

Network-notation conventions, 570 
Network theorems, 515 
Neutrons, 237 

Nondegenerate gas (see Kinetic theory of 
gases) 

Nonlinear distortion, description of, 525 
distortion factor, 531 
effect of load resistanoe on, 554 
five-point schedule, 531 
general dynamic curve, 529 
parabolic dynamic curve, 526 
Non-self-maintained discharge, 257 
Normal current density, 274, 276 
Normal glow discharge, 273/., 280 
Normal state of atom, 238, 239 
Nuclear charge, 2, 98, 237 
Nucleus, atomic, 2, 9, 237 

O 

On-off control, 367 
Operating point, 498 
Optics, electron, 42 

Oscillations in plasma of discharge, 330, 
349 

Oscillators, relaxation-type, using glow 
tubes, 317 

using thyratrons, 305 
Oscilloscope, oathode-ray, 64 
Output voltage of amplifier (see Amplifiers, 
voltage gain) 

Overlap in rectifiers, 430 
in double-Y circuit, 438 
Oxide-coated cathodes, 174, 177/ 
disintegration, 280, 299, 387 
work function, 175, 179, 188 


Parabolic path of electron, 17, 51 
Parallel inverter, 378 
Paschen’B law, 266/, 321 
Pauli exclusion principle, 128 
Peak inverse-voltage rating (see Inverse 
peak-voltage rating) 

Penetration factor, 480 
Penning effect, 249 
Pentodes, 547/ 
diiaiaeteristio curves, 548 
cfacioe of load line, 554 
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Pentodes, distortion in, 664 
ignitron, 314 
Periodic table, 663 
Phanotron, 297 

Phase relations, amplifier, 502, 508, 509 
Phase-shift control, grid pool tanks, 442 
ignitron, 370 
thyratrons, 358/. 

Phosphorescence, 64 
Photocells {see Phototubes) 
Photoconductivity, 454, 472 
Photoelectric emission, 3, 454/. 
color response, 456, 465 
Einstein equation, 456 
experimental features of, 454 
Fowler equation, 459 
gas amplification, 462 
in gases, 244/., 270 
initial photoelectron velocities, 455 
photoelectric yield, 455, 465 
phototubes {see Phototubes) 
selective, 456, 458, 465 
sensitivity, color, 465 
and streamer propagation, 268 
temperature effects, 455, 468 
threshold frequency, 468 
threshold wave length, 458 
time of, 265, 455 
work function, 466 
Photoexcitation, 244 
Photoionization, 246 
Photons, 240, 466 
Phototubes, 6, 460/. 
applications, 466 
basic circuit, 466 

gas-filled, dynamic sensitivity, 463 
volt-ampere curve, 462 
photoconductive, 472 
photovoltaic, 470 
rectifier, 470 
sensitivity, 463 
surfaces in, 465 

vacuum, as constaKirCurrent generator, 
468 

with secondary-emissioii multiplier, 
466 

sensitivity, 463 
volbampere curve, 461 
Photovoltaic effect, 454, 470 
Photox cell, 464, 4*^ 

Photronic 470 

Physical oonstants, table of, 661 


n-section filters, 401, 404 
Pitch of helix, 26 
Planck's constant, 122, 561 
Plasma, description of, 278, 285/. 
electron energies in, 276, 285 
formation of, 283 

high-frequency oscillations in, 330, 349 
probe measurements in, 287/. 

Plate characteristics, 484 

(See also Characteristic tube curves) 
Plate conductance, 486 
Plate dissipation in diodes, 199 
Plate resistance, in diodes, 337 
measurement of, 486, 514 
numerical values for several tubes, 574/. 
in pentodes, 548 
in tetrodes, 540, 545 
negative, 541 
in triodes, 486, 504, 606 
variable nature of, 487 
Point-by-point method of wave-form de- 
termination, amplifier, 498/., 503 
rectifier, 338, 476 
Poisson's equation, 189, 566 
in one dimension, 189, 568 
in three dimensions, 568 
Polyphase rectifiers (see Rectifiers, poly- 
phase) 

Positive column, 277, 279 
(See also Plasma) 

Positive-ion bombardment, 4, 174, 178, 
264, 275, 277 

Positive-ion current, 263, 286 
Positive-ion sheath, 286, 289 
Position ions (see Ions) 

Postacceleration in cathode-ray tubes, 55 
Potential, 13 

breakdown (sparking), 266 
ionizing, 239, 241 

Potential barriers, equivalence of initial 
velocity in space-charge flow, 187, 
196 

in metals (see Energy levels, in metals; 

Work function) 
and plasma formation, 283 
at surface of metal, 100/., 135 
Potential distribution, arc, 282 
cylindrical diode, space-charge flow, 193 
iq[>ace-charge-free, 50 
flow discharge, 277 

initiai electron velocity, effects of, 187, 
196 
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Potential distribution, parallel-plane di- 
ode, space-charge flow, 191 
space-charge-free, 10 
in plasma, 283 

Potential energy of electrons, in atoms, 98, 
114, 235 
in metals, 98#. 

Potential-energy diagrams, diodes, 187 
{See also Energy levels) 
of plasma of discharge, 284 
Potential gradient and electric-field inten- 
sity, 16 

Pressure, definition of, 209 
gas, as function, of concentration and 
temperature, 210 
of energy, 209 

values of, in fluorescent lamps, 328 
in gas diodes, 298 
ill high-pressure diodes, 301 
in mercury-vapor lamps, 327 
in neon signs, 325 
in sodium-vapor lamps, 326 
in vacuum tubes, 218 
Probability, arc-back, 323 
collision, 219, 250# 
deionization, 250 
excitation, 246 
free-path, 216 
ionization, 246, 253 
light quantum absorption, 246, 250 
Probe, 286# 

Proton, 70 

Q 

Q point, 498 

Quadrupler, voltage, 352, 373 
Quantization, electron-spin, 131 
electrons in atoms, 236 
electrons in metals, 128 
Quantum numbers, 128 
Quantum yield, 455 
Quartz mercury-vapor lights, 327 
Quiescent point, 498 

R 

Radiation, 1 
black-b^y, 160 
from oatbode-ray screens, 64 
emissivity coefficients, 169 
from excited atoms, 2^ 239 
frequency and wave length, photoelec- 
tric thiesliold, 4£8 


Radiation, imprisonment of, 246 
from light sources, 324#. 
photoelectric sensitivity to, 456, 465 
photons, 240, 456 
resonance, 240, 244 
sensitivity of eye to, 466 
spectral distribution, 466 
Stefan-Boltzmann constant, 169 
transitions between energy states, 236, 
239, 254 
X rays, 254 
Ramsauer effect, 252 
Random current density, 135, 228 
in plasma, 288 

Random energies, average values of, cal- 
culation of, 132# 
degenerate gas, 134 
distributions of, 121, 226 
electrons in plasma, 284, 289 
nondegenerate gas, 227 
thermionic electron initial energies, 142 
Random velocities, average, calculation of, 
132# 

distributions of, 125, 223 
Ratings, mercury-arc rectifiers, 321 
transformer, 424, 439 
Reactance, in amplifier load, 531 
transformer-leakage, effect of, on recti- 
fier operation, 430, 447 
Reactance tube, 535 
Reactor, commutating, 433 
Recombination, ion, 249 
Rectification, barrier layer, 156 
definition of, 335 
partial, in triodes, 527 
Rectifier circuits, bridge, 351 
comparison of, 439 

equivalent {see Equivalent circuit, rec- 
tifiers) 

full-wave, single-phase, 344# 
gas tubes, 347# 
half-wave, single-phase, 335#. 
p-phase system, 416 
polyphase, 410# 
double-Y circuit, 433#. 
efficiencies of, 411 
six-phase forked Y, 451 
six-phase half-wave, 414 
thr^phase, bridge, 414 
fuU-wave, 414 
half-wave, 411 
zig 413 
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Rectifier circuits, twelve-phase, double 
six-phase, 462 
forked star, 452 
quadruple zigzag, 439 
voltage-doubling, 352, 372 
voltage-quadrupling, 352, 373 
Rectifier filters (see Filters, rectifier) 
Rectifier meter, 351 
Rectifier photocell, 454, 470 
Rectifiers, controlled types {see Controlled 
rectifiers) 

d-c output voltage, 421 
design data, table, 439 
effect of leakage reaction on operation 
of, 430, 438, 447 
efficiency of rectification, 421 
excitron, 301, 309 
metallic {see Metallic rectifiers) 

Rectigon tubes, 301 

Reduction of work function by strong 
fields, 154 
Reflex klystron, 86 

Regeneration criterion for sparking in 
gases, 265 

Regulation, voltage (see Voltage regulation) 
Regulators, glow-tube, 317 
Relativity change in mass, 19, 48 
Relaxation oscillators, 305, 317 
Relay, cold-cathode triode as, 320 
thyratron as, 305 
Remote cutoff tube, 551 
Resistance, input (amplifier), 524 
load (see Load resistance) 
negative, 524, 541 

plate, multielectrode tubes, 540, 645, 648 
numerical values for several tubes, 
574ff. 

triode, 486, 504, 506 
Resonance, radiation, 240, 244 
Resonant filters, 448, 460 
Rest mass of electron, 19 
Retarding potentiikl fields, 108, 172, 229 
Richardson's equation, 138, 172, 229 
Ripple factor, capacitor filter, 391 
definition of, 3^ 

experimental determination of, 343 
fuU-wave circuit, no filter, 346 
half-wave circuit, no filter, gas-tube, 360 
vacuum-tube, 344 
inductor filter, 384 
liHMotion filter, 396 
multiple Irfiker, 401 
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Ripple factor, p-phase rectifier, no filter, 
421 

n-section filter, 403 

Rubber-model method of electronic path 
determination, 42 
Rydberg constant, 254 

S 

Sandwich photocell, 470 
Saturation, failure of, with oxide-coated 
cathodes, 179 

with thoriated cathodes, 179 
in phototubes, 461 
in plasma, 287 
in screen-grid tubes, 540 
space-charge-limited current, 192, 197^. 
temperature-limited current, 197jf. 
tungsten cathodes, 198 
Saw-tooth generators, 305, 317 
Saw-tooth sweep voltage in cathode-ray 
oscilloscopes, 63 
Scattering of light, 244, 327 
Schedule method in Fourier analysis, 527, 
531 

Schottky effect, 110, 165 
Schottky lines, 155, 168 
Screen grid in tubes, 539 
Screen-grid tubes {see Tetrodes) 

Screen materials for cathode-ray tubes, 64 
Second harmonic, in rectifiers {see Ripple 
factor) 

in tubes {see Nonlinear distortion) 
Secondary emission, 4, 112 
in cathode-ray tubes, 61 
ratio of, by electron bombardment, 75, 
112 

by ion bombardment, 263 
suppression of, in beam tubes, 551 
in pentodes, 547 
in tetrodes, 542 

Secondary-emission multipliers, 75, 466 
Selective photoelectric emission, 456, 465 
Self-absorption, light, 327 
Self-bias in amplifiers, 534 
Self-sustained discharges, 263 
Senuconductor-metal barrier layer, 160 
Semiconductors, I57ff. 
energy levels in, 158 
structure of, band, 158 
crystal, silicon and germanium, 169 
types of, 158 
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Sensitivity, electrostatic-deflection, in 
cathode-ray tubes, 52 
eye, 466 

magnetic-deflection, in cathode-ray 
tubes, 58 
phototube, 463 
si>ectral, 463^. 

Sheath, electron, 279 
measurements of, 286^. 
plasma boundary, 285 
thickness of, 289 
thyratron, 303 
Shield-grid thyratron, 308 
Signal voltage (see Excitation voltage) 
Sodium, crystal model, 94 
Sodium lamps, 325 
Sodium yellow light, 325 
Sounding electrode, 286 
Sources of electrons, 2 

(See also Electron emission) 

Space, age, 122 
coordinate, 126 
energy, 122 
speed, 125 
velocity, 125 

Space charge, cloud, 5, lS6ff. 
in glow discharge, 275, 277 
limitation of current by (see Spaoe- 
charge-limited current) 
neutralization of, by positive ions, 299, 
302 

in plasma, 285 

suppression of secondary emission by, 
552 

Space-charge flow (see Space-charge-lim- 
ited current) 

Space-charge>limlted current, in cathode 
fall, 275 

between concentric cylinders, 
effect on, of contact difference of poten- 
tial, 195 

of voltage drop along filament, 195 
factors influencing, 195 
between parallel plates, 189jf. 
to probe, 289 

shut-off action near cathode, 5, 188 
three-halves power dependence, 192, 193 
transit time in, 206 
Sparking potential, 266, 302 
Specific heat, elections, 134, 162 
gsasi^ 135, 162, 230 
Spectra, abeorption, 245 
oontiauoiis, 245, 282 


Spectra, emission, 238jf. 
line, 238^. 

Spectral sensitivity, 456, 466 
Spectrograph, magnetic, 66 
mass, 66 
positive-ray, 89 
Spin, electron, 131 
Spot, cathode, 280 
Sputtering, cathode, 280 
Square-root volts, 15 
Starter anode, 318 
Starter probe, 317 

Static characteristics (see Plate character- 
istics) 

Stationary states in atoms, 236, 238^. 
Stefan-Boltzmann constant, 169, 561 
Striations, glow discharge, 279 
Stroboscopic effect in fluorescent lights, 
330 

Supercontrol tubes, 551 
Surface of metal, 100, 103 
Surge-current rating, 321 
Survival equation, 217 
Sweep circuit for cathode-ray tubes, 63, 
305, 317 

Swinging chokes for filters, 397 
Switches, cold-cathode tubes as, 320 
thyratrons as, 305 
Symbols, 496, 569 


Tanks, grid pool, 309, 314 
Temperature, anodes in diodes, 199 
arc cathodes, 281 
average random energy, 227 
chart of, tungsten, 171 
electrons in plasma, 285 
energy equivalent of, 106, 122 
glass envelope of tubes, 175, 199 
ideal-gas law, 209 
mercury pressure, 298 
photoelectric emission, 455, 459 
ratings of diodes, 322 
thermionic cathodes, 169, 174, 176, 178 
velocity characteristic of, 213 
voltage equivalent of, 106, 122 
Temperature-limited current, I97jf. 
Tetrodes, 639jf. 
beam tubes, 551 

inter4leci|!ode oapaditance in, 546 
negative-plate rei^btanoe, 541 
pananetersy 644 






